Sewart Calculus ET 5e 0534393217; 1. Functions and Models; 1.1 Four Ways to Represent a Function

1. (a) The point (-1,-2) isonthegraphof f , so f(-1)=2.

(b) When x=2 , y isabout 2.8 , so f(2)~2.8.

(c) f(X)=2isequivaenttoy=2.Wheny=2, wehave x=-3 and x=1 .

(d) Reasonable estimates for x when y=0 are x=-2.5 and x=0.3 .

(e) Thedomain of f consists of all x —values on the graph of f . For this function, the domainis
-3<x<3,0r[-3,3] . Therangeof f consists of all y ~values on the graph of f . For this function,
therangeis-2<y<3,or[-23] .

(f) Asx increasesfrom -1 to 3, y increasesfrom -2 to 3. Thus, f isincreasing on theinterval [-1,3]

2. (a) The point (-4,-2) isonthegraph of f , so f(-4)=-2 . The point (3,4) ison thegraph of g, so
o(3)=4 .

(b) We are looking for the values of x for which the y —~values are equal. They —~valuesfor f and g
are equal at the points (-2,1) and (2,2) , so the desired values of x are-2 and 2 .

(c) f(X)=—1isequivaenttoy=-1.Wheny=-1,wehavex=-3 and x=4.

(d) Asx increasesfrom 0 to 4 , y decreasesfrom 3to -1 . Thus, f isdecreasing on theinterval [0,4]

(e) Thedomain of f consists of all x —values on the graph of f . For this function, the domainis
-4<x< 4 ,or[-4,4] . Therangeof f consists of all y -values on the graph of f . For thisfunction,
therangeis-2<y<3,or[-23] .

(f) The domain of g is[-4,3] and therangeis[0.5,4] .

3. From Figure 1 in the text, the lowest point occurs at about (t,a)=(12,-85) . The highest point
occurs at about (17,115) . Thus, the range of the vertical ground acceleration is-85< a< 115 . In
Figure 11, the range of the north-south acceleration is approximately -325< a< 485 . In Figure 12,
the range of the east-west acceleration is approximately -210< a< 200 .

4. Example 1: A car isdriven at 60 mi / hfor 2 hours. The distance d traveled by the car is afunction
of thetimet . The domain of the functionis {t|0<t< 2} , wheret is measured in hours. The range of
the functionis {d|0< d< 120} , whered is measured in miles.

Example 2: At acertain university, the number of students N on campus at any time on a particular
day isafunction of the timet after midnight. The domain of the functionis {t|0<t< 24} , wheret is
measured in hours. The range of the functionis { N|0O< N<k} , where N isan integer and k isthe
largest number of students on campus at once.
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Example 3: A certain employeeis paid $8.00 per hour and works a maximum of 30 hours per week.
The number of hours worked is rounded down to the nearest quarter of an hour. This employee's
gross weekly pay P isafunction of the number of hours worked h . The domain of the function is
[0,30] and the range of the function is { 0,2.00,4.00, ...,238.00,240.00} .

5. No, the curve is not the graph of afunction because a vertical line intersects the curve more than
once. Hence, the curve failsthe Vertical Line Test.

6. Yes, the curve is the graph of afunction because it passes the Vertical Line Test. The domainis
[-2,2] and therangeis[-1,2] .

7. Yes, the curve is the graph of afunction because it passes the Vertical Line Test. The domainis
[-3,2] and therangeis [-3,-2)U[-1,3] .

8. No, the curve is not the graph of afunction sincefor x=0, £1, and +2 , there are infinitely many
points on the curve.

9. The person’ s weight increased to about 160 pounds at age 20 and stayed fairly steady for 10 years.
The person’s weight dropped to about 120 pounds for the next 5 years, then increased rapidly to
about 170 pounds. The next 30 years saw a gradual increase to 190 pounds. Possible reasons for the
drop in weight at 30 years of age: diet, exercise, health problems.

10. The salesman travels away from home from 8 to 9 A.M. and is then stationary until 10 : 00 . The
salesman travels farther away from 10 until noon. There is no change in his distance from home until
1:00, at which time the distance from home decreases until 3 : 00 . Then the distance starts
increasing again, reaching the maximum distance away from home at 5 : 00 . Thereis no change from
5 until 6 , and then the distance decreases rapidly until 7 : 00 P.M., at which time the salesman
reaches home.

11. The water will cool down almost to freezing as the ice melts. Then, when the ice has melted, the
water will slowly warm up to room temperature.
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12. The summer solstice (the longest day of the year) is around June 21, and the winter solstice (the
shortest day) is around December 22.

13. Of course, this graph depends strongly on the geographical location!

14. The temperature of the pie would increase rapidly, level off to oven temperature, decrease rapidly,
and then level off to room temperature.

15.

16. (a)

(b)
(©)
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(d)

17. (a)
(b) From the graph, we estimate the number of cell-phone subscribersin Malaysiato be about 540 in

1994 and 1450 in 1996.

18. (a)
(b) From the graph in part (a), we estimate the temperature at 11:00 A.M. to be about 84.5 °C.

19, F(X)=3x —x+2.
£(2)=3(2)°-2+2=12-2+2=12.
f(-2)=3(-2)°(-2)+2=12+2+2=16.
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f(a)=3a—a+2.
f(-a)=3(-a)(-a)+2=3a +a+2.
f(a+1)=3(a+1)  (a+l)+2=3(a +2a+1) a 1+2=3a +6a+3 a+1=3a +5a+4.
2f(a)=2- f(a)=2(3a —a+2)=6a —2a+4.
f(28)=3(2a) —(28)+2=3(4a )-2a+2=12a"—2ar+2.
f (az):3(a2)2—(a2)+2:3(a4)—a2+2:3a4—a2+2.

@) Lot aelS(a’an2) (s ard)

=9a -3a +6a —3a +a —2a+6a —2a+4=9a —6a +13a —4at4.

f (a+h)=3(a+h) —(a+h)+2=3(a +2ah+h")-a-h+2=3a +6ah+3n —a_h+2.

4 4
20. A spherical balloon with radiusr+1 hasvolumeV (r+1)== (r+1) = 3 (r3+3rz+3r +1) . We

wish to find the amount of air needed to inflate the balloon from aradius of r tor+1 . Hence, we need

to find the differenceV (r+1)-V (r):%r (r3+3rz+3r+1)—g r3:g (3r2+3r+1) :

w

21 f()=x’ , 50 F(2+h)=2+h-(2+h)=2+h-(4+an+hD)=2+h-4-ah-h= (h%ah+2) |
f(x+hy=x+h- (x+h) “=xrh-(XC+2xh+h)=x+h X -2xh-h’ , and
Fx+h) F(x)  x+h X' 2xh-h*x+x. _h2xh-h" h(l-2xh)

™ = - == =" =L2xh.
X 2+th _ 2+h
22.f(x)= 7 o f@h)=o =2 feth)= +h+1 and
xth X
f(x+h)-f(x)  x+h+l x+1 _ (x+h) (x+1)-x(x+h+1) _ 1
h - h ~ h(x+h+1) (x+1)  (x+h+1) (x+1)

1
23. T(X)=x/(3x-1) isdefined for all x except when 0=3x-1< x=- , sothedomainis

{cmed} (2)o(3) |

24. T(X)=(5x+4) / (x2+3x+2) Is defined for all x except when 0:x2+3x+2<:> 0=(x+2)(x+1)=x=2 or
-1, sothedomainis { xe R|x#-2,-1} =(-00 ,~2)U(-2,-1)U(-1,00) .

25.
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f(t):\ﬁ+3 t isdefined whent> 0 . These values of t give real number results for \ﬁ , Whereas any
value of t gives areal number result for :—g\ﬁ . Thedomainis[0,00) .

26. g(u):\[ﬁ+ 4-u isdefined when u> 0 and 4-u> 0 < u< 4. Thus, the domain is 0< u< 4=[0,4] .

4
27. h(x)zl/ 75 i defined when x> 5x>0 < x(x 5)>0 . Note that x°-5x-<0 since that would
result in division by zero. The expression x(x-5) is positive if x<0 or x>5 . (See Appendix A for
methods for solving inequalities.) Thus, the domain is (o0 ,0)U(5,00) .

28. h(X)= 4—x2 . Now y= 4—x2 = y2:4—x2<:> x2+y2:4 , SO the graph is the top half of acircle of

radius 2 with center at the origin. The domain is { x|4—x22 O} :{ X[4> x2} ={x|2> x|} =[-2,2] .
From the graph, the rangeis0<y<2,or [0,2] .

29. f(x)=5isdefined for al rea numbers, sothedomainisR, or (-0 ,00) . Thegraph of f isa
horizontal linewith y —intercept 5 .

1
30. F(X)= 7 (x+3) isdefined for al real numbers, so thedomainisR, or (-0 ,00) . Thegraph of F is
2

: : . _ 3
aline with x —intercept -3 and y —intercept >

31 f(t):t2—6t isdefined for all real numbers, so thedomainisR, or (-oco,00) . Thegraphof f isa
parabola opening upward since the coefficient of t2 Ispositive. To find thet —intercepts, let y=0 and
solvefort . O:tz—Gt:t(t—6) = t=0andt=6 . Thet —coordinate of the vertex is halfway between thet -
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intercepts, that is, at t=3 . Since f(3)=3 -6 3=-9 , the vertex is (3,-9) .

2
41 2+t)(2-t
32. H(t)= > :( 2)—(t ) ,sofort#2, H(t)=2+t . Thedomainis {t|t2} . Sothegraphof H is

the same as the graph of the function f (t)=t+2 (aline) except for the hole at (2,4) .

33. g(x):wf x-5 is defined when x-5> 0 or x> 5, so the domain is [ 5,00) . Since y=\I x-5=
y2:x—5 = x:y2+5 , we see that g isthe top half of a parabola.

34
— _ 2x+1 if 2x+1>0
F()=|2x+1] ‘{ “(2x+1)  if 2x+<l
if x> =

f o+ X273

B -2x-1 i < 1

IT X<- 5

ThedomainisR, or (oo ,) .

35.
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O3+ _J x if x>0
G(x)——x .Smcelxl—{ s if %<0 , we have

I it %0 it %0

co=d  x T ox NF :{ 4 if x>0
3x-X if %<0 2X if %<0 2 if x<0
X X

Note that G is not defined for x=0 . The domainis (oo ,0)U(0,00) .

36. g(x):|_><2| .Since|x|:{ )—(x :]]: ))goo , Wwe have
X
12 if x>0 : if x>0
> v >
o= i(x if x _ Xl if x
— if x<0 — if x<0
X X

Note that g is not defined for x=0 . The domain is (-co ,0)U(0,00) .

_ X If x<0
31197 %+1 if x>0

DomainisR, or (-00,00) .
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_ 2x+3 if x<-1
38. (3= 3x if x>-1
DomainisR, or (oo ,00) .

) X*2 jf x<1
39'f(x)‘{ 2 if xo 1

2 .
Note that for x=-1 , both x+2 and x are equal to 1. DomainisR.

-1 if x<-1
40. f(x)= 3x+2 if —1<x<1
7-2x if x>1
DomainisR.
. : : Yo Y
41. Recall that the slope m of aline between the two points (xl,yl) and (xz,yz) ISm=—— andan
X%

equation of the line connecting those two pointsis y—ylzm(x—x 1) . The slope of thisline segment is
—6-1
4-(-2

)

. 7 . 7 4
, SO an equation is y-1= 6 (x+2) . Thefunctionis f(x)= 6% 3 —2<x<4.

(RN

- . 3(-2) 5 o 5 .
42. The slope of thisline segment is g(_—s)z =9 SO an equation is y+2= 9 (x+3) . Thefunctionis

5 1
f(x):éxf?3 , —3<x<L6.

43. We need to solve the given equation for y .




Sewart Calculus ET 5e 0534393217; 1. Functions and Models; 1.1 Four Ways to Represent a Function

x+(y-1) ’=0e (y-1) ’= xo y-1=+ \[—_x<:> y=1+ \I—_x . The expression with the positive radical
represents the top half of the parabola, and the one with the negative radical represents the bottom
half. Hence, we want f(x)=1-{-x . Note that the domain isx< 0.

44, (x-1) 2+y2:1<:> yzi\/ 1—(x—1)2 :i\/ 2% . The top half is given by the function f(x)= 2% X ,
<x<2.

45. For -1< x< 2, the graph isthe line with slope 1 and y- intercept 1 , that is, the line y=x+1 . For
. : . 3 _ 3 3
2<x< 4 , the graph is the line with slope - > and x- intercept 4 , so y-0= > (x-4)= > x+6 . So the

o X+1 If -1<x<2
function is f(X)= - :—23x+6 if 2<x< 4

46. For x< 0, thegraph istheline y=2 . For 0<x< 1, the graph isthe line with slope -2 and y-
intercept 2 , that is, the line y=-2x+2 . For x>1 , the graph isthe line with slope 1 and x- intercept 1,

2 if x<0
that is, the line y=1(x-1)=x-1 . So the function is f (x)= -2x+2 if 0<x<1
x-1 if 1<x

47. Let the length and width of the rectangle be L and W . Then the perimeter is 2L+2WN =20 and the
0-2L

. : . . . _ 2
areais A=LW . Solving the first equation for W in terms of L givesW= — =10-L . Thus,

A(L):L(1C%L):10L—L2 . Since lengths are positive, the domain of Ais0<L<10 . If we further restrict
L to belarger than W , then 5<L<10 would be the domain.

48. Let the length and width of the rectangle be L and W . Then the areais LW=16 , so that W=16/L .
The perimeter is P=2L+2W , so P(L)=2L+2(16/L)=2L+32/L , and the domain of P isL>0 , since
lengths must be positive quantities. If we further restrict L to be larger than W , then L>4 would be
the domain.

49. Let the length of aside of the equilateral triangle be x . Then by the Pythagorean Theorem, the

2 1 3 3
) =X , SO that y2:x2— =2y and y= £ x . Using the

1
height y of the triangle satisfies y2+ ( ; 2 -

EX

: 1 . : 1 3 3
formulafor the area A of atriangle, A= 5 (base) (height) , we obtain A(X)=3 (X) ( lg X) = lg X,

with domain x>0 .

50. Let the volume of the cube beV and the length of an edgebe L . Then V:L3 SO L:§\[V , and the
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2
surface areaisS(V):6(§\IV) =6v°/3 , with domain V>0 .

51. Let each side of the base of the box have length x , and let the height of the box be h . Since the
volumeis 2 , we know that 2:hx2 , SO that h:2/x2 , and the surface areais S:x2+4xh . Thus,
SX)=X +4x(2/X)=x+(8/%) , with domain x>0 .

2

1 1 \?2
52. The area of the window is A=xh+ > ( > x) =xh+ ?X , Where h isthe height of the

: . . . 1 1
rectangular portion of the window. The perimeter is P=2h+x+ > x=30< 2h=30-x- 5 X&

1
h=7 (60-2x- x) . Thus,

2
60-2x- X X 12 2 2 4 2 2 2 +4
A(X)=X ) + 3 —15x2x4x+8x—15x8x8x—15xx< 3 )

Since the lengths x and h must be positive quantities, we have x>0 and h>0 . For h>0 , we have 2h>0

& 30-%- % x>0&60>2x+ x&x< ZGTO . Hence, the domain of Ais0<x< ZGTO )

53. The height of the box is x and the length and width are L=20-2x , W=12-2x . ThenV=LWx and
S0

V (X)=(20-2x) (12-2x) (X)=4(10-X)(6-X)(X)=4x (6&16x+x2) =4x>-64x +240x .

ThesidesL ,W , and x must be positive. Thus, L>0< 20-2x>0< x<10 ; W>0< 12-2x>0<x<6 ; and
x>0 . Combining these restrictions gives us the domain 0<x<6 .

54.

$2.00 if 0.0<x<1.0
2.20 if 1.0<x<1.1
240 if 1.1<x<1.2
2.60 if 1.2<x<1.3
2.80 if 1.3<x<14
C(x)= 3.00 if 1.4<x<15
3.20 if 1.5<x<1.6
340 if 1.e<x<1.7
3.60 if 1.7<x<1.8
3.80 if 1.8<x<1.9
400 if 1.9<x<2.0
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55. (@)

(b) On $14 , 000 , tax is assessed on $4000 , and 10%($4000)=$400 .

On $26 , 000 , tax is assessed on $16 , 000 , and 10%($10 , 000)+15%($6000)=$1000+$900=$1900 .
(c) Asin part (b), there is $1000 tax assessed on $20,000 of income, so the graph of T isaline
segment from (10 , 000,0) to (20 , 000,1000) . The tax on $30,000 is $2500, so the graph of T for
x>20 , 000 isthe ray with initial point (20 , 000,1000) that passes through (30 , 000,2500) .

56. One example is the amount paid for cable or telephone system repair in the home, usually
measured to the nearest quarter hour. Another example is the amount paid by a student in tuition fees,
if the fees vary according to the number of credits for which the student has registered.

57. f isan odd function because its graph is symmetric about the origin. g is an even function
because its graph is symmetric with respect to the y —axis.

58. f isnot an even function since it is not symmetric with respect to the y —axis. f isnot an odd
function since it is not symmetric about the origin. Hence, f is neither even nor odd. g isan even
function because its graph is symmetric with respect to the y —axis.

59. (a) Because an even function is symmetric with respect to the y —axis, and the point (5,3) ison
the graph of this even function, the point (-5,3) must also be on its graph.

(b) Because an odd function is symmetric with respect to the origin, and the point (5,3) ison the
graph of this odd function, the point (-5,-3) must also be on its graph.

60. (a) If f iseven, we get the rest of the graph by reflecting about the y —axis.
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(b) If f isodd, we get the rest of the graph by rotating 180" about the origin.

61, f(X)=x
21 1
(9= ===
(%)~ x
=x “=f(x)

So f isan even function.

62. f(X)=x
(2= x) = L i
—X
(%)’
=L-(x )= 0
X
So f isodd.

63. F(X)=X +x , 50 f(-X)=(

—X) 2+

(—x) =x’-x . Since this s neither f(x) nor —f(x) , the function f is
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neither even nor odd.

64. f(x):x4—4x2 :

F() =(x)* 4(x)°
:x4—4x2: f(X)

So f iseven.

65. f(X)=X X

F(3) =(-x)° (x)=x #x
= (x* %=1

So f isodd.

66. f(X)=3X +2X+1 , 50 f(-X)=3(-X) +2(-X) +1=-3x +2X +1 . Since this is neither f(x) nor —f(x) ,
the function f is neither even nor odd.
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1. (a) f(x):§\/?< isaroot function with n=5.
(b) g(x):\/ 1 x2 is an algebraic function because it isaroot of a polynomial.
(© h(X)=x+X isapolynomial of degree 9 .
+1
(d) r(x)= X3— isarational function becauseit isaratio of polynomials.

X +X
(e) s(x)=tan 2xisatrigonometric function.

) t(x):log10 x is alogarithmic function.

2.(a) y=(x 6)/(x+6) isarational function becauseitisaratio of polynomials.

(b) y:x+x2 / \f x 1 isan agebraic function because it involves polynomials and roots of
polynomials.

(c) yleX isan exponential function (notice that x is the exponent ).

(d) y:x10 isapower function (notice that x isthe base).

(e) y:2t6+t4 iIsapolynomial of degree 6 .

(f) y=cos! +sin! isatrigonometric function.

3. We notice from the figure that g and h are even functions (symmetric with respect tothey axis)
and that f isan odd function (symmetric with respect to the origin). So (b) [y:x5] must be f . Since
g isflatter than h near the origin, we must have (c) [y:xs] matched with g and (a) [y:xz] matched
with h .

4. (a) The graph of y=3x isaline (choiceG ).

(b) y=3x is an exponentia function (choice f ).

(© y:x3 isan odd polynomial function or power function (choice F ).

(d) y:§\F<:x]J3 iIsaroot function (choice g).

5. (@) An equation for the family of linear functions with slope 2 is y=f(x)=2x+b , whereb isthey
intercept.
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(b) f(2)=1 meansthat the point (2,1) ison the graph of f . We can use the point slope form of aline
to obtain an equation for the family of linear functions through the point (2,1) . y 1=m(x 2) , which
is equivalent to y=mx+(1 2m) in slope intercept form.

(c) To belong to both families, an equation must have slope m=2 , so the equation in part (b),
y=mx+(1 2m) , becomes y=2x 3. It isthe only function that belongs to both families.

6. All members of the family of linear functions f(x)=1+m(x+3) have graphs that are lines passing
through the point ( 3,1) .

7. All members of the family of linear functions f(x)=c x have graphsthat are lineswith slope 1.
They interceptisc.

8.(a)
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(b) Theslopeof 4 meansthat for each increase of 1 dollar for arental space, the number of spaces
rented decreases by 4 . They intercept of 200 isthe number of spaces that would be occupied if
there were no charge for each space. The x intercept of 50 isthe smallest rental fee that resultsin no
spaces rented.

9. (a)
(b) The slope of ?93 means that F increases ?93 degrees for each increase of 1I C. (Equivaently, F

increases by 9 when C increases by 5 and F decreases by 9 when C decreasesby 5.) TheF
intercept of 32 isthe Fahrenheit temperature corresponding to a Celsius temperature of O .

10. (a) Let d= distance traveled (in miles) and t= time elapsed (in hours). Att=0, d=0 and at t=50
1 5 5 40 0
minutes =50" — == h, d=40 . Thus we have two points: (0,0) and ( = ,40) , SO M= — =48 and

60 6 6 5
6 0
so d=48t .
(b)
(c) The slopeis 48 and represents the car’ s speed inmi / h.
11. (a) Using N in placeof x and T in place of y , we find the Slope to be
T. T
2 1_807 _10_1 : . 1 21173
N, N1_173 13- 60" 6  Soalinear equationisT 80=¢ (N 173)# T 80=gN == #
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1 307 | 307
6 6 6

T=> N+ — —:51.16] .

1
(b) The slope of g means that the temperature in Fahrenheit degrees increases one sixth as rapidly

as the number of cricket chirps per minute. Said differently, each increase of 6 cricket chirps per

|
minute correspondsto anincreaseof 1 F.

1 7 =l !
(c) When N=150 , the temperature is given approximately by T= 6 (150)+ % =76.16 F$76 F.

12. (a) Let x denote the number of chairs produced in one day and y the associated cost. Using the

. 4800 2200 2600 ~
points (100,2200) and (300,4800) we get the slope 200 100~ 200 ~13-Soy 2200=13 (x 100)
# y=13x+900 .

(b) The slope of thelinein part (@) is 13 and it represents the cost (in dollars) of producing each
additional chair.

(c) They intercept is 900 and it represents the fixed daily costs of operating the factory.

change in pressure  4.34

10 feet change in depth ~ 10
depth with the point (d,P)=(0,15) , we have the lope intercept form of the line, P=0.434d+15 .

85 .
(b) When P=100 , then 100=0.434d+15# 0.434d=85# d= 0.434 $ 195.85 feet. Thus, the pressureis

13. (a) We are given =0.434 . Using P for pressure and d for

100 Ib/in ? at adepth of approximately 196 feet.

14. (a) Using d in place of x and C in place of y , we find the slope to be

C,C, 460380 80
d, d, 800 480 320

1
4
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1 1 1
So alinear equationisC 460=7 (d 800)# C 460= 7 d 200# C=7, d+260 .

. 1 . I
(b) Letting d=1500 we get C= ] (1500) +260=635 . The cost of driving 1500 milesis $635.

(©)

The dope of the line represents the cost per mile, $0.25 .

(d) They intercept represents the fixed cost, $260 .

(e) A linear function gives a suitable model in this situation because you have fixed monthly costs
such asinsurance and car payments, as well as costs that increase as you drive, such as gasoline, oil,
and tires, and the cost of these for each additional mile driven is a constant.

15. (a) The data appear to be periodic and a sine or cosine function would make the best model. A
model of the form f(x)=a cos (bx)+c seems appropriate.
(b) The data appear to be decreasing in alinear fashion. A model of the form f(xX)=mx+b seems

appropriate.

16. (a) The data appear to be increasing exponentially. A model of the form f(x)=a" b or

f(x)=a" b +C seems appropriate.
(b) The data appear to be decreasing similarly to the values of the reciprocal function. A model of the
form f(X)=a/x seems appropriate.

17. Some values are given to many decimal places. These are the results given by several computer
algebrasystems rounding is left to the reader.

(@)
A linear model does seem appropriate.
. : . 82141
(b) Using the points (4000,14.1) and (60,000,8.2) , we obtainy 14.1= 60,000 4000 (x 4000) or,

equivaently, y$ 0.000105357x+14.521429 .
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(c) Using a computing device, we obtain the least squares regression line

y= 0.0000997855x+13.950764 .

The following commands and screensiillustrate how to find the least squares regression lineon a Tl
83 Plus. Enter the datainto list one (L1) and list two (L2). PresssTat1 to enter the editor.

Find the regession line and storeitin'Y , . Press

Note from the last figure that the regression line has been stored in'Y ; and that Plot1 has been turned
on (Plotl is highlighted). You can turn on Plotl from the Y = menu by placing the cursor on Plot1 and
pressing or by pressing

Now press to produce a graph of the data and the regression line. Note that choice 9 of the
ZOOM menu automatically selects awindow that displays all of the data.

(d) When x=25, 000, y$ 11.456 ; or about 11.5 per 100 population.
(e) When x=80, 000 , y$ 5.968 ; or about a 6% chance.
(f) When x=200, 000, y is negative, so the model does not apply.

18. (a)
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(b)

Using a computing device, we obtain the |least squares regression line y:4.85(_3x 220.96 .
(c) When x:100! F, y=264.7$ 265 chirps/ min.

19. (a)
A linear model does seem appropriate.

(b)

Using a computing device, we obtain the |east squares regression line y=0.089119747x 158.2403249
, Where x isthe year and y isthe height in feet.

(c) When x=2000 , the model gives y$ 20.00 ft. Note that the actual winning height for the 2000
Olympicsisless than the winning height for 1996 so much for that prediction.

(d) When x=2100 , y$ 28.91 ft. Thiswould be an increase of 9.49 ft from 1996 to 2100. Even though
there was an increase of 8.59 ft from 1900 to 1996, it is unlikely that a similar increase will occur
over the next 100 years.

20. By looking at the scatter plot of the data, we rule out the linear and logarithmic models.
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We try various models:

Quadratic:  y=0.496x" 62.2893x+1970.639

Cubic: y=0.0201243201x" 3.88037296x +247.6754468x 5163.935198

Quartic:  y=0,0002951049x  0.0654560095x +5.27525641x  180.2266511x+2203.210956
Exponential: y=> 41422994(1.054516914) "

Power:  y=0,000022854971x"616078251

After examining the graphs of these models, we see that the cubic and quartic models are clearly the
best.

21.

Using a computing device, we obtain the cubic function y:ax3+bx2+cx+d with a=0.0012937 ,
b= 7.06142 ,c=12,823 ,andd= 7, 743, 770 . When x=1925 , y$ 1914 (million).

22. (a) T=1.000396048d "> >+

(b) The power model in part (a) is approximately T:dl'5 . Squaring both sides gives usT2:d3 , SO the
model matches Kepler's Third Law, T=kd" .
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1. (a) If the graph of f isshifted 3 units upward, its equation becomes y=f(x)+3 .

(b) If the graph of f isshifted 3 units downward, its equation becomes y=1(x) 3.

(c) If the graph of f isshifted 3 unitsto the right, its equation becomes y=f(x 3) .

(d) If the graph of f isshifted 3 unitsto the left, its equation becomes y=f (x+3) .

(e) If the graph of f isreflected about the x axis, its equation becomes y= f(X) .

(f) If the graph of f isreflected about they axis, its equation becomes y=f( X) .

(g) If the graph of f isstretched vertically by afactor of 3, its equation becomes y=3f(X) .

1
(h) If the graph of f isshrunk vertically by afactor of 3, its equation becomes y= 3 f(X) .

2. (a) To obtain the graph of y=5f (x) from the graph of y=f(X) , stretch the graph vertically by a
factor of 5.

(b) To obtain the graph of y=f(x 5) from the graph of y=f(x) , shift the graph 5 unitsto theright.

(c) To obtain the graph of y= f(x) from the graph of y=1(X) , reflect the graph about the x axis.

(d) To obtain the graph of y= 5f(x) from the graph of y=f(x) , stretch the graph vertically by afactor
of 5 and reflect it about the x axis.

(e) To obtain the graph of y=f(5x) from the graph of y=f(x) , shrink the graph horizontally by a
factor of 5.

(f) To obtain the graph of y=5f(x) 3 from the graph of y=f(X) , stretch the graph vertically by a
factor of 5 and shift it 3 units downward.

3. (a) (graph 3) The graph of f isshifted 4 unitsto the right and has equation y=f(x 4) .
(b) (graph 1) The graph of f isshifted 3 units upward and has equation y="f(x)+3 .

1
(c) (graph 4) The graph of f isshrunk vertically by afactor of 3 and has equation y= 3 f(x) .

(d) (graph 5) The graph of f isshifted 4 unitsto the left and reflected about the x axis. Its equation
isy= f(x+4).

(e) (graph 2) The graph of f isshifted 6 unitsto the left and stretched vertically by afactor of 2 . Its
equation is y=2f (x+6) .

4. (a) To graph y=1(x+4) we shift the graph of f , 4 unitsto the left.

The point (2,1) on the graph of f corresponds to the point
(2 41)=( 21) .
(b) To graph y=f(x)+4 we shift the graph of f , 4 units upward.
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The point (2,1) on the graph of f corresponds to the point (2,1+4) =(2,5) .
(c) To graph y=2f(x) we stretch the graph of f vertically by afactor of 2 .

The point (2,1) on the graph of f corresponds to the point (2,2! 1) =(2,2) .

1
(d) Tograph y= > f(X)+3, we shrink the graph of f vertically by afactor of 2 , then reflect the
resulting graph about the x  axis, then shift the resulting graph 3 units upward.

1
The point (2,1) on the graph of f corresponds to the point (2, > ! 1+3> =(2,2.5) .

5. (a) To graph y=f(2x) we shrink the graph of f horizontally by afactor of 2 .

1
The point (4, 1) onthe graph of f corresponds to the point ( 5!4, 1) =(2, 1) .

1
(b) To graph y=f ( > x) we stretch the graph of f horizontally by afactor of 2 .

Thepoint (4, 1) onthe graph of f correspondsto the point (2!4, 1)=(8, 1) .
(c) To graph y=f( x) wereflect the graph of f about they axis.
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Thepoint (4, 1) onthe graph of f correspondsto the point ( 1'4, 1)=( 4, 1) .
(d) Tograph y= f( x) wereflect the graph of f about they axis, then about the x axis.

Thepoint (4, 1) onthe graph of f correspondstothepoint ( 1'4, 1! 1)=( 4,1) .

6. The graph of y=f(x)=" 3x x2 has been shifted 2 units to the right and stretched vertically by a
factor of 2 . Thus, afunction describing the graph is

Y = 2f(x 2):2\/ 3Ax 2) (x 2
= 23x 6 (X2 4x+4)=2y x2+7x 10

7. The graph of y:f(x):\/ 3X x2 has been shifted 4 units to the | eft, reflected about the x axis, and
shifted downward 1 unit. Thus, a function describing the graphis

1! f x+4 1
—~— ~ v

y= reflect shift shift
about 4units  1unit
X axis |eft down

This function can be written as

<
1

f(x+4) 1= \l 3(x+4) (x+4)2 1= \/3x+12 (x2+8x+16) 1
X 5x 4 1

8. (a) The graph of y=2sin x can be obtained from the graph of y=sin x by stretching it vertically by
afactor of 2.
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(b) The graph of y=1+{x can be obtained from the graph of y=yx by shifting it upward 1 unit.

9.y= X Start with the graph of y:x3 and reflect about the x axis. Note: Reflecting about the y

. . o . 3 3
axis gives the same result since substituting x for x givesusy=( X) = x.

10. y=1 x= x+1 : Start with the graph of y=x" , reflect about the x _axis, and then shift 1 unit
upward.

11. y=(x+1)" : Start with the graph of y=x and shift 1 unit to the left.

12.
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y:x2 4x+3:(x2 Ax+4) 1=(X 2)2 1 : Start with the graph of y:x2 , shift 2 unitsto the right, and then
shift 1 unit downward.

13. y=1+2cos x : Start with the graph of y=cos x , stretch vertically by afactor of 2 , and then shift 1
unit upward.

14. y=4sin 3x : Start with the graph of y=sin x, compress horizontally by afactor of 3, and then
stretch vertically by afactor of 4 .

15. y=sin (x/2) : Start with the graph of y=sin x and stretch horizontally by afactor of 2 .

16. y=1/(x 4) : Start with the graph of y=1/x and shift 4 unitsto the right.
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17. y:\f x+3 : Start with the graph of y:\/; and shift 3 unitsto the left.

18. y:(x+2)4+3 . Start with the graph of y:x4 , Shift 2 units to the left, and then shift 3 units upward.

1 1 1 . .
19. y= > (x2+8x): > (x2+8x+16) 8= > (x+4)2 8 : Start with the graph of y:x2 , compress vertically by
afactor of 2 , shift 4 unitsto the left, and then shift 8 units downward.

20. y=1+—\3[x 1 : Start with the graph of y:SVT( , shift 1 unit to the right, and then shift 1 unit upward.

21. y=2/(x+1) : Start with the graph of y=1/x, shift 1 unit to the left, and then stretch vertically by a
factor of 2.
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1
22. yzzltan (x Z) . Start with the graph of y=tan x, shift 2 unitsto the right, and then compress

vertically by afactor of 4 .

23. y=|sin x| : Start with the graph of y=sin x and reflect all the parts of the graph below the x axis
about the x  axis.

24, y=|x2 2x| = 2x+1 1|=|(x 1% 1] : Start with the graph of y=x* , shift 1 unit right, shift 1 unit
downward, and reflect the portion of the graph below the x axis about the x axis.

25. Thisisjust like the solution to Example 4 except the amplitude of the curve (the 30 " N curvein

. . . : 2 .
Figure9 onJune 2l) is14 12=2 . So thefunctionisL(t)=12+2sin [ 365 (t 80)] . March 3listhe

90 th day of the year, so the model gives L(90)# 12.34 h. The daylight time (5:51 A.M. t0 6:18 P.M.)
is 12 hours and 27 minutes, or 12.45 h. The model value differs from the actual value by

12.45 12.34
- 0
1245 # 0.009 , less than 1% .

26. Using a sine function to model the brightness of Delta Cephel as afunction of time, we take its
period to be 5.4 days, its amplitude to be 0.35 (on the scale of magnitude), and its average magnitude
tobe 4.0 . If we taket=0 at atime of average brightness, then the magnitude (brightness) as a

2
function of timet in days can be modeled by the formula M(t)=4.0+0.35sin ( Y t) :
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27. (a) To obtain y=f(|x|) , the portion of the graph of y=f(x) to theright of they axisisreflected
about they axis.

(b) y=sin [x|

© y={Ix

28. The most important features of the given graph are the x  intercepts and the maximum and
minimum points. The graph of y=1/f(x) has vertical asymptotes at the x values where there are x
intercepts on the graph of y=f(x) . The maximum of 1 on the graph of y=f(x) correspondsto a
minimum of 1/1=1 on y=1/f(x) . Similarly, the minimum on the graph of y=f(x) corresponds to a
maximum on the graph of y=1/f(x) . Asthe values of y get large (positively or negatively) on the
graph of y=f(x) , the values of y get close to zero on the graph of y=1/f(x) .

29. Assuming that successive horizontal and vertical gridlines are a unit apart, we can make a table of
approximate values as follows.

X o[t 23 Ja |5 [6
fx |2 [17|13]10]0.7[0.3]0
ox) |2 [27]3 [28]24(17]0
g(x)+g(x)|4 [44]43]38[31(20]0
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Connecting the points (x,f(x)+g(x)) with a smooth curve gives an approximation to the graph of f+g .
Extra points can be plotted between those listed above if necessary.

30. First note that the domain of f+g istheintersection of thedomainsof f and g; thatis, f+gis
only defined where both f and g are defined. Taking the horizontal and vertical units of length to be
the distances between successive vertical and horizontal gridlines, we can make a table of
approximate values as follows:

X 2[1 Jo 1 [2 [25]3
f(x) 1 (22 [20 [24 [27]27]23
9(x) 1 |13] 12| 06(0305[07
fx)+gx[0 0.9 |08 [1.8 [3.0]3.2[3.0

Extravalues of x (like the value 2.5 in the table above) can be added as needed.

31 f(x)=x+2x : g()=3x" 1. D=Rforboth f and g .
(F+g)(0=(+2))+(3X" 1)=x+5x" 1, D=R.

(f 9(=(+2x) (3¢ 1)=x_ x+1, D=R.
(fg)(x):(x3+2x2)(3x2 1):3x5+6x4 x3 2x2 , D=R.

x 2x 1 2
(x)= D:{ x|x$%—} since3x 1$0.
< ) 3x 1 \E’

32. f(X)=y1+x ,D=[ 1,& ) ; g(x)—\/_x D=( & ,1] .
(f+g) )=y 1+x+1 x ,D=( & ,1]' [ 1,& )=[ 1,1] .
(f g) (Q=y1+x {1 x, D[11]

(

fg) (x)= 1+x'\l_x—'\/l X ,D=[ 11] .
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f 1+ f
( ZJ ) (x)= E , D=[ 1,1) . We must exclude x=1 since it would make EJ undefined.

T x

33. f(x)=x, g(x)=1/x

34. 1“(x):x3 , 9(X)= x2

35. 1=(x):2x2 X ; g(X)=3x+2 . D=Rfor both f and g, and hence for their composites.
(" 9()=F (g())=f (3x+2)=2(3x+2) (3x+2)=2(IX +12x+4) 3x 2=18X +21x+6 .
(@' HY0=g(F())=g(2X X)=3(2X X)+2=6X 3x+2 .

(F" H=F(F0)=F (X =22 %) (2% 0)=2(4X" 4 +X) 2X+x=8X" 8X+x .
(9" 9)(X)=0(g(X))=0(3x+2)=3(3x+2)+2=9x+6+2=9x+8 .

36. f(x)=1 X, D=R; g(X)=1/x , D={x|x$ O} .
(£ g) ()=F(g)=F (Ux)=1 (Ux)°=1 VX, D={x|x$ O} .

(¢ 1) (9=a(f()=g (1 %) =11 x) , D={x|1 X 0} ={x|x$ 1.

(£ £) =F (F)=F (L x)=1 L x) [=X 3x+3x], D=R.
(9" 9) (X)=0(9(x))=g (1/x)=1/ (1/x)=x , D={x|x$ 0} because 0 is not in the domain of g .

37. f(x)=sin x, D=R; g(x)=1 {x , D=[0& ).

(f"g) (0=Ff(g()=f(L yx)=sin (1 {x),D=[0&].

(g" f) (¥)=g(f(x))=g(sin x)=1 ysin x . For wlsin X to be defined, we must have sin x( 0)
x*[0, ]+[2 3 ]+[ 2, ]+[4 5 ]+[ 4 ,3 ]+... ,50

D={x|x* [2n , +2n ],where n is an integer} .
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(" 1) 0=F(F)=F (sin X)=sin (sin X) , D=R
(9" 9) (W=g(a())=g(1 yx )=1 \/1 VX,
D={x( 0]1 {x( 0} ={x( 0[2( yx} :{x( olyx, 1}=[01].
38, f(x)=1 3x, D=R; g(X)=5x+3x+2 , D=R..
(" 9) (09 =f (g(x)) =F (5X +3x+2)=1 3(5x +3x+2)
=1 15x° 9x 6= 15X 9x 5, D=R.
(9" ) () =g(f(x))=g (1 3x)=5(1 3x)'+3(L 3x)+2=5(1 6x+9x)+3 Ix+2

=5 30x+45X Ox+5=45x" 39x+10 , D=R.
(f" ) )=f (f(x))=f (1 3x)=1 3(1 3x)=1 3+9x=9x 2,D=R.

(9" 9) (%) =g(g(x)) =g(5X +3x+2)=5(5X +3x+2) +3(5X +3x+2)+2
=5(25X +30X +29X +12x+4) + 15X +Ox+6+2
=125 +150x +145X +60x+20+15% +9x+8
=125x +150x +160x +69x+28, D=R .

39, F(x)= x+} D={X|x$ 0} ; g(x):% D={x|x$ 2 .

¢ f(xl)_x+1+ 1 _xtl xi2
(f" g)(X) (909)= X+2 ) x+2 x+l  x+2  x+l
X+2

(X D)(X+1D)+(x+2)(x+2) (x2+2x+1)+(x2+4x+4) : 2x2+6x+5
B (x+2)(x+1) B (x+2)(x+1) - (x+2)(x+1)

Since g(x) isnot defined for x= 2 and f(g(Xx)) isnot defined for x= 2 and x= 1, the domain of (

f'g)(x) isD={x|x$ 2, 1} .
( 1 ) x2+1+x
X+- )+1 2
X X X +x+1

1 X 4+
(9" 1)(¥)=9(f ()= 9<X+- >= N - 2 == =— .
<x+ M >+2 X+14+2x X +2x+1  (x+1)
X

Since f(x) isnot defined for x=0 and g(f(x)) is not defined for x= 1 , the domain of (g" f)(X) is
D={x|x$ 1,0} .




Sewart Calculus ET 5e 0534393217; 1. Functions and Models; 1.3 New Functions from Old Functions

IO, <x+;1( ):(

(¢ 90=0(g)=g ( x+1 ): Xt

l) 1 1
x+= |+ =X+ = +
X

_ X(X) (x2+1) +1( x2+1) +X(X) _ X XL

x(x2+ 1)
x4+3x2+1

x(x2+ 1)

, D={x|x$ 0}

x+1
— +

x(x2+ 1)

X+1+1(x+2)
X+2

X+1+Xx+2  2X+3

X+2 &1

X+2

T Ox+H1H2(x+2) T x+1+2x+4  3x+5

X+2

. Since g(x) is not

defined for x= 2 and g(g(x)) is not defined for x= 2 , the domain of (g" g)(x) is

D:{ X|x$ 2, g}

40. f(X)=y2x+3 , D:{ X|X(

2

3

; g(x):x2+1 , D=R.

(" g)(x):f(x2+1):\/;(x2+1)+3 :\/ 2x’+5 , D=R.
(" )(¥=g ({2x+3 )=({2x+3) +1=(2x+3)+1=2x+4 , D=

(f" H)()=f (223 )=y 2({2x+3) +3=y 2{2x+3+3 , D=

X|X(

X|X(

(0" (=g +L)=(x+1) +1=(x +2x +1)+1=X +2x°+2 , D=R.

41

(" g"h)(x) =F(g(h(x))=T(g(x 1))=f(2(x 1))

42.

=2(x D+1=2x 1

(" g"h)() =f(g(h(x))=F (g1 ¥)=F((1 ))

43.

2 2
=2(1 X) 1=2x 4x+1

NI NITw
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(9" M) =F(gh(x))= (g0x+3)=F (x+3) +2)

=10Crex1)=| (XPrbxr1l) 1=y Xo+6x+10

2

44. (£ g MX=f (@h09)=F (g (x+3) )=t (cos {x+3)= —=—

45, Let g()=x+1 and F(x)=x" . Then (f" §)(X)=F (90))=(+1) "=F (x) .

46. Let g(x)=yx and f(x)=sin x. Then (f" 9)(x)=f(g(x))=sin (yx )=F(x) .
2
47. Let g(x)=x" and f(x)= X—f4 _Then (f" g)(X)=f (g(X))= %4 =G(X) .
X +

48. Let g(x)=x+3 and f(x)=1/x . Then (f" g)(X)=1(9(X))=1/(x+3)=G(X) .

49. Let g(t)=cos t and f(t):\ﬁ . Then (f" g)(t):f(g(t)):\[ cos t=u(t) .

50. Let g(t)=tan t and f(t)= %ﬂ . Then (" g)(t)=f (g(t))= ﬁnantt =u(t) .

2

51. Let h(X)=x, g(x)=3", and f(x)=1 x . Then (f" g" h)()=1 3 =H(X) .

52. Let h(x)=yx , g(x)=x 1, and f(x):%/} .Then (f"g" h)(x):%'/ﬁ 1=H(x) .

53. Let h(x)=y , g(x)=sec x, and f(x)=x" . Then (f" g" h)(x)=(sec yx)“=sec *(yx )=H(x) .

54.(a) f(9(1)=1(6)=5

(b) o(f(1))=9(3)=2

(© f(f(1)=F(3)=4

(d) 9(9(1))=9(6)=3

(€) (9" 1)(3)=9(f(3))=9(4)=1
(f) (f"9)(6)=1(9(6))=1(3)=4

55. (a) 9(2)=5, because the point (2,5) ison the graph of g . Thus, f(g(2))=f(5)=4 , because the
point (5,4) isonthegraphof f .
(b) o(f(0))=9(0)=3
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(©) (f"9)(0)=f(9(0))=1(3)=0

(d) (g" 1)(6)=0(f(6))=9g(6) . Thisvalueis not defined, because there is no point on the graph of g that
has x coordinate 6 .

() (9" 9)( 2=9(a( 2))=9(1)=4

() (f" D)(A)=1(f(4)=f(2)= 2

56. To find a particular value of f(g(x)) , say for x=0, we note from the graph that g(0)# 2.8 and
f(2.8)# 0.5.Thus, f(g(0))# f(2.8)# 0.5.Theother valueslisted in the table were obtained in a
similar fashion.

X X f(a(x
o0 [ T | [y o)
5 0.2 4 : '
1 2.2 1.7
4 (1.2 3.3
3 2o 17 2 12 3.3
' ' 3 0.2 4
2 |28 0.5
e 02 4 19 2.2
: 5 4.1 19

57. (a) Using the relationship distance = rate ! time with theradiusr asthe distance, we have
r(t)=60t .

(b) A= r2- (A'r)({t)=Ar ()= (6Ot)2:3600 t2.Thisformulagivesustheextent of therippled area

. 2 .
(incm ) at any timet .

58. (a) d=rt- d(t)=350t
(b) There is a Pythagorean relationship involving the legs with lengths d and 1 and the hypotenuse

with length s : d%1°=s” . Thus, s(d)=\ d*+1 .
(©) (s'd)(t)=s(d(t))=s(350t)= \/ (350t)2+1

59. (a)




Sewart Calculus ET 5e 0534393217; 1. Functions and Models; 1.3 New Functions from Old Functions

f o iftc0
H(t)‘{ 1 it 0
(b)

V(t):{ 2 i §(<°0 SOV (H)=120H(t) .

(©)
Starting with the formulain part (b), we replace 120 with 240 to reflect the different voltage. Also,
because we are starting 5 units to theright of t=0, wereplacet witht 5 Thus, the formulais

V (t)=240H(t 5) .

60. (a)
R(t) =tH(t)

f o0 ifto
Y1 t ift( 0

(b) V(t)z{ gt :; E)<,Ot, 60
SOV(O)=2H (1) ,t, 60

© V(t):{ g(t . ! t7<’7t’ 5 VO DHE 7)1, 32

61. (a) By examining the variable termsin g and h , we deduce that we must square g to get the terms
4x’ and 4xinh . If welet f(x)=x+c , then (F" g)(x)=f (g(x))=f (2x+1)=(2x+1) +c=4x +4x+(1+C) .
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Since h(x):4x2+4x+7 , we must have 1+c=7 . So ¢=6 and f(x):x2+6 :
(b) We need afunction g so that f(g(x))=3(g(x))+5=h(x) . But

h(X)=3X +3x+2=3(xX +X)+2=3(X +x 1)+5, 50 we seethat g(x)=x +x 1.

62. We need afunction g so that g(f(x))=g(x+4)=h(x)=4x 1=4(x+4) 17 . So we see that the function
g must be g(x)=4x 17 .

63. We need to examine h( X) .
h( x)=(f" g)( X)=f(g( x))=F(g(x)) [because g is even] =h(x)
Because h( x)=h(x) , h isan even function.

64. h( X)=f(g( x))=f( g(x)) . At this point, we can’t simplify the expression, so we might try to find
a counterexample to show that h is not an odd function. Let g(x)=x , an odd function, and f(x)=x2+x :

Then h(x):x2+x, which is neither even nor odd.

Now suppose f isan odd function. Then f( g(x))= f(g(x))= h(x) . Hence, h( x)= h(x) ,andsohis
odd if both f and g are odd.

Now suppose f isan even function. Then f( g(x))=f(g(x))=h(X) . Hence, h( x)=h(x) ,andso his
evenif gisodd and f iseven.




Sewart Calculus ET 5e 0534393217; 1. Functions and Models; 1.4 Graphing Calculators and Computers

1. f(X)=x +2
@ [ 22] by [ 2,2]

(b) [0,4] by [0,4]

(© [ 44] by [ 44]

(d) [ 88] by [ 440]

(e) [ 40,40] by [ 80,800]

The most appropriate graph is produced in viewing rectangle (d).

2. f(x):x2+7x+6
(@ [ 55] by [ 55]
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(b) [0,10] by [ 20,100]

© [ 15,8] by [ 20,100]

(d) [ 10,3] by [ 100,20]

The most appropriate graph is produced in viewing rectangle (c).

3. f(x)=10+25x x3
(@ [ 44] by [ 44]

(b) [ 10,10] by [ 10,10]
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(©) [ 20,20] by [ 100,100]

(d) [ 100,100] by [ 200,200]

The most appropriate graph is produced in viewing rectangle (c) because the maximum and minimum
points are fairly easy to see and estimate.

4. f(x)=\/ 8x x2
(@ [ 44] by [ 44]

(b) [ 5,5] by [0,100]
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(© [ 10,10] by [ 10,40]

(d) [ 2,10] by [ 2,6]

The most appropriate graph is produced in viewing rectangle (d).

5. Since the graph of f(x)=5+20x x2 IS a parabola opening downward, an appropriate viewing
rectangle should include the maximum point.

6. An appropriate viewing rectangle for f(x):x3+30x2+200x should include the high and low points.

7. 1‘(x):0.01x3 X+5 . Graphing f in astandard viewing rectangle, [ 10,10] by [ 10,10] , shows us
what appears to be a parabola. But since thisis a cubic polynomial, we know that alarger viewing
rectangle will reveal a minimum point as well as the maximum point. After some trial and error, we
choose the viewing rectangle [ 50,150] by [ 2000,2000] .
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8. T(X)=x(x+6)(x 9)

4
9. f(x)=\ 81 X is defined when

4
81 X1 0" x% 81" |x|# 3, sothedomainof f is[ 3,3] . Also0# | 81 x*# 4/81=3 , o the range
is[0,3] .

10. f(x):wf 0.1x+20 isdefined when 0.1x+20! 0" x! 200, sothedomainof f is[ 200,$ ) .

11. The graph of f(x):x2+(100/x) has a vertical asymptote of x=0. Asyou zoom out, the graph of f

: 2
looks more and more like that of y=x .
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12. The graph of f(x):x/(x2+100) IS symmetric with respect to the origin.

13. f(x)=cos (100x)

14. f(x)=3sin (120x)

15. f(x)=sin (x/40)

16. f(x)=tan (25x)

17.
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y= 3cos (xz)

18. y=x+0.02sin (50X)

19. We must solve the given equation for y to obtain equations for the upper and lower halves of the
ellipse.

2 2
1 4x 1 4x
442y =1 2y =1 AT Y=y |
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20.y% o=1" y=1+0xC" y=06\ 1+0X°

21. From the graph of f(x):x3 9x2 4 , we see that there is one solution of the equation f(x)=0 and it
isdlightly larger than 9. By zooming in or using aroot or zero feature, we obtain x& 9.05.

22. We see that the graphs of f(x):x3 and g(x)=4x 1 intersect threetimes. The x coordinates of
these points (which are the solutions of the equation) are approximately 2.11,0.25, and 1.86 .

Alternatively, we could find these values by finding the zeros of h(x):x3 Ix+1 .

23. We see that the graphs of f (x):x2 and g(x)=sin x intersect twice. One solution is x=0. The other
solution of f=gisthex coordinate of the point of intersection in the first quadrant. Using an
intersect feature or zooming in, we find this value to be approximately 0.88. Alternatively, we could

find that value by finding the positive zero of h(x):x2 sin x.
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Note : After producing the graph ona Tl 83 Plus, we can find the approximate value 0.88 by using
the following keystrokes:
. The**1" isjust aguessfor 0.88.

24. (a)
The x coordinates of the three points of intersection are x& 3.29, 2.36 and 1.20.
(b) Using trial and error, we find that m& 0.3365 . Note that m could also be negative.

25. g(x):x3/10 Is larger than f(x):lox2 whenever x>100 .

26. f(x):x4 100x3 islarger than g(x):x3 whenever x>101 .

27.

We see from the graphs of y=|sin x x| and y=0.1 that there are two solutions to the equation
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|sin x x|=0.1: x& 0.85 and x& 0.85 . The condition |sin x x| <0.1 holds for any x lying between
these two values.

28.

P(x):3x5 5x3+2x , Q(x):i.%x5 . These graphs are significantly different only in the region close to the
origin. The larger a viewing rectangle one chooses, the more similar the two graphs look.

29. () Theroot functions yzﬁ : y:f\ﬁ( and y:§\[7<

(b) Theroot functions y=x , y:§\[7< and y:§\[7<

(c) Theroot functions y:\[7< ,y:§\[7< ,y:f\ﬁ and yzEVT(

(d)

e Foranyn,thenthrootof 0isOandthenthrootof 1is1l;thatis, all nthroot functions pass
through the points (0,0) and (1,1) .

e For odd n, the domain of the n th root functionis R, whilefor evenn , it is{x’ R|x! O} )

e Graphs of even root functions ook similar to that of \[} , While those of odd root functions

resembl e that of §\[7< )
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e Asnincreases, the graph of D\[?( becomes steeper near 0 and flatter for x>1 .

30. (a) The functions y=1/x and y=1/x"

(b) The functions y:JJx2 and y:1/x4

¢) The functions y=1/x , y=1/x", y=1/x" and y=1/x
() The functi Ux, y=1x" , y=1x_ and y=1/x"

(d)

The graphs of al functions of the form y=1/x_ pass through the point (1,1) .

If niseven, the graph of the function is entirely above the x axis. The graphs of X"
for n even are similar to one another.
If nisodd, the function is positive for positive x and negative for negative x . The

graphs of 1/x" for n odd are Similar to one another.
As n increases, the graphs of Ux' approach O faster asx( $ .

4 2 . :

31. f(X)=x +cx +x . If c<0, there are three humps: two minimum points and a
maximum point. These humps get flatter as ¢ increases, until at c=0 two of the humps
disappear and there is only one minimum point. This single hump then moves to the
right and approaches the origin as ¢ increases.
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32. f(x):\/ 1+cX . If c<0 , the function is only defined on [ 1y c.1fyc], and
its graph isthe top half of an ellipse. If c=0, the graphistheliney=1. If c>0, the
graph isthe top half of ahyperbola. Asc approaches 0 , these curves become flatter
and approach theline y=1.

33. y:xn2 * Asn increases, the maximum of the function moves further from the
origin, and gets larger. Note, however, that regardiess of n , the function approaches 0
asx( $ .

34. y= X . The**bullet’”” becomes broader as ¢ increases.

2
CcC X

35. y2:cx3+x2
If c<0, theloop isto theright of the origin, and if ¢ is positive, it isto the left. In both
cases, thecloser cisto 0, the larger the loop is.
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(In the limiting case, c=0 , theloop is *‘infinite’’, that is, it doesn’'t close.) Also, the
larger |c| is, the steeper the Slope is on the loopless side of the origin.

36. (@) y=sin ({x)

Thisfunction is not periodic; it oscillates less frequently as X increases.

. 2
() y=sn (x)
This function oscillates more frequently as | x| increases. Note also that this function
iseven, whereassin X isodd.

37. The graphing window is 95 pixels wide and we want to start with x=0 and end
withx=2 . Sincethereare 94 ‘‘gaps’ between pixels, the distance between pixelsis
2 0
94
n=0,1,2, 93 94 . For y=sin 2x , the actual points plotted by the caI culator are

2
(a)sin ( 2) — )n)) forn=0,1,...,94. Fory=sin 96x, the points plotted

are ( 2—)sin (96) )n)) forn=0,1,...,94 But

sin (96) )n) =sin (94) )n+2) — )n)zsin (2 n+2) — )n)

2
. Thus, the x valuesthat the calculator actually plots are x=0 + )n where
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=sin ( 2) — )n) [ by periodicity of sine],n=0,1,... ,94

Sothey values, and hence the points, plotted for y=sin 96x are identical to those
plotted for y=sin 2x .

Note: Try graphing y=sin 94x . Canyou seewhy all they valuesare zero?

38. Asin Exercise 37, we know that the points being plotted for y=sin 45x are
2 .
< a)sm <45) )n) ) forn=0,1,...,94.But

sin <45)&)n> =sin (47)%)n 2)%{)n>25in <n 2)%)n>

=sin (n )cos < )94)n> cos (n )sin < )94)n> [ Subtraction
formulafor the sinej

=0) cos < )94)n> (%1)sin < )94)n>:%sin < )94)n> =0,
1,...,9%

Sothey values, and hence the points, plotted for y=sin 45x lie on either y=sin 2x or
y= sin 2x.
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1.(a) f(x=a , a0
(b) R
(© (0, )

(d) See Figures (c), (b), and (a), respectively.
2. (a) The number e isthe value of a such that the slope of the tangent line at x=0 on the graph of

y:aX Isexactly 1.
(b) e 2.71828

(© f(x=e’
3. All of these graphs approach 0 asx" # , al of them pass through the point (0,1) , and all of

them are increasing and approach  as x" . The larger the base, the faster the function increases
for x>0, and the faster it approaches0 as X" #

4. The graph of e#X isthe reflection of the graph of e about the yi# axis, and the graph of 8#X isthe

reflection of that of 8 about the y #axis. The graph of 8" increases more quickly than that of e for
x>0, and approaches O faster as X" #

5. The functions with bases greater than 1 ( 3 and 10° ) are increasing, while those with bases less
X X X
than 1[ ( ?13 ) and( 1—10 ) i| are decreasing. The graph of ( % ) isthe reflection of that of 3°

1 X
about the y# axis, and the graph of ( 10 ) isthe reflection of that of 10" about the y# axis. The

graph of 10" increases more quickly than that of 3" for x>0 , and approaches O faster as X" #
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6. Each of the graphs approaches asx" # , and each approachesO as X" . The smaller the
base, the faster the function growsasx" # , and the faster it approaches 0 as x"

7. We start with the graph of y=4X (Figure 3) and then shift 3 units downward. This shift doesn’t
affect the domain, but the range of y=4'#3 is (#3, ). Thereisahorizontal asymptote of y=#3.

X

y=4 y=4x#3

8. We start with the graph of y=4X (Figure 3) and then shift 3 unitsto the right. There is a horizontal
asymptote of y=0.

y=4 y=4
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9. We start with the graph of y=2X (Figure 2), reflect it about the y #axis, and then about the x #axis

(or just rotate 180$ to handle both reflections) to obtain the graph of yz#‘z#X . In each graph, y=0isthe
horizontal asymptote.

y:2X y:2#X y:#2#X

10. We start with the graph of y:ex (Figure 13), vertically stretch by afactor of 2, and then shift 1 unit
upward. Thereis ahorizontal asymptote of y=1.

X

y:Ze y:1+2€x

11. We start with the graph of y:ex (Figure 13), reflect it about the x #axis, and then shift 3 units
upward. Note the horizontal asymptote of y=3 .

y=#e

12. We start with the graph of y:ex (Figure 13), reflect it about the y #axis, and then about the x #axis
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(or just rotate 1803S to handle both reflections) to obtain the graph of y:#e#x . Now shift thisgraph 1
unit upward, vertically stretch by afactor of 5, and then shift 2 units upward.

y=2+5(1#e ")

13. (a) To find the equation of the graph that results from shifting the graph of y=eX2 units downward,
we subtract 2 from the original function to get y:ex#z :

(b) To find the equation of the graph that results from shifting the graph of y:eXZ unitsto theright,
(x#2)

(c) Tofind the equation of the graph that results from reflecting the graph of y:eX about the x #axis,

we replace x with x#2 in the original function to get y=e

we multiply the original function by #1 to get y:#eX :

(d) To find the equation of the graph that results from reflecting the graph of y=ex about the y #axis,
we replace x with #x in the original function to get y:e#x :

(e) To find the equation of the graph that results from reflecting the graph of y:eX about the x #axis
and then about the y #axis, we first multiply the original function by #1 (to get y:#ex ) and then
replace x with #x in this equation to get y:#e#x :

14. (a) Thisreflection consists of first reflecting the graph about the x #axis (giving the graph with

equation y:#eX ) and then shifting this graph 294=8 units upward. So the equation is y:#ex+8 :
(b) Thisreflection consists of first reflecting the graph about the y #axis (giving the graph with

equation y:e#x ) and then shifting this graph 292=4 unitsto the right. So the equation is y:e#(X#4) :

15. (a) The denominator 1+€" isnever equal to zero because e>0 , S0 the domain of f(x):]J(1+e)3 is
R.
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(b) 1#e=0& e=1& x=0, so the domain of f(x)=V(1#)is# ,0) O, ).

16. (a) The sine and exponentia functions have domain R, so g(t)=sin (e#t) aso hasdomanR.

(b) The function g(t)=Y 142 has domain {t|1#2( O}={t|2) 1}=({t[t) O}=(# ,0].

. : 6 6
17. Use y=Ca_ with the points (1,6) and (3,24) .6=Ca’ [Cz - ] and 24=Ca’* 24=< 2 )as*

: 6 o
4:a2* a=2[sincea>0] andC= > =3. Thefunctionis f(x):S%x :

2 2
18. Given the y #intercept (0,2) , we have y:CaX:ZaX . Using the point (2, 9 ) gives us 9 :2a2*
1 1 . . 1\*
9- & a=3 [ sncea>0]. Thefunctionis f(x)=2 ( 3 ) or f(x):2(3)#x.

19. If f(x)=5 , then

focrhto) 570 59t 5(5) _5x< i#l)
h ~h h _nh >\n/

20. Suppose the month is February. Y our payment on the 28th day would be 228#1:227:134 , 217 ,

728 cents, or $1 , 342, 177 . 28 . Clearly, the second method of payment resultsin alarger amount
for any month.

21,2 ft =24 in, f(24)=24" in =576 in =48 ft. g(24)=2" in=2" /(1296280) mi ! 265 mi

22. We see from the graphs that for x less than about 1.8 , g(x):5x > f (x):x5 , and then near the point
(1.8,17.1) the curvesintersect. Then f(x)>g(x) from x!' 1.8 until x=5. At (5,3125) thereis another
point of intersection, and for x>5 we see that g(x)>f(x) . In fact, g increases much more rapidly than
f beyond that point.
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23. The graph of g finally surpassesthat of f at x!' 35.8.

24. We graph y=eX and y=1, 000, 000 , 000 and determine where e=1+ 109 . This seemsto be true at
x!I' 20.723 , so
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51410 for x>20.723 .

25. (a) Fifteen hours represents 5 doubling periods (one doubling period is three hours).

10092°=3200

(b) Int hours, there will bet/3 doubling periods. The initial population is 100 , so the population y at
. . t/3

timet isy=10092 .

(©) t=20* y=10002"" 10,159

(d) We graph ylzloo%x/3 and y2:50 , 000 . Thetwo curvesintersect at X! 26.9 , so the population

reaches 50 , 000 in about 26.9 hours.

1
26. (a) Sixty hours represents 4 half#ife periods. 20/< > ) =3 9

(b) Int hours, there will bet/15 half#life periods. Theinitial massis2 g, sothemassy at timet is

1 t/15
=204 -—
y—2/< 2) .

1\ 9/15

(c) 4 days=4924=96 hours. t=96* y=2% - I 0.024 g
2

(d) y=0.01* t! 114.7 hours

27. An exponential model is
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y=ab , where a=3.154832569+10  and b=1.017764706 . This model gives y(1993)! 5498 million
and y(2010)! 7417 million.

28. An exponential model is y:abt , Where a=1.9976760197589+ 10#9 and b=1.0129334321697 . This
model gives y(1925)! 111 million, y(2010)! 330 million, and y(2020)! 375 million.
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1. (a) See Definition 1.
(b) It must pass the Horizontal Line Test.

2.(a) f 1(y):x! f(x)=y for any y in B . The domain of f ! Is B and therange of f ! ISA.
(b) Seethe stepsin (5).
(c) Reflect the graph of f about the line y=x .

3. f isnot one to one because 2" 6, but f(2)=2.0=1(6) .
4. f isone to one since for any two different domain values, there are different range values.

5. No horizontal line intersects the graph of f more than once. Thus, by the Horizontal Line Test, f is
one to one.

6. The horizonta line y=0 (the x axis) intersects the graph of f in more than one point. Thus, by the
Horizontal Line Test, f isnot one to one.

7. The horizonta line y=0 (the x axis) intersects the graph of f in more than one point. Thus, by the
Horizontal Line Test, f isnot one to one.

8. No horizontal line intersects the graph of f more than once. Thus, by the Horizontal Line Tet, f is
one to one.

1 1
9. The graph of f(x)= > (x+5) isaline with slope > It passes the Horizontal Line Test, so f isone

to one.

. . . . 1 . 1 . .
Algebraic solution : If X" X, then x1+5 x2+5# > (x1+5) 5 (x2+5)# f(xl) f(xz) , 90 fis
one to one.

4
10. The graph of f(x)=1+4x x2 is a parabola with axis of symmetry x= 2_t; = ﬂ =2 . Pick any x

values equidistant from 2 to find two equal function values. For example, f(1)=4 and f(3)=4, so f
isnotl 1.

11. g(X)=Ix| # g( 1)=1=g(1) , so g isnot one to one.

12.x" x # \/?1 \/?2# g(xl)" g(xz) ,sogisl 1.

13. A football will attain every height h up to its maximum height twice: once on the way up, and
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again on the way down. Thus, even ift1 does not equal t2, f(tl) may equal f(tz) ,so0fisnotl 1

14. f isnot 1 1 because eventually we all stop growing and therefore, there are two times at which
we have the same height.

15. f does not passthe Horizontal Line Test,so f isnot1 1.

16. f passesthe Horizontal Line Test,
sofisl 1.

17. Since f(2)=9 and f is1 1, weknow that f 1(9):2 . Remember, if the point (2,9) ison the
graph of f , then the point (9,2) ison the graph of f '

18. (a) First, we must determine x such that f(x)=3 . By inspection, we see that if x=0, then f(x)=3.
Since f is1l 1 ( f isanincreasing function), it hasaninverse, and f 1(3):0.
(b) By the second cancellation equation in (4), we have f ( f 1(5)) =5.

19. First, we must determine x such that g(x)=4 . By inspection, we see that if x=0, then g(x)=4 .
Sincegisl 1 (gisanincreasingfunction), it hasaninverse, and g 1(4):O :

20.(a) fisl 1 becauseit passesthe Horizontal Line Test.
(b) Domain of f=[ 3,3]= Rangeof f ' Range of f=[ 2,2]= Domain of f v
(© Since f( 2)=1, f ‘()= 2.

21. We solve
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5 9 9
C:§(F 32) for F : j,__)C:F 32# F:j,__)C+32 . Thisgives us aformulafor the inverse function, that

is, the Fahrenheit temperature F as afunction of the CelsiustemperatureC . F$ 459.67#

9 9
—5C+32$ 459.67# —5C$ 491.67# C$ 273.15, the domain of the inverse function.

m 2
VD mE— 1 L=

2
Mo 2_

> o 2 2 2 T 2 B 2

1 v/ c m ¢ m m

formula gives us the speed v of the particle in terms of itsmassm, that is, v=f 1(m) .

1 2 10
23. £(x)=y10 3x# y=y10 3x (y$ O)# y'=10 3x# 3x=10 y # x= 3 Y+ = - Interchange x and y

L= %x2+1—3? S0 f (%)= 31,,x2+1—30 . Note that the domain of f " isx$ 0.
24, £(x)= Zxé B y= g;; B y(2x+3)=4x 1# 2xy+3y=dx 1# 3y+l=4dx 2xy# 3y+1=(4 2y)x#
_ 3y+l nterch q 3x+1
X=7 5y - IMerchangexandy : y= 70

1 3x+1
Sof (=75,

x3 x3 3 3 3

25. f(X)=e # y=e # Iny=x# x=4/Iny .Interchangex andy : y=m/Inx .
So f 1(x):3 Inx .
26. y=f(X)=2X +3# y 3=2x# y—;’ = x——\/ y73

Interchangex and vy : y— X—23 .So f (x) X—23

27. y=In (x+3)# x+3=e'# x=€¢’ 3.Interchangex andy : y=e 3.0 f 1(x):ex 3.

X
28. y——# y ye=l+e # y 1=ye+e # y 1=€ (y+1)
1e
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oyl y_1> . (X_1> _ <_>
e—y+1# x-In(er:L . Interchangex and y : y=In ol .o f (X)=In ol )

. 1.
Note that the domainof f ~is|x|>1.

2 2 2
29. y=f(x)=1 2 # 1 yzz # x2:— # x=1| — ,sncex>0.Interchangex andy: y=| —
2 Xz ly ly 1

X

.So f 1(x):-\/ 1—2X .

x

30. y=f(x)= x2+2x , x>0# y>0and y2:x2+2x# x2+2x y2:O . Now we use the quadratic formula:

. 2%\/ 2 aad )
- 28l

2 : _ .
= 1%\ 1+y .But x>0, so the negative root is inadmissible. Interchange x

andy:y= 1+\/ 1+x2 .o f 1(x): 1+\f 1+x2 , x>0.

31. Thefunction f isone to one, so itsinverse exists and the graph of itsinverse can be obtained by
reflecting the graph of f about the line y=x .
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32. Thefunction f isone to one, so itsinverse exists and the graph of itsinverse can be obtained by
reflecting the graph of f about the line y=x . For the graph of 1/f , they coordinates are ssmply the

. . 1 . ,
reciprocalsof f . For example, if f(5)=9, then 1/f(5)= 9 If we draw the horizontal line y=1 , we see
that the only place where the graphs intersect is on that line.

33. (a) It isdefined as the inverse of the exponential function with base a , that is, log ax:y! a=x.

(b) (0" )
(©) (
(d) SeeFigure.

34. (a) The natural logarithm is the logarithm with base e , denoted In x .
(b) The common logarithm is the logarithm with base 10, denoted log x .
(c) SeeFigure.

35. (a) log 264:6 since 26:64 :

1 . 1
(b) IogG3—6: 25|nce62:3—6 :

1 .
36. (a) log 82: 3 since 81/3:2 :

(b) In eﬁ:ﬁ

2
37.(a) log 1.25+l0g , 80=log 1.25880)=log o100=log 10°=2

ol
3 200
(b) log J10+l0g .20 3log 2=log 5(10820) log 2=log ry =log .25=log 552 =2
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(I0923+Iog 5) I09215 (Iogz3+log25) log 3 log 5
38.(a) 2 =2 ° =15[Or: 2 =2 ‘& ‘=38=15]
(b) e3|n2 e|n(2)_ —8[O 3In2 ( In2) 2 5]

39.2In4 In 2:In42 In2=In 16 In2=In 1—26:In8

40, In x+alny binz=In x+Iny? In2°=In (x&°) In 2°=In (/)
1+
41. In(1+x2)+ Inx Insmx—ln(1+x2)+lnx Insnx—ln[(1+x2)\l?<] Insin x=In ﬂ

In
42.(a) log ,10= 2) 0.926628

In8.4
(b) log 28'4_W) 3.070389

Inx
N1 =1n50 - . These graphs all approach

asx* 0 ,and they all pass through the point (1,0) . Also, they are all increasing, and all
approach' asx* ' . Thefunctionswith larger bases increase extremely slowly, and the ones with
smaller bases do so somewhat more quickly. The functions with large bases approach they axis

. In
43. To graph these functions, we use Iog = X and log 50X

more closely as x* 0.

44. We see that the graph of In x is the reflection of the graph of e about the line y=X, and that the
graph of log 10X isthe reflection of the graph of 10" about the same line. The graph of 10" increases

more quickly than that of eX.AIsonotethatIogloxk' asx* ' moresowly thaninx.
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45. 3t =36 in, 0 we need x such that log x=36! x=2"=68 , 719 . 476 , 736 . In miles, thisis

) 1ft Imi )
68,719,476, 736in &12in&5280ft ) 1,084 ,587.7 mi.

46.

From the graphs, we see that f(x)=x_>g(x)=In x for approximately 0<x<3.06 , and then g(x)>f (X)

for 3.06<x<3.43+ 1015 (approximately). At that point, the graph of f finally surpasses the graph of g
for good.

47. (a) Shift the graph of y=log 10X five units to the | eft to obtain the graph of y=log 10(x+5) . Note the

vertical asymptoteof x= 5.
y=log 10%
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y=log , (x+5)

(b) Reflect the graph of y=In x about the x axisto obtain the graph of y= Inx.
y=In x

48. (a) Reflect the graph of y=In x about the y axisto obtain the graph of y=In ( x) .
y=In x

y=In( x)
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(b) Reflect the portion of the graph of y=In x to
theright of they axisabout they axis. The
graph of y=In | x| isthat reflection in addition
to the original portion.

y=In x

y=In |x|

49. (a) 2Anx=1# Inx—— # x=e —\[_e

(b) e’=5# x=In5# x=In5

1
50.(a) € 7=0# & =7# 2x+3=In7# 2x=In7 3# x=5(In7 3)

1
(b) In(5 2X)= 3# 5 2x=e # 2x=5 e “# x=3 (5 ed

51. (a) 2 =3! log 3=x 5! x=5+log 3.

x5 x5 In3 In3
: =3l = | = | =— | —_—
Or:2 =38! In (2 ) In3! (x 5)In2=In3! x 5 ino " X=5+ ino

(b) Inx+In(x 1)=In(x(x 1))=1! x(x 1):e1! x2 x =0 . The quadratic formula (witha=1, b= 1

. 1 . . : : .
and c= e) gives x= > (1‘V 1+4e) , but we regject the negative root since the natural logarithm is not

defined for x<0 . So x:% (1+y1+4e) .
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In(Inx)

52.(a) In(Inx)=1! e

(b) €=ce™! Ine*=n[CEe]! axzinC+bx+ine™ ax=InC+bx! ax bx=InC! (a b)x=InC!
InC
b

1 1 Inx e e
=e! Inx=e=el e =e! x=e

53.(a) €<10# Ine<In10# x<In10# x, (' ,In10)

|
(b) Inx> 1# enx>e1# x>e1# X, (e )

2 Inx_9, 2 9 2 9
54. (a) 2<Inx<9# e<e''<e # e<x<e # X, (e,e)

1 1
(b) e2 3>(>4# Ine2 3X>In4# 2 3Ind# 3x>Ind 2# x< :—g(ln4 2 # X, ( ' ,5(2 In4)>

55. (a) For f(x)=\3 & ,wemusthave3 € $ O# & - 3# 2x In3# x- %In?,.

Thus, thedomain of f is( ' ,—;In3] :

(b) y=f()=\3 & [notethat y$ 0] # y=3 & # e =3 y'# 2x=In (3 y)# x:%In(3 V).
Interchange x and vy : yz%ln(3 xz) .So f 1(x):—;ln(s xz) . For the domain of f ! , we must have

3 X>0# X <3# [X|<{3# 3<x<y3# 0- x<y[3 sincex$ 0. Notethat the domainof f *,[043) ,
equalstherangeof f .

56. (a) For f(x)=In (2+In X) , we must have 2+In x>0# |n x> 2# x>e2 . Thus, thedomain of f is
2
(e, ).

y y e 2 e 2
(b) y=f(X)=In(2+InX)# e=2+Inx# Inx=e 2# x=e .Interchangexandy:y=e .So0
f 1(x):ee ? . Thedomain of f ! ,aswell astherangeof f ,is( .

57. We see that the graph of y:f(x):\/ x3+x2+x+1 isincreasing, so f is1 1. Enter x:\f y3+y2+y+1

and use your CASto solve the equation for y . Using Derive, we get two (irrelevant) solutions
involving imaginary expressions, as well as one which can be simplified to the following:

3
y=t (%)= 36E (§\/ D 27x%+20 3 D+27’ 2043 )




Sewart Calculus ET 5e 0534393217; 1. Functions and Models; 1.6 Inverse Functions and Logarithms

4 2 : . .
where D:S\[?S\l 27x  40x +16 . Maple and Mathematica each give two complex expressions and one
real expression, and the real expression is equivalent to that given by Derive. For example, Maple's

1 Mm% g om™® 2 2 4
expression ssimplifiesto 6 T3 , Wwhere M=108x +12\l48 120x +81x 80.
2M

3
58. (a) If we use Derive, then solving x:y6+y4 for y gives us six solutions of the form y=% lg \f B1

A A A .1 2Ix 2
,whereB,{ 25|n3,25|n<3+3>,2005<3+6>} and A=sin ( 5 ).The

A
3

3
inverse for y:x6+x4(x$ 0) isyzlg \[B 1 with B=2sin ( + ) , but because the domain of A

3
27 27
Happily, Maple gives us the rest of the solution! We solve x:y6+y4 for y to get the two real solutions
v3( 2 1/3
6 JC |C 2C +4 . 6 4
% lg \/ ( ) , WhereC:108x+12\[§ \I X(27x 4) , and theinversefor y=x +x (

i
CS

: . . . 4
x$ 0) isthe positive solution, whose domain is [ 57
Mathematica also gives two real solutions, equivalent to those of Maple. The positive oneis

3@ (%/Z D1/3+2§\I§ D e 2) , Where D= 2+27X+3\I§\F<1’ 27x 4 . Although this expression also has

: 4 . : :
domain [ 2—7,' ) , Mathematicais mysteriously able to plot the solution for all x$ 0.

IS [O,ﬁ ] , this expression is only valid for x, [O,i ] :

(b)
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t/3 n t/3 n t n .
59. (a) n=10082 # 100 =2 # Iogz< 100 )- 3# t—3logz< 100 ) . Using formula (), we can

In (n/1
In (V100) . Thisfunction tells us how long it will take to obtain n bacteria (given

write this ast=3&
In2

the number n).

50,000 7 In500
(b) n=50, 000# t=3log 27100 =3log 2500—3 ( ino )) 26.9 hours
60.(2) 0=0, (1e™)# QL=1e" e"1 L4 1on (1 2 V4= ana QIQ,) . This
0 Q Q a Q
0 0 0

gives usthetimet necessary to obtain agiven chargeQ .
(b) Q=0.9Q, and a=2# t= 2In (1 0.9(Q0/Q0)): 2In0.1) 4.6 seconds.

61. (a) To find the equation of the graph that results from shifting the graph of y=In x3 units upward,
we add 3 to the original function to get y=In x+3 .

(b) To find the equation of the graph that results from shifting the graph of y=In x3 units to the left,
we replace x with x+3 in the original function to get y=In (x+3) .

(c) To find the equation of the graph that results from reflecting the graph of y=In x about the x axis,
we multiply the original equationby 1togety= Inx.

(d) To find the equation of the graph that results from reflecting the graph of y=In x about they axis,
we replace x with X in the original equation to get y=In( x) .

(e) To find the equation of the graph that results from reflecting the graph of y=In x about the line y=x

, we interchange x and y in the original equation to get x=Iny! y=eX :
(f) To find the equation of the graph that results from reflecting the graph of y=In x about the x axis
and then about the line y=x , we first multiply the original equation by 1 and then interchange x and

yinthisequationtoget x= Iny! Iny= x! y=e .
(g) To find the equation of the graph that results from reflecting the graph of y=In x about they axis
and then about the line y=x , we first replace x with x in the original equation and then interchange x

and y to get x=In( y)! y:eX! y= e .
(h) To find the equation of the graph that results from shifting the graph of y=In x3 unitsto the left
and then reflecting it about the line y=x , we first replace x with x+3 in the original equation and then
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interchange x and y in this equation to get x=In (y+3)! y+3:eX! y:ex 3.

62. (a) If the point (x,y) ison the graph of y=f(x) , then the point (x c,y) isthat point shifted c units
totheleft. Since f is1 1, thepoint (y,x) ison the graph of y=f l(x) and the point corresponding to

(x cy) onthegraphof f is(y,x c) onthegraph of f ' Thus, the curve's reflection is shifted down
the same number of units as the curveitself is shifted to the left. So an expression for the inverse

functionis g 1(x):f l(x) C.
(b) If we compress (or stretch) a curve horizontally, the curve' sreflection intheline y=x is
compressed (or stretched) vertically by the same factor. Using this geometric principle, we see that

the inverse of h(x)=f (cx) can be expressed as h 1(x):(]Jc) f 1(x) :

63.(a) sin 1<E>:— sincesin —:E and isin[ E’E] .

2 3 3 2 3
(b) cos 1( 1)= sincecos = land isin[0, ].

4

64. (a) arctan( 1)= 2 since tan ( - )z 1 and 2 isin (
(b) csc 12:— sincecsc = =2and = isin (O,— ] 37

6 6 6 2

65. (a) tan 1\[5:5 since tan 5:\[5 and isin( 5% ) .

o acin( L )= 5 areosn (3 )= L aa 5 isin| 5.5 ]
(b) arcsin \IE = 7 sincesin ] —ﬁan 7 sin ACHE
66. (2) sec 1\[5:— sincesec = =2 and - isin [O’E )

4 4 4

(b) arcsml:z sincesin §=1and 5 Isin [ >3

67.(a) sin(sin '0.7)=0.7 since 0.7isin[ 1,1] .

1 4 1 . .
(b) tan (tan 3 )—tan \[§—Bsmce3|sm[ 2,2].

68. (a) Let! =arctan2, sotan! =2# sec 1 =1+tan 1 =1+4=5# sec! =5# sec (arctan2)=sec! =5

(b) Let
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. 5 : 5 . 5 . 5 \2 119
I =3n 1@ . Then sin! :—3 , SO COS <Zsm 1E>:cosz =1 25|n2! =1 2<f3> :1_69 .

69. Let y=sin 1x.Then 57 Y 3 # cosy$ 0, socos(sin 1x):cosy:\ll sinzy:\ll x2

.1 . . .1
70. Let y=sin x.Thensiny=x, so from the triangle we see that tan (sin  x)=tan y=

X
=
\/1x

1 . . 1. .
71. Let y=tan X . Thentan y=x, so from thetriangle we seethat sin (tan X)=siny=
2
1+X

72.

Let y=cos 1x.Then cosy=x# siny=\1 x2 since0- y- .S0

. : . / 2
sin (2cos 1x):S| n2y=2sinycosy=2x\1 x .
73.

The graph of sin 1x isthe reflection of the graph of sin x about the line y=x .

74.
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The graph of tan lx Isthe reflection of the graph of tan x about the line y=x .

75.

g()=sin (3x+1) .
: 2 2
Domain (g)={x| 1- 3x+1- 1} ={x| 2- 3x- 0} :{ x| 3- % O} :[ :-3,0] :

Range(g):{ yl 5-y- 5} =[ 5,5] :

76.(3) f()=sin (sin x)

Since one function undoes what the other one does, we get the identity function, y=x , on the
restricted domain 1- x- 1.

(b) g(x)=sin "(sinx)

Thisissimilar to part (a), but with domain R . Equations for g on intervals of the form

( St Nt n) , for any integer n , can be found using g(x)=( 1) "x+( 1)n+1n . Thesine

function is monotonic on each of these intervals, and hence, sois g (but in alinear fashion).
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1. (a) Using P (15,250) , we construct the following table:

t Q slopetzmpQ
5 | (5604) 69; 1250 - 41404: 4.4
10 | (10,444) 413 igo = 124: 38.8
20 | (20,111) 1;(1) igo = 1:;9 = 27.8
25 | (25,28) 255 21550 = 21202 = 222
30 | (30,0) %ﬁg: %’ = 16.6

(b) Using the values of t that correspond to the points closest to P (t=10 and t=20 ), we have
38.8+ 2( 27.8) - 333

C : : 300 =
© From the graph, we can estimate the slope of the tangent line at P to be o - 33.3.

2.
2948 2530 418 2948 2661 287

a = = | b = = =

(@ Slope 7 36 5 ! 69.67 (b) Slope 12 38 2 71.75
2948 2806 142 3080 2948 132

C = = = d = = =

(c) Slope 12 10 > =71 (d) Slope 7 > =66

From the data, we see that the patient’ s heart rate is decreasing from 71 to 66 heartbeats / minute after
42 minutes. After being stable for awhile, the patient’ s heart rate is dropping.
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3. (a) For the curve y=x/(1+x) and the point P < 1, 5

X Q Mo

(1) 0.5 (0.5,0.333333) 0.333333

(i) 0.9 (0.9,0.473684) 0.263158

(iii) 0.99 (0.99,0.497487) 0.251256

(iv) 0.999 | (0.999,0.499750) | 0.250125

v) |11 | (1506) 0.2

(vi) 15 (1.1,0.523810) 0.238095

(vii) | 101 | (1.01,0.502488) | 0.248756

(viii) | 1.001 | (1.001,0.500250) | 0.249875

1
(b) The slope appears to be 2

1 1 1 1
(© vy é_Z(X 1)ory=4x+4 :

4. For the curve y=Inx and the point P(2,In2) :

(a)
X Q Mog
) | 15 | (150405465 | 0575364
(i) | 19 | (1.90.641854) | 0512933
(iii) 1.99 ( 1.99,0.688135) 0.501254
(iv) 1.999 | (1.999,0.692647) | 0.500125
(V) |25 | (250916291) | 0.446287
(vi) 2.1 (2. 1,0.741937) 0.487902
(Vi) | 201 | (2.01,0.698135) | 0.498754
(viit) | 2.001 (2.001,0.693647) 0.499875

1
(b) The slope appears to be >

1 1
vy Inzzé(x 2)ory=§x 1+In 2

(d)

)
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5. (a) y=y(t)=40t 16t2 CAtt=2, y=40(2) 16(2)2:16 . The average velocity between times 2 and 2+h
 ye+h) v2) L402+h) 16@2+h)°] 16 24h 16n°
Ve (2+h) 2 h ~ T h

(i) [225]:h=05, Voo 32ft/s (i) [221]:h=0.1 Ve 25.6ft/s

= 24 16h,ifh" 0.

(iii) [22.05]:h=0.05,v_ = 248ft/s (iv) [2201]:h=001,v_ = 24.16ft/s

(b) The instantaneous velocity whent=2 ( h approaches0) is 24 ft/s.

6. The average velocity betweent and t+h secondsis
58(t+h) 0.83(t+h)’ (58t 0.83°) 58 166th 0.830°

=58 1.66t 0.83hif h" O.

h h
(a) Heret=1, so the average velocity is 58 1.66 0.83h=56.34 0.83h .
(i) [12]:h=15551m/s (i) [1,15] :h=0.5,55.925m/s
(iii) [1,1.1] : h=0.1,56.257m/s (iv) [1,1.01] : h=0.01,56.3317 m/s

(v) [1,1.001] : h=0.001, 56.33917 m/ s

(b) The instantaneous velocity after 1 second is56.34 m/ s.

7.(a)

. 13 . 7

(i) [13]:h=2 Vo~ B ft/s (i) [1,2]:h=1 Vi 6 ft/s

19 . 331

(i) [1,1.5] 'h‘0'5"’a/e‘§1 ft/s (iv) [1,1.1] : h=0.1 Ve 500 ft/s

(b) Ash approaches 0 , the velocity approaches
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3 1
673 ft/s
(©)
(d)
+

8. Average velocity between timest=2 and t=2+h is given by %%3(2) :
(@)
O _s(5) s(2) 178 32 _ 146 |

h=3# V=" 52 -3 - 3! 48.7ft/s
(i) . _S4) s(2) 119 32 87 _

h=2# Vor T 42 T2 =43.5ft/s
(i) _S(3) s(2) 70 32 _

h=1# v_= 32 - 1 =38ft/s

(b) Using the points (0.8,0) and (5,118) from the approximate tangent line, the instantaneous

: . 118 0
= |
velocity at t=2 is about 5 08 28 ft/s.

9. For the curve y=sin (10 /x) and the point P (1,0) :
(@

X 1Q mPQ
2 (2,0) 0
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15| (1.5,0.8660) | 1.7321
1.4 | (1.4, 0.4339) | 1.0847
1.3 ]| (1.3, 0.8230) | 2.7433
1.2 | (1.2,0.8660) | 4.3301
1.1 ] (1.1, 0.2817) | 2.8173
X Q mPQ

0.5 [ (0.5,0) 0

0.6 | (0.6,0.8660) 2.1651
0.7 | (0.7,0.7818) 2.6061
0.8 | (0.8,1) 5

0.9 | (0.9, 0.3420) | 3.4202

As x approaches 1 , the slopes do not appear to be approaching any particular value.

(b)

We see that problems with estimation are caused by the frequent oscillations of the graph. The
tangent is so steep at P that we need to take x values much closer to 1 in order to get accurate
estimates of its slope.

(c) If we choose x=1.001 , then the point Q is (1.001, 0.0314) and mPQ! 31.3794 . If x=0.999 , then
Q is(0.999,0.0314) and M= 31.4422. The average of these Slopesis 31.4108 . So we estimate

that the slope of the tangent line at P isabout 31.4 .




Sewart Calculus ET 5e 0534393217;2. Limits and Derivatives; 2.2 The Limit of a Function

1. As x approaches 2 , f(X) approaches 5 . [Or, the values of f(x) can be made as closeto 5 aswe like
by taking x sufficiently closeto 2 (but x 2).] Yes, the graph could have ahole at (2,5) and be
defined such that f(2)=3 .

2. As x approaches 1 from the left, f(x) approaches 3 ; and as x approaches 1 from theright, f(x)
approaches 7 . No, the limit does not exist because the left! and right! hand limits are different.

3.(a) lim f(x)=# meansthat the values of f(x) can be made arbitrarily large (as large as we please)
X' 13
by taking x sufficiently closeto ! 3 (but not equal to ! 3 ).
(b) lim f(x)=!# meansthat the valuesof f(x) can be made arbitrarily large negative by taking x
x4
sufficiently closeto 4 through values larger than 4 .

4.(a) lim f(x)=3

X' 0
(b) lim f(x)=4
X' 3!
(©) lim f(x)=2
X 3
(d) lim f(x) does not exist because the limitsin part (b) and part (c) are not equal.
X' 3
(e) f(3)=3
5.(a) f(x) approaches 2 as x approaches 1 from the left, solim f(x)=2.
X" :LI
(b) f(X) approaches 3 as x approaches 1 from theright, so lim f(x)=3.
X 1
(c) lim f(x) does not exist because the limitsin part (a) and part (b) are not equal.
X' 1
(d) f(x) approaches 4 as x approaches 5 from the left and from theright, solim f(x)=4 .

X' 5
(e) f(5)isnot defined, so it doesn’t exist.

6.(a) lim g()=!1
(b) Iir);:gix):l
© E'mll:g(x) doesn't exist
Qo

.
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(f) lim g(x)=2

(9 Tlni g(x) doesn’t exist
X' 2

(h) 9(2)=2

(i) lim g(x) doesn’t exist

) )I(irr? g(x)=2

(k) Xg((é)l) doesn’t exist

(1) lim g(x)=0
X' 0

7.(a) lim g(t)='1
0
(b) lim g(t)='2
0
(c) lim g(t) does not exist because the limitsin part (a) and part (b) are not equal.
t" 0
(d) lim g(t)=2
2
(e) lim g(t)=0
2
(f) lim g(t) does not exist because the limitsin part (d) and part (€) are not equal.
t" 2
(9) 9(2=1
(h) lim g(t)=3
t" 4

8.(a) I|m R(X)=!#

(b) I|m R(x) #

(© I|m R(X)=!#
X 13
(d) lim R(X)=#
X' 13
(e) The equations of the vertical asymptotesare x=!3, x=2 , and x=5.

9.(a) lim f()=!#
X' 17
(b) lim f(x)=#
X' 13

(©)
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lim f(x)=#
X' 0
(d) lim f(x)=!#
X" 6!
(e lim f(x)=#
X! 6+
(f) The equations of the vertical asymptotesare x=!7, x=!3, x=0, and x=6 .

10. lim f(t)=150 mg and lim f(t)=300 mg. These limits show that there is an abrupt change in the

" 12
t t" 12

amount of drug in the patient’ s bloodstream at t=12 h. The left! hand limit represents the amount of
the drug just before the fourth injection. The right! hand limit represents the amount of the drug just
after the fourth injection.

11.

@ lim f(x)=1
X' 0

(b) lim f(x)=0
X" OJr

(c) lim f(x) does not exist because the limitsin part (&) and part (b) are not equal.
X' 0

12. lim f(x) existsfor al a excepta=$1 .

X' a

13. lim f(x)=4,lim f(xX)=2,
X! 3+ X! 3!
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lim f(x)=2, f(3)=3, f(12)=1

X' 12

14. lim f(X)=1, lim f(x)=!1,lim f(x)=0, lim f(X)=1, f(2)=1, f(0) is undefined
X" 0! X" 0+ X" 2! X' 2+

x2' 2X
15. For f(X)=— : ;

X Ixl2

X f(X)

25 ]0.714286
2.1 |0.677419
2.05 (0.672131
2.01 |0.667774
2.005(0.667221
2.001(0.666778

X f(X)

19 |0.655172
1.95 (0.661017
1.99 [0.665552
1.995(0.666110
1.999(0.666556

x2|2x - 2
It appears that lim 2' =06=7 .
X" 2 x1x2 3
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x2' 2X
16. For f(X)=— : ;

X Ixl2

X f(X)
0 0
105 |'1
0.9 |'9
10.95 |119
10.99 |199
10.999|!999

X f(X)
12 2
115 |3
.1 (11
11.01 |101
11.001 (1001

2

It appearsthat lim doesnot exist since f(x)" !'# asx" !1! and f(x)" # asx" 17"

X" 1l xIxl2

X111
17. For f(x)= etlix.

X

X [f(X)

1 [0.718282
0.5 |0.594885
0.1 |0.517092
0.05|0.508439
0.01|0.501671

X f(X)
1 (0.367879
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10.5 (0.426123
10.1 10.483742
10.05(0.491770
10.01{0.498337

X
: M 1
It appearsthat lim € 1X:O.S:— :
X' 0 2
X

18. For f(x)=xIn (x+x2) ;

X f(X)

1 0.693147
0.5 |10.143841
0.1 |!10.220727
0.05 (!10.147347
0.01 |!0.045952
0.005|!0.026467
0.001|!0.006907

It appearsthat lim xIn (x+x2):o :
X0

+412
19. For f(x)= @ :

X f(X)

1 ]0.236068
0.5 |0.242641
0.1 |0.248457
0.05(0.249224
0.01|0.249844

X f(X)
1 [0.267949
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10.5 [0.258343
10.1 |0.251582
10.05(0.250786
10.01{0.250156

_ X+412 1

It appearsthat lim j— =0.25=- .
% 0 X 4
tan 3x

20. For f(x)= an5x -

X f(X)

$0.2 [0.439279
$0.1 |0.566236
$ 0.05 |0.591893
$ 0.01 |0.599680
$ 0.001|0.599997

. tan3x__ 3
It appears that | >1"mo o—~ =0.6= g -
6
'l
21. For f(x)= XlT :
x 11
X f(X)
0.5 |0.985337
0.9 |0.719397

0.95 |0.660186
0.99 (0.612018
0.999(0.601200

X f(X)

15 [0.183369
1.1 (0.484119
1.05 [0.540783

1.01 |0.588022
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1.001{0.598800

11 3
It appearsthat lim T:O.Bz— :
x 191 5

x|5x

22. For f(x)=

X f(X)

05 [1.527864
0.1 |0.711120
0.05 [0.646496
0.01 {0.599082
0.001 {0.588906

X f(X)

10.5 |(0.227761
10.1 [0.485984
10.05 (0.534447
10.01 (0.576706
10.001 (0.586669

X

915

It appearsthat lim =0.59 . Later we will be able to show that the exact valueisIn (9/5) .

X' 0

. 6 . 6
23.lim ——=# since (x!5)" Oasx" 5 and —= >0 for x>5 .
& XI5 X!'5
y

: 6 : ! 6
24.lim —— =I# since (x!5)" Oasx" 5 and —= <O for x<5.
g x!'5 x!'5
y

25. lim X —y since the numerator is positive and the denominator approaches 0 through
X' 1 (x11)
positivevaluesas X' 1.

26.
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11 !
[im X =I# sincexz" Oasx" 0and X1

X" 0 x(x+2) X (x+2)

<0 for O<x<1 and for ! 2<x<0 .

x'1

27. lim =l# since (x+2)" 0asx" 12" and <0 for ! 2<x<0 .

x 12" X (x+2) X (x+2)

28.lim cscx=lim (l/sinx)=# sincesinx" 0asx" " and sin x>0 for O<x<
" ! " !

29. lim secx= lim (lcosx)=!# sincecosx' Oasx" (! /2)! and cosx<0 for! <x<! /2.
x (1 12)° x (1 12)°

30. lim In(X!5)=!# sincex!5" 0 asx' 5 .
X" 5+

31 (a) F()=1/(x!1)

X f(X)

0.5 11.14

09 13.69

0.99 133.7
0999 |!333.7
0.9999 |!3333.7
0.99999|! 33, 333.7

X f(X)

15 0.42

1.1 3.02

1.01 33.0
1.001 |333.0
1.0001 |3333.0
1.00001 (33, 333.3

From these calculations, it seemsthat lim f(x)=!# andlim f(x)=# .
X' 1I X" 1+

(b) If x isdlightly smaller than 1 , then
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x3! 1 will be a negative number closeto O, and the reciprocal of x3! 1,thatis, f(x),will beanegative
number with large absolute value. So lim f(x)=!# .

X' 1I
If x isdlightly larger than 1, then x3! 1 will be asmall positive number, and its reciprocal, f(x) , will
be alarge positive number. So lim f(X)=# .

x 1

(c) It appearsfrom the graph of f that lim f(x)=!# andlim f(xX)=# .

X" 1I X" 1+

X X N + W A .
32. (a) y:X2I xl2_ X1 2) (1) . Therefore,asx" !1 or x* 2 ,the denominator approachesO , and

y>0for x<!'1 and for x>2 ,s0 lim y=lim y=# .Also, asx" !1! or X" 2! , the denominator
11 x 2"
approaches 0 and y<O for ! 1<x<2, s0 lim y=lim y=I# .

]
X' 11T oxt 2

(b)

33. (a) Let h(x)=(1+x)
X h(x)

10.001  |2.71964
10.0001 |2.71842
10.00001 |2.71830
10.000001|2.71828
0.000001|2.71828
0.00001 |2.71827
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0.0001

2.71815

0.001

2.71692

It appearsthat lim (1+X) ]JX%2.71828 , which is approximately e . In Section 7.4 we will see that the
X' 0
value of thelimit isexactly e.

(b)

34. For the curve y=2" and the points P (0,1) and Q (x,ZX) ;
X Q mPQ

01 [(0.1,1.0717735)  |0.71773
001 |[(0.01,1.0069556) [0.69556
0.001 |(0.001,1.0006934) [0.69339

0.0001 | (0.0001,1.0000693) | 0.69317
The slope appears to be about 0.693 .

35. (@)

X [f(X)

1 ]0.998000
0.8 |0.638259
0.6 |0.358484
0.4 |0.158680
0.2 |0.038851
0.1 |0.008928

0.05|0.001465
It appearsthat lim f(x)=0.

x'" 0
(b)
X f(X)
0.04 | 0.000572
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0.02 |10.000614
0.01 (!0.000907
0.005|!0.000978
0.003|!0.000993

0.001(!0.001000
It appearsthat lim f(x)=!0.001 .

X' 0
_tanx! x
36. h(X)= 3
X
(a)
X h(x)

1.0 |[0.55740773
0.5 |0.37041992
0.1 |0.33467209
0.05 |0.33366700
0.01 |0.33334667
0.005|0.33333667

1
(b) It seemsthat [im h(x)=7 .
X' 0 3

© |x h(x)

0.001 [0.33333350
0.0005 [0.33333344
0.0001 [0.33333000
0.00005 [0.33333600
0.00001 [0.33300000

0.000001 | 0.00000000

Here the values will vary from one calculator to another. Every calculator will eventually give
false values.

(d) Asin part (c), when we take a small enough viewing rectangle we get incorrect output.
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37. No matter how many times we zoom in toward the origin, the graphs of f(x)=sin( /x) appear to
consist of almost! vertical lines. Thisindicates more and more frequent oscillationsas x* 0.

. . mO ! 2. 2 +
38.Iim mAlim ——— .AsV' ¢ ,\ll!v/c "0 ,andm" # .

v v d e

39.

There appear to be vertical asymptotes of the curve y=tan (2sin x) at x%$ 0.90 and x%$ 2.24 . To
find the exact equations of these asymptotes, we note that the graph of the tangent function has
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vertical asymptotesat x= = + n. Thus, we must have 2sin x=— + n, or equivaently,

2 2
sin X=g+50N. Since!1& sinx& 1 , we must have sin x=$ 2 and so x=% sin!lz (corresponding
to x%$ 0.90 ).
JustaslSO' isthe reference angle for 30' : !sin!lzr isthereferenceangleforsin!lz . S0

x=$ ( I'sin . 2 ) are also equations of the vertical asymptotes (corresponding to x%$ 2.24 ).

40. (@) Let y=(x1 1) 1 (yx11) .
x y

099 |5.92531
0.999 |5.99250
0.99995.99925
101 |6.07531
1,001 |6.00750
1.0001(6.00075

From the table and the graph, we guess that the limit of y as x approaches 1is6 .

3
x11

(b) We need to have 5.5< 1 <6.5 . From the graph we obtain the approximate points of
X!

intersection P (0.9313853,5.5) and Q (1.0649004,6.5) . Now 1! 0.9313853%0.0686 and
1.0649004! 1%60.0649 , so by requiring that x be within 0.0649 of 1 , we ensure that y iswithin 0.5 of
6.
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1. (@
lim [ f(X)+h(X)] =lim f(x)+lim h(x)

X a X a X a

=13+8=5

(b) lim [f(x)]zzl:lim f(x):|2:(! 3)°=9

© lim §\[h(x):s\/lim h() =5(8=2
1 1 1
(@ lim f(x) lim f0) 13 3
I|m f(X)
(e I|m 9 _ !—3: =
L ho) I|m hx)~ 8 8
lim g(x)
gx) _xa _0_
MM £ im 09 130
(9) Thelimitdoér?ot exist, sincelim g(x)=0 but lim f(x)" O .
2im £(x) ) "
(h)| 2f(x) X a _2('3) _ 6
2 NOY!F(Q) ~ lim h(!lim  (x) 8'( 3 11

2.(a) I|m [ f(X)+g(X)]=lim f(x)+I|m g(x)=2+0=2
X X 2 X
(b) lim g(x) does not exist smceltsleft! and right! hand limits are not equal, so the given limit does
x 1
not exist.
(c) I|m [ f(X)g(X)]=lim f(x)#lm g(X)=0#1.3=0
x 0 X

(d)SmceIlm g(x)= Oandglsmthedenommator, but lim f(x)=!'1" O, the given limit does not
x 11 x 11

exist.

@ lim x3f(x):[lim x3i| [Iim f(x)]:23#2:16
X 2 X 2 X 2

() lim {3+T()=_[3+im f(x)={3+1=2
x 1 x 1
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. 4 2 : 4 2 . :
lim (3x +2x I x+1) =lim 3x +lim 2x'lim x+lim 1 [Limit Laws 1 and 2]
x 12 x 12 x 12 x 12 x 12

LA 2 :
=3lim x +2lim x!lim x+lim 1 [3]
x 12 x 12 x 12 x 12

=3(12)+2(12)°1 (1 2)+(1) [9,8,and 7]
=48+8+2+1=59

4.
[im (2x2+1)
lim XL x 2 s [Limit Law 5]
x 2x+6x!14  lim (x +6x!4)
X 2
, 2 ..
2lim x +Hlim 1
- X22 x 2 [2,1, and 3]
[im x +6lim x'lim 4
X 2 X 2 X 2
2
:%:1—92:-2 [9, 7, and 8]
(2)°+6(2)! 4
5.
. 2 3 . 2 . 3
lim (X '4)(x +5x! 1) =lim (x ! 4)#im (x +5x! 1) [Limit Law 4]
X 3 X 3 X 3
:<Iim 2t lim 4>#<Iim CHslim xt lim 1) 2.1, and 3]
X 3 X 3 X 3 X 3 x 3
=31 )3 +5431 1) [7.8,and 9]
=5#41=205
6.
lim ¢*+1)t+3)° =lim ¢t +1)"im (+3)° [Limit Law 4]
t 11 t 11 t 11

:[Iim (t2+1)]3 jim (t+3)]5 (6]
t 11

t 11
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.2 3. , 5
:[Ilm t+im1 lim t+lim 3| [1]
t 11t 11 t 11t 11

[(' 1) +1]#['1+3] —g#32=256 9 7,and 8]

7.
lim (ﬂ)z)’:(”m ﬂ)B [6]
x 1\ 1+4x+3x" X 1 1+4xC+3X
lim (1+3x) 3
_ x 1 [5]
lim (1+4x+3x )
| x 1
lim 1+3im x 3
x 1 x 1
= > 2 [2, 1, and 3]
lim 1+4lim x +3im X
| x 1 x 1 x 1
| 1+3(1) 34778 /1\% 1
= > 4i| —|: sl =\3)7s [7, 8, and 9]
| 1+4(1) +3(2)
8.
_ / 4
lim \/u +3u+6 \/Ilm u +3u+6) [11]
u 2
\/Ilm u +3I|m u+I|m 6 [1, 2, and 3]
u 2
\/( ) [9, 8, and 7]
16' 6+6= 4
0.
_ 2
lim 161" = llml(lﬁ!X) [11]
X 4 x 4

=_[1im 1611im x° [
X 4! X 4!
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:\/ 16! (4)%=0 [7 and 9]

10. (a) The left! hand side of the equation is not defined for x=2 , but the right! hand side is.
(b) Since the equation holdsfor all X" 2 , it follows that both sides of the equation approach the same
limitasx 2, justasin Example 3. Remember that in finding lim f(X) , we never consider x=a..

X a
x2+x| 6 (x+3)(x! 2)
11, lim ——— =lim ———— =lim (x+3)=2+3=5
x 2 X2 05 x!2 N
o i X A5x4 A0 L xHL_14+1 133
14 Reag x 14 0L T T, X 1T 141171575
2
. XIx+6 N 2
13. lim 2 doesnot existsincex!'2 Obutx!x+6 8asx 2.
X 2 :
2
x 45234 x 4 (KAL) o, x+1 4+l 5
5 i t°19 Lo R U3 133 16 6
i !32tz+7t+3 ¢ 13 (@+D(E+3) g2+l 2(13)+1 !5 5
) 2 2
16. lim : doesnot existsincex !'3x!14 Obutx!4x 5asx !'1.
x 11 x13x14
_ (4+h)116 . (16+8h+h)!116 . 8h+h® . h(8+h) .
17.lim ——— =lim =lim —— =lim ——— =lim (8+h)=8+0=8
h 0 h h 0 h h o N ho N h 0
3 2 2 2
_ox!I1 (X1 (x+x+1) O XHx+l T+1+1 3
18. lim 2—=I|m | =lim = =z
x 151 x 1 DO+ 0y x+1 1+1 "2

19.
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o (1+h) 11 . (1+4h+6h2+4h3+h4)!1_”m 4h+6h°+4h +h’

h O h h O h h O h
2
. h(4+6h+4h +h’) .
—lim X 3):nm (4+6h+an%h°) =4+0+0+0=4
h 0 h h 0
20.
s (se1zheen™nd)is . 1oheen’eh®
lim 2 i olim T
h 0 h h O h h 0 h

“im (12+6h+h%) =12+0+0=12
h 0

21, lim 31_'\;? -lim (3+‘l_)\(l_ 1) im (34t )=3+{0=6

22.

lim ][1+h!l lim \[1+h!1# 1+h+1: lim g1+hg!1 — lim h
ho N ho N J1+h+1 o h(y1+h+1) n o h({1+h+1)
lim L = 1
h oy1l+th+1 1+1

1
2

23.

_ ][x+2!3 _ x+213 x+2+3 (x+2)!9
lim =lim # =lim
x 7 X7 XT T xa243 7 (07) (x+2+3)

=lim X/ =lim L - L .2
x 7 (X7) (Yx+¥2+3) x 7 {x+2+3 |9+3 6
24,
4 2
116 . +2) (X! 2 + : . :
I XI— =lim X )(Xl )(X 4) =lim (x+2) (x2+4):I|m (x+2)lim (x2+4)
X 2 X2 X 2 X2 X 2 X 2 X 2

-(2+2) (2P+4) =32

25.
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_1 x+4
X X+4 ) 1 1 1

=lim =lim =lim I
« 14 AX g 4+ N ,44(4+) N |44x 4('4) 16

2 2
o6 lim [ =1 == \agim AL i Lo
Lo\l t.2 t 0 t(t2+t) ‘ Ot#t(t 1) | ot+l 0+1

lim =im . difference of squares

x 9 yx!13 x 9 YxI3 X9 Vx!3

=lim [({x+3)(x+9) ]=({9+3) (9+9)=6#18=108
x 9

X181 i (x19) (x+9) im (Yx! ) x+3)(x+9) [ factor X9 as a ]

28.
ERE 1,1
im G 13 i 3th 3 . 3(3+h) . th
ho b A TR AT hEHh)z T h(3h)3
. [ 1 ] 1 1 1
Sim [V = = = =I =l =
oL 3(3+h Ir:mo[3(3+h)] 33+0) 9
29.
1 1 101+t 1041+t ) (1414 !
lim ( | —) =lim £:I|m ( )( ) . t
t o t\llﬂ ¢ t 0 t\llﬂ t o t t+1(1+ 1+t) t ot\[1+t(1+ 1+t)
i 11 _ 11 1
t o Y1+ (1+f1+t) 1+0(1+{2+0) 2

[im M = M_nm \F((l!\l;)(lﬁﬁﬁx) [difference of cubes]

C1 VX x 1 UYX x 1 {x
=lim [{x (1+{x+x) ]=lim [1(1+1+1)]=3
x 1 x 1

Another method: We '’ add and subtract’’ 1 in the numerator, and then split up the fraction:
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2 2
i (ﬁ!l)+(1!x) . (1! X)(1+X)
lim =l =lim | 11+ ——=—
x 1 U x4 Uyx x 1 14x
Lyx ) {1+ x ) (1+x
=lim !1+( ) (24 (14x) =1 1+(1+1) (1+1)=3
x 1 1yx
31. (a)
. X 2
lim ——$ -
x oy1+3x!1" 3
(b)
X f(X)
10.001 |0.6661663
10.0001 |0.6666167
10.00001 |0.6666617
10.000001|0.6666662
0.000001|0.6666672
0.00001 |0.6666717
0.0001 |0.6667167
0.001 0.6671663
The limit appearsto be 3
(©)
1+3x+1 1+3x+1 1+3x+1
im (X S L x(18x) L x({13x+)
x o\ Y1#3x!1 {1#3x+1 / « o (1¥3X)!1 7y 3x
1.
:éllm (\[1+3x+1) [Limit Law 3]
x 0
1
== lim (1+3x) Him 1 [1and 11]
3 x 0 x 0
1 . .
== lim 1+3im x+1 [1,3,and 7]
3 x 0 x 0
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:?1)) (J1+3#0+1) [7 and 8]
= 21% (1+1)= %
32. (a)
lim M $ 0.29
x 0 X
(b)
X f(X)
10.001 0.2886992
10.0001 |0.2886775
10.00001 |0.2886754
10.000001|0.2886752
0.000001]0.2886751
0.00001 |0.2886749
0.0001 |0.2886727
0.001 0.2886511
The limit appears to be approximately 0.2887 .
(©)
lim ( 3tx1 {3 y3tx+y3 )zlim B3 jim —L —
x 0 X \lm"'\lé x 0 X(@"’ﬁ) x 0 \IE("‘\IE
lim 1
_ x 0 .
= @(Him \E’ [Limit Laws 5 and 1]
x 0 x 0
B 1
a flim (3+X) +\l§ [7 and 11]
x 0
-1
= \I%J’\lé [1, 7, and 8]
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-1
e

33. Let f(x)=! x2 : g(x):xzcos 20 xand h(x):x2 . Then!1%co0s20 x%1& !x20/ox2cos 20 x%xz&
f(X)%g(xX)%h(x) . Sosincelim f(x)=lim h(x)=0 , by the Squeeze Theorem we have lim g(x)=0 .
x 0 x 0 x 0

34. Let f(x)=! \/ x3+x2 ,g(x):\/ x3+x2 sin( /x),and h(x)= x3+x2 . Then!1%sin( /X)%1 &

!\/ x3+x2%\/ i sin (%Y XX & f(x)%g(x)%h(x) . Sosincelim f(x)=lim h(x)=0 , by the
x 0 x 0

Squeeze Theorem we have lim g(x)=0 .
x 0

2 .
35. 1% f (X)%x +2x+2 for al x . Now lim 1=1 and
x 11

lim (x2+2x+2):Iim C+2lim x+lim 2:(!1)2+2(! 1)+2=1 . Therefore, by the Squeeze Theorem,
x 11 x 11 x 11 x I1

lim f(xX)=1.

x 11

36. 3x%f(x)%x3+2 for 0%x%2 . Now lim 3x=3 and lim (x3+2) =lim x Him 2=1%2=3. Therefore,
x 1 X 1 X 1 x 1
by the Squeeze Theorem, lim f(x)=3.
x 1

37.11%cos (2/X)%1& !x4%x4cos(2/x)%x4 . Sincelim (! x4) =0 and lim x4:0 , we have
x 0 x 0
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47. (a) If f iseven, then
o FOEE) T ) L TR
h" 0 h h" 0 h h" 0 h
= gim LRI t‘)! ' (gt xzthy=t fim ~E T
h" 0 'h X' 0 X

Therefore, f / isodd.
(b) If f isodd, then

flax =

=11 (%)

RO FX) . AR X)L )+F(X)
£l = lim = =lim = e lim e e
- |im%)r:f(x) let xzth]= lim ~OE XTI/
h" 0 : X' 0 X

/.
Therefore, f  iseven.

48. (a)

(b) Theinitial temperature of the water is close to room temperature because of the water that wasin
the pipes. When the water from the hot water tank starts coming out, dT/dt islarge and positiveasT
increases to the temperature of the water in the tank. In the next phase, dT/dt=0 as the water comes
out at a constant, high temperature. After some time, dT/dt becomes small and negative as the
contents of the hot water tank are exhausted. Finally, when the hot water has run out, dT/dt is once
again 0 as the water maintains its (cold) temperature.

(©)

49.
In theright triangle in the diagram, let y be the side oppositeangle! and X the side adjacent
angle! . Thenthe dlope of thetangent line+ism= y/ x=tan! . Note that
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o< < > We know (see Exercise 19) that the derivative of f(x):x2 is f / (X)=2x . So the slope of the

tangent to the curve at the point (1,1) is2 . Thus,! isthe angle between O and > whose tangent is 2

‘thatis,! =tan 2 63 .
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. . '
1. (a) eisthe number such that lim AL =1.

h o h
(b)
X [@711)ix X |[(2811)/x

10.001 | 0.9928 10.001 | 1.0291

10.0001( 0.9932 10.0001| 1.0296

0.001 | 0.9937 0.001 | 1.0301

0.0001 | 0.9933 0.0001 | 1.0297

h
. . 2711 . 2811 .
From the tables (to two decimal places), lim T:O.99 andlim h =1.03. Since
h 0 h 0

0.99<1<1.03, 2.7<e<2.8 .

2. (&
Thefunction valueat x=0is 1 and the slope at x=0is 1.

(b) f(x)=eX Is an exponential function and g(x)=xe is apower function. d_dx (e)3=eX and d%( (xe)=exe! !

(© f(x):eX grows more rapidly than g(x):xe when x islarge.

3. 1(X)=186.5 isa constant function, so itsderivativeis 0, that is, f /(x):O.
4, f(x):@ Isaconstant function, so its derivativeis O , that is, f /(x):O.
5. f(x)=5x11" f(x)=5!0=5

6. FO)=1ax > F9=1 410X H=1 40%’

7. f(x):x2+3x! 4" f /(x):2x2! 1+3! 0=2x+3
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8. g(x):5x8! 2x5+6" g /(x):5(8x8! l)! 2(5x5! ])+O:4Ox7! 1Ox4

9. g(X)=5x1 2 46" g ()=5(8% ) 2(5x" )+0=40x" 10x"
16 _4 / 1 5 .3

10, ft)=5 13" 1 (t):§(6t5)!3(4t3)+1:3t 112651

12/5 /I 2 (251 | 2 175 2

11. y=x " y:!—5x :.—5x = e
o9X

12, y=56"+3" y'=5(e’)+0=5¢"
4 3
13.V(r):§ r" v (r)— (3r2) =4 r

13/5

14. R(t)=5t " R/(t)=5[! E t(!3/5)!1] -1 P

5

15.Y(t)=6t * Y '0)=6(9)t =154

16. R(X)= 3@ :\[1_0x! £ R /(x):! 7\[1_0x! 8:! ﬁ@
X X

1

1
17.G(x)=yx1 262X 126" G (=3 x V128s == 12¢"
2 2yx
3—_.w3, /13 1
18. y:—\ﬁ—x y = 3x __3)(2/3

19. F(x):< % x) 5:<

20, (t)={t! L2002 ¢ gy }t 1 <| 1y 3’2>:i +

ﬁ ) aRE

! / !
21. g(x):x2+ iz :x2+x' 2 g (X)=2x+(! 2)x' 3:2x! %
X X

1\° 1 5
E ) x5— — x5“ F /(x (5x4)— 4
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32 12 /3 1 1 112 1 112
— 1 1)= | " = - | — = - | -
22. y—\[x(x. D=x" 1x y 2x ! 2x 2x (3x!'1) [ factor out 2x ]

x2+4x+3 32 12 112
23. y= =X +4x +3x "

/—§x1/2+4<1>x!1/2+3<'—1>x!3/2—§ x+£l 3
Y =32 2 . 2V X 2xyfx

[note that x3/2—x2/2#xﬂz—x\/?< ]

2
24, y=22NX o Y2y oo (! % ) x P2=14+1/(xX)
2 / . 2.
25.y=4 " y =0since4 isaconstant.
26 QB un (=B a0 O=E 3 ( 3u™)={EEie)

27. y:ax2+bx+c" y /:2ax+b

b ! !
28. y:aev+ v + % :aev+bvI 1+(:v'2" y /:aeV! bv I2cv 3’—aevl % ! 2—2
vV Vv
20, v=tt L =2 oo (! 3 )t!7’4:2t+i o4 —3
4[3 4 714 43
V't o 4\t

3[2 3 23 3 /211 3 2
30. u= \/t +2'\/t =t +2t & u :—t' 3+2< = )tﬂzz—+3\ﬁ
SR

/ !
31, z—ﬁ +Be’=Ay +Be" z'=110Ay T+BE=! %+Bey

y' y
32, y=e +1=e +1zetie 1"y mete=e

33 f(x)=e15x" f ' (x)=6e15.
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Notice that f /(x):O when f has a horizontal tangent, f / ispositive when f isincreasing, and f / is
negative when f is decreasing.

/
34, £(x)=3x1 20X +50x" f '(x)=15X ! 60X +50 .

Notice that f /(x):O when f has a horizontal tangent and that f / Isan even function while f isan
odd function.

35, f(x)=3x 15X +3" f ' (x)=45x" 115X .

. / . I . _ . /.
Noticethat f (X)=0 when f has ahorizontal tangent, f ispositivewhen f isincreasing, and f  is
negative when f is decreasing.

36. f(x):x+JJx:x+x! h f /(x):1! x! 2:1! 1/x2 :

Noticethat f '(x)=0 when f hasahorizontal tangent, f ' is positive when f isincreasing, and f ' is
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negative when f is decreasing.

37. To graphically estimate the value of (1) for £(x)=3x1 X", we'll graph f in the viewing

rectangle[1! 0.1,1+0.1] by [f(0.9),f(1.1)] , as shown in the figure. If we have sufficiently zoomed in

on the graph of f , we should obtain a graph that looks like a diagonal line; if not, graph again with

1!0.01 and 1+0.01 , etc.

2.29911.701 0.589
11109 ~ 02 =2.99.

Exact value: f(x):3x2! x3" f /(x):6x! 3x2 ,S0 f /(1):6! 3=3.

Estimated value: f /(1)$

38. See the previous exercise. Since f isadecreasing function, assign Y 1(3.9) toY 0 andY 1(4. 1) to

Y .

min

. / 0.49386! 0.50637 !0.01251

) = =l
Estimated value: f (4)$ 2139 0.2 10.06255 .
11/2 / 1 132 / 1 13 1/1 1
: = " =l - =l - =l - - =l — =I

Exact value: f()=x " f (9=1 3X 0 f '(4)=1 5 (4 A= 2<8> | 2100625,

39. y:x4+2ex" y /:4x3+2ex LAL(0,2),y /:2 and an equation of the tangent lineis y! 2=2(x! 0) or
y=2X+2.

40. y:(1+2x)2:1+4x+4x2" y /:4+8x. At(1,9),y /:12 and an equation of the tangent lineis
y19=12(x! 1) or y=12x! 3.

41. y:3x2! x3“ y /:6x! 3x2. At(L,2),y /:6! 3=3, so an equation of thetangent lineisy! 2=3(x! 1) , or
y=3x!1.
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3 3
42. yzxﬁzxyz" y = > xll2 .At(4,8),y ' > (2)=3, so an equation of the tangent lineis
yl 8=3(x! 4), or y=3x!4 .

43. (a)

(b)

From the graph in part (a), it appears that f / iszero at x1$ 11.25, x2$ 0.5,and x3$ 3. Thedopesare

negative (so f / is negative) on (! %, xl) and (x2, x3). The slopes are positive (so f / is positive) on
(xl, Xz) and (x3, %).

© FO0=X 136X +Tx+30" '/ (00=4x1 9X1 12x+7

44. (a)
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(b)

From the graph in part (a), it appearsthat f / iszero at x1$ 0.2 and x2$ 2.8 . The slopes are positive
(sof / is positive) on (! %,xl) and (x2, %) . The slopes are negative (so f / IS negative) on (xl, xz) .

© gx=e13x" g’(x=e’6x

45. The curve y:2x3+3x2! 12x+1 has a horizontal tangent when'y /:6x2+6x! 12=0&

6(x2+x! 2)=0& 6(x+2)(x!1)=0& x=!2 or x=1 . The points on the curve are (! 2, 21)
and (1,!6) .

46. f(x):x3+3x2+x+3 has a horizontal tangent when f /(x):3x2+6x+1:O&

16 ]l§6!12 i é\[?s.

47. y:6x3+5x! 3" m=y /:18x2+5 , but x2( Oforal x,som( 5foral x.
48. The slope of y=1+2eX! 3xisgiven by mry /=2eX! 3.

The slope of 3x! y=5& y=3x!5is3.
m=3" 2¢13=3" e=3" x=In3.Thisoccursat the point (In3, 7! 3In 3)$ (1.1, 3.7) .
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49.

Let (a, az) be a point on the parabola at which the tangent line passes through the point (0, ! 4). The
tangent line has slope 2a and equation y! (! 4)=2a(x! 0)& y=2ax! 4 . Since (a, az) aso lieson theline,
a2:2a(a)! 4, or a2:4 .Soa=" 2 andthepointsare(2,4) and (! 2, 4).

50. If y=x2+x ,theny /:2x+1 . If the point at which a tangent meets the parabolais (a, a2+a), then
the slope of the tangent is 2a+1 . But since it passes through (2, ! 3), the slope must also be

ly_ 8 +a+3

I x a2

a2+a+3
a2

a2! 4al 5=(a! 5)(a+1)=0& a=5o0r!1.If a=!1, thepointis(! 1, 0) and theslopeis! 1, sotheequation

iIsylO=(!1)(x+1) or y=! xI 1. If a=5, thepointis (5, 30) and the opeis1l, sotheequationis

y! 30=11(x! 5) or y=11x! 25.

. . . 2 2
Therefore, 2a+1= . Solving this equation for a we get a +a+3=2a ! 3al 2&

51. y=f(x)=1! x2" f /(x):!2x, so the tangent line at (2, ! 3) has lope f /(2):!4. The normal line has

1 1 7
i =— (x| — = x| —
and equation y+3 2 (xt2) ory= 2% 5

52, y=F(x)=x1 X" f '(x)=112x. So f (1)=!1, and the slope of the normal lineis the negative
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reciprocal of that of the tangent line, that is, ! 1/(! 1)=1. So the equation of the normal line at (1, 0) is

yl0=1(x! 1)& y=x!'1. Substituting thisinto the equation of the parabola, we obtain x! 1=x! X2&

x=" 1. Thesolution x=!1 isthe one we require. Substituting x=! 1 into the equation of the parabola
tofind the y ! coordinate, we have y=! 2. So the point of intersectionis(! 1,!2), asshown inthe
sketch.

53.
1.1
f/(x) Sim f(x+h)! f(X) im x+h " x —lim x! (x+h)
h o h ho DN h o MXx(xth)
=lim il =lim 1 = 1
h o NX(x+h) " o x(x+h) 2

54. Substituting x=1 and y=1 into y=ax2+bx givesus atb=1 (1) . The slope of the tangent line

y=3x! 2 is 3 and the slope of the tangent to the parabolaat (x, y) isy /:Zax+b Atx=1,y /:3"
3=2atb (2) . Subtracting (1) from (2) gives us 2=a and it follows that b=! 1 . The parabola has

: 2
equation y=2x ! x..

55. f(x)=2! x if x) 1 and f(x):x2! 2x+2 if x>1 . Now we compute theright! and left! hand
derivatives defined in Exercise :
f(1+h)! f(1) iim 2! (1+h)!I'1 i 'h

f!/(l):lim' | =lim ' =lim 11=11 and
h O h O h 0 h O
2 2
| | |
flmim SNy EIZAN2 iy By g
h o h o h o ho

/ . / / . . : /
Thus, f (1) doesnot exist since f '(1)* f (1), so f isnot differentiableat 1 . But f (x)=!1for x<1

and f /(x):2x! 2if x>1 .
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P12x jf x<11
56. g(X)= 2 if 11) x) 1
X if x>1
1 1My g(! 1 111201 1+h)] 11 1 2h
im & gg( ) Ljim | (h JEE = =lim (12)=12and
h o h o h o h o
2 2
11+h)! g(! 1 1+h) 11 I 2h+h
lim & r)]g( ) i (L S 2lim (12+h)=12,
h o h o h o h o
s0 g isdifferentiableat 1 1and g (1 1)=! 2
2 2
! ! +
im SRLIW) (:L)lelim %zlim(2+h):2and
h o h o h o h o
gl el h
im SO WL D =lim 1=1,50g (1) does not exist
h o h o h o h o
/ 12 if x<t1
Thus, g isdifferentiable except when x=1 , and g (X)= 2x if 11) x<1
1 if x>1
57. (a) Note that X' 9<0 for X <9& |x|<3& ! 3<x<3 . S0
2
X119 ifx) 13 %  ifx<!3 .
_ : " I\ — : ' _ 2x  if [x[>3
f(x) = I+ if | 3<x<3 f (X = 12x if 13<x<3 { -
ox  if x>3 I2x if |x|<3

19 ifx( 3
To show that
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+h)!
t (3) does not exist we investigate lim fE+)'(3)

h by computing the left! and right! hand
h 0

derivatives defined in Exercise.

2
t/@)=lim wznm [!(3+hr)1+9]!0:|im (161 h)=! 6 and
" ho h o h o
S i@ @) . L@eHAelio . eneh?
f (=lim ———— =lim T:hm =lim (6+h)=6 .
h o h o h 0 h o
£(3+h)! £(3)

Since the left and right limits are different, lim does not exist, that is, f /(3) does not

h
h 0
exist. Similarly, f /(! 3) does not exist. Therefore, f isnot differentiableat 3orat! 3.

(b)

58.1f x( 1, then h(X)=|x! 1|+|x+2|=x! 1+x+2=2x+1.
If 1 2<x<1, then h(x)=! (x! 1)+x+2=3.
If X) 12, then h(X)=!(x! 1)! (x+2)=!2x! 1. Therefore,

12x11 if x) 12 / 12 if x<!2
h(X)= 3 if 12<x<1 " h (X)= 0 if 12<x<1
2x+1 if x( 1 2 if x>1
| | |
Toseethath/(l):lim M does not exist, observe that lim M:Hm 3;320 but
w1 'l o X'l 3l
x 1 x 1
h(x)!'h(1) . 2x12 . I .
T m+—X!1 =2 . Similarly, h (!2) does not exist.

x 1 X 1
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59. y=f (x):axz" f /(x):2ax. So the slope of the tangent to the parabola at x=2 is m=2a(2)=4a. The

: . : 1
slope of the given line, 2x+y=Db& y=!2x+b, isseentobe!2, sowe must have 4a=!2& a=! > So

1
when x=2, the point in question hasy ! coordinate ! > #22:! 2. Now we simply require that the given
line, whose equation is 2x+y=Db, passthrough the point (2, !2): 2(2)+(! 2)=b& b=2. So we must have
1
=l - =
a=! 5 and b=2.

60. f isclearly differentiable for x<2 and for x>2. For x<2, f '(\)=2x, so f,'(2)=4. For x>2,

i '()=m, 0 f.(2)=m For f to be differentiable at x=2, we need 4=,'(2)=f '(2)=m. So
f(X)=4x+b. We must also have continuity at x=2, so 4=f(2)=lim f(x)=lim (4x+b)=8+b. Hence,

X 2 X 2
b=14.

61 y=f ()=ax +bx +ox+d" f ' (x)=3ax +2bx+c. Thepoint (12, 6) ison f, so f(! 2)=6"
I 8a+4b! 2c+d=6 (1) . The point (2, 0) ison f, so f(2)=0" 8a+4b+2c+d=0 (2) . Sincethere are
horizontal tangentsat (12, 6) and (2,0), f '( 2)=0. f '(12)=0" 12al 4b+c=0 (3) and

f /(2):O" 12a+4b+c=0 (4) . Subtracting equation (3) from (4) gives 8b=0" b=0. Adding (1) and (2)
gives 8b+2d=6, so d=3 since b=0. From (3) we have c=! 12a, so (2) becomes 8a+4(0)+2(! 12a)+3=0

3 3 9 ) ) .
n — n — :| :| — :| —_
3=16a _16' Now c=! 12a .12( 16) - and the desired cubic function is

Ex3'§3x+3
=165 3

62. (a) xy=c" yz%(. Let Pz(a, g) The slope of the tangent line at x:aisy/(a):! £2 Its
a

_ C 2C : . . 2C _ :
equation isy! a:! %(x! a) or y=! % X+E' so itsy lintercept is P Setting y=0 gives x=2a, SO

2
the x !intercept is2a. The midpoint of the line segment joining (0, EC ) and (2a, 0) is

()

(b) Weknow the x ! and y ! intercepts of the tangent line from part (a), so the area of the triangle

1 1 1
bounded by the axes and the tangent is > (base)(height)= >X=5 (2a)(2c/a)=2c, aconstant.
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63. Solution 1: Let f(x):xlOOO . Then, by the definition of aderivative,
1000

f(x)! f(1
f/(l):Iim L():lm ——— . But thisisjust the limit we want to find, and we know (from
« 1 X1 w1 '1
/ 999 / 999 x
the Power Rule) that f (x)=1000x ,so f (1)=1000(1) =1000.Solim x'i =1000.
x 1 :
Solution 2: Notethat (X1 1)=(x1 1) (X +X X+t +x+1). SO
i X0 (D) (6 XX X ]
m o M X1
_lim (¢ D) = 1AL L 4L
B 1
X 10000n%
= 1000, asabove.
64.

In order for the two tangents to intersect on the y ! axis, the points of tangency must be at equal
distances from the y ! axis, since the parabola y=x2 is symmetric about the y ! axis. Say the points of
tangency are (a, az) and (! a, az), for some a>0. Then since the derivative of y:x2 isdy/dx=2x, the

left! hand tangent has slope ! 2a and equation y! a2:! 2a(x+a), or y=!2ax! a2, and similarly the right!
hand tangent line has equation

y! a2:2a(x! a), or y=2ax! a2. So the two lines intersect at (0, !az). Now if the lines are perpendicular,

1 1
then the product of their lopesis! 1, so(!2a)(2a)=! 1& a2: - & a= . Sothelinesintersect at

(0:3) o
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LVEX= 3T at X

2 dA dA dr dr
2@ AT =5 w2 T

dA dr 2
(b) p =2 ra =2 (30m)(Im/s)=60 m /s
3. y:x3+2x: dy :@ o =(3x +2)(5) 5(3x +2) . When x=2 , dy —5(14) 70 .
dt dx dt
X oW g X dy  dx_ ydy

4x+y =25= 2X at +2ydt =0= dt ydt:> G- x dt

2 2 dy o dx_ 4
When y=4 , X' +4°=25- x=+3 . For G C g - 3©=T8.

2 2 2 dz __ dx dy dz_1 Q( dy
5.z=x+y éZZdt 2xd 2ydt pm (x qt ydt) When x=5 and y=12, z—52+12¢

2 dx dy ., dz _, 46
z =169=z=+13. For at =2 and at =3, = p il3(52 +12. 3)= i13
2
3 dy_dydx_ 1. awzoad 3 dx | dy _
6. y=\ 1+x = 4t~ dx dt—2(1+x3) (3x2) 0t - - o . With at =4 when x=2 and y=3,
27\ 1+x
3(4) dx dx
we have 4= 23) Priigie =2cm/s.

7. (a) Given: aplane flying horizontally at an altitude of 1 mi and a speed of 500 mi / h passes
directly over aradar station. If we lett be time (in hours) and x be the horizontal distance traveled by
the plane (in mi), then we are given that dx/dt=500 mi / h.

(b) Unknown: the rate at which the distance from the plane to the station is increasing when it is 2 mi
from the station. If we let y be the distance from the plane to the station, then we want to find dy/dt
when y=2 mi.

(©)
(d) By the Pythagorean Theorem, y2:x2+1:> 2y(dy/dt)=2x(dx/dt) .
dy X dx X

————— _ dy E _ |
© &=y a " y®0- Sincey’=x+1, wheny=2, x=y3 , s0 2 = > (500)=250{3~433 mi / h.

8. (a) Given: therate of decrease of the surface areais1 cm
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2/ min. If welett be time (in minutes) and S be the surface area (in cm ? ), then we are given that

dS/dt="1cm /s
(b) Unknown: the rate of decrease of the diameter when the diameter is 10 cm. If we let x be the
diameter, then we want to find dx/dt when x=10 cm.

(©)
(d) If theradiusisr and the diameter x=2r ,thenr=% x and S=4 r2=4 ( %
dS dS dx dx

dt ~ dx dt dt

ds dx dx 1 ax 1 1
(e? -1= pm =2 th G- 2 x° .When x=10, — qt —E SotherateofdecreasmsE cm/
min

9. (a) Given: aman 6 ft tall walks away from a street light mounted on a 15 —ft-tall pole at arate of 5
ft/s If welett betime (ins) and x be the distance from the pole to the man (in ft), then we are given
that dx/dt=5ft/ s.

(b) Unknown: the rate at which the tip of his shadow is moving when heis 40 ft from the pole. If we

let y be the distance from the man to the tip of

his shadow (in ft), then we want to find dgt (x+y) when x=40 ft.

(©
1 + 2
(d) By similar triangles, 35 = x_yy = 15y=6x+6y=- 9y=6X=- y= 3 X.

- d . d/ 2\ 5d 5. 2
(e) Thetip of the shadow moves at arate of pm (x+y)= . <x+3x>—3 dt_3(5)_ 3 ft/s.

10. (a) Given: at noon, ship A is 150 km west of ship B; ship A issailing east at 35 km / h, and ship B
issalling north at 25 km / h. If welett be time (in hours), x be the distance traveled by ship A (in
km), and y be the distance traveled by ship B (in km), then we are given that dx/dt=35 km / h and
dy/dt=25 km / h.

(b) Unknown: the rate at which the distance between the shipsis changing at 4:00 P.M. If welet z be
the distance between the ships, then we want to find dz/dt whent=4 h.
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(©)

(d) 7=(150-%)+y = 22d— =2(150-x) ( o >+2y dy

dt

(€) At 4:00 P.M., x=4(35)=140 and y=4(25)=100= z:\l (150-140)+100° ={10,100 . So
dz 1[ dx dy] ~10(35)+100(25) _ 215 . .\ oy

150 =
dt~ z (x )d'[ dt \f 10,100 \f 101

11.
: dx dy _ dz __ dx dy
We are given th pm =60 mi / hand ot =25mi / h. z—x +y :szt =2X = ot +2ydt
dz _ Q<+ dy dz 1 dx dy
Zat ot Y 7w Tz K Y )
After 2 hours, x=2(60)=120 and y=2(25)=50— z=\/ 120°+50° =130, 50
dz_1 < dx d_y) 120(60)+50(25) i/ h
dt - at Yt 130 '
12.
: ax _ T y _ 2 24 dy_ 24 dx_ 24
We are given that at =1.6 m/ s. By similar triangles, L x " VFxT t X2 = Xz (1.6) .
 24(1.6) . .
When x=8 , — dt o4 =-0.6 m/ s, so the shadow isdecreasing at arateof 0.6 m/ s.
13.

We are given that ox =4 ft/sand d

dt d

" =5ft/s. z =(x+y) +500 = sz =2(x+y) ( dx, dy
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minutes after the woman starts, we have x=(4ft/s) (20min) (605/min)=4800 ft and y=5- 15- 60=4500=-

z-\/ (4800+4500) +500° ={[86,740,000 , S0

dz_ xt+y ( dx dy )_ 4800+4500 837 8.99ft/ s
dt -~ z 186,740,000 \[ 8674 '
14. We are given that % =241t/ s
(a)
y=(90-%) +90"= 2y ‘; =2(90-X) ( g’t( )
4 24
When x=45 , y=\ 45 +90° =455 , s0 %’:9;?( (—% )—45\?%( 2=

24
so the distance from second base is decreasing at a rate of F ~10.7 ft/s.

(b) Due to the symmetric nature of the problem in part (a), we expect to get the same answer and we

dz dx 24
do. 22—x +9O :>22— —2x— . When x=45 , 2—45\F3 SO — 5\/3 (24)=— \I_ ~10.7ft/s.

dt dt
1 . : . . dh dA
15. A= > bh , where b isthe base and h isthe altitude. We aregiventhat — =1 cm/ minand — =2

dt dt
cm 2/ min. Using the Product Rule, we have (;II_"? = % (b %] +h %) ) . When h=10 and A=100 , we

1 1 1 db db
have 100= - b(lO) =5 b=10= b=20, s0 2= > (20- 1+10 pm ) = 4=20+10 Pl
db 4 20

- 10 - 1.6 cm/ min.
16.
Given @— -1m/s, find dx when x=8 m. y2:x2+1:>2y$/—2x9( %:y d_:_y When x=8

dt dt

,y=y65 , s0
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65

% % . Thus, the boat approaches the dock at lg ~101lm/s
17.

dx d dz dx d
We are giventhat — =35km/ h and Y o5km/h. 7= (x+y) 2+100° ¢22— =2(x+Y) 2.

dt dt dt dt
At 4:00 P.M., x=4(35)=140 and y=4(25)=100= z-\/ (140+100)*+100° = 67,600=260 , S0
o _xty (G, &) 1OHO0 o 720
i (dt+dt>_ o0 (35+25)= 7 ~55.4km/h.
18. Let D denote the distance from the origin (0,0) to the point on the curve yz\/; :

db 1 2 12 dx  2x+1 dx :
D= \l(X 0) +(y O) \/x +({{X) :\/x = g =5 (00R) @D =2 7 o - With
X +X

dx db / ~3.02cm/s.

9 2
— =3whenx=4, — = 3)=
dt dt  2y20 ® 45

19.

: . : dv
If C= the rate at which water is pumped in, then — =C-10, 000 , whereV =

2 .
. r histhevolume at

Ooll—‘

: - : r_h 1 21 1 N d_V__ 2dh
timet . By similar triangles, =r= h V= ( h) h—27h 0t h g

2 6 3 3
800,000

dh
When h=200cm , - =20cm/min , s0C-10, 000= g (200)2(20);» C=10,, 000+ —

~ 289 ,

253 cm 3/ min.

20.
By similar triangles,
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3 b 1 2 dv dh dh 2
1°h so b=3h. The trough has volumeV= > bh(10)=5(3h)h=15h = 12= m =30h @ = & -
1 dh 2 4 .
.Whenh—é Tt —5—} =z ft/ min.
2
21.

. . : R | :
Thefigureislabeled in meters. The area A of atrapezoid is > ( base N basez)( height ) , and the
volumeV of the 10-meter-long trough is 10A . Thus, the volume of the trapezoid with height h is

1 - . a_025_1
V—(10)§[O.3+(O.3+2a)]h . By similar triangles, =05 2%
2 dv dv dh dh dh 0.2
2a=h=-V=5(0.6+h)h=3h+5h . Now G odh 0.2=(3+10h) p” 0 - 3+100 . When h=0.3
dh_ 02 _0.2/._1/. 10 I mi
: dt_—3+10(0.3)__6 m/min=2, m/minor — cm/min.

22.

The figureis drawn without the top 3 feet. V= % (b+12)h(20)=10(b+12)h and, from similar triangles,

X_9 and Y- 1 = 8 , SO b=x+12+y=h+12+ 8—; =12+ 1—:1:] . Thus,
1100 v ( 220 ) dh

3 3 andsoO.8:E: 240+?h pm .When h=5,
dh 0.8 3

& = 2007522073 = 2275 ~ 000132 ft / min.

V=10 (24+ ih ) h=240h+

23.

: av. .3 .1 1 h\2 h
We are given that pm =30 ft /mm.V—3 rh—3 <2> h= =
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2

dv _dVv dh __h dh dh_120 _ dh 120 6 _ .
O " dh dt = 30= 2 d T ——h2 . When h=10 ft, o ——102 =z ~0.38 ft / min.
24,
| x dx 2 d d _ sn’
= | = — — | — = = = — .
We are given dx/dt=8 ft / s. cot! 100¢x 100cot! = at 100csc! it m 100 8.
2
: 100 1 d (1/2) 1 : :
— | =— == _= Q= —
When y=200, sin! 500-2 " dt 100 8 0 rad / s. The angleis decreasing at arate of
1
=0 rad/ s.
25.
1 . h . 1 . . .
A:§ bh , but b=5m and sin! =217 h=4sin! ,soA:E(S)(4sm! )=10sin! . We are given
d dA dA d
= _ — = = = | = | | =—
it 0.06rad/ s, so G -d (10cos! )(0.06)=0.6cos! . When! 3
dA 1 2
pm =0.6 (cos 3 )—(0.6) ( > )—0.3 m /s.
26.
Wearegivend Idt=2" min:% rad / min. By the Law of Cosines,
2 .2 dx . d dx 180sin! d
= _ | = I — = | — — = —
x'=12"+15"2(12)(15)cos! =369 360cos! — 2x ~ =360sinl = — === = When

o 5 dx 180sin60° 3 47
| =60, x:\/36&360(30360 =189=321 , s0 g = REl = 7 ~0.396 m/

dt 321 90 321 21

min.

27. Differentiating both sides of PV=C with respect tot and using the Product Rule gives us

dv dP dv. V dP dP
P Ot +V o =0= TP d . WhenV =600, P=150 and o =20 , so we have
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dv 600 . : .
I - 150 (20)=-80 . Thus, the volume is decreasing at a rate of 80 cm 3/ min.

14

04dV = 14dP dv V a°_ VvV dP WhenV =400 ,

14
28.PV =C=P- 14V +V 0= /= — = .
dt dt dt p. 1.4y dt 14P dt

dv 400 250 _ .
(- 10)— . Thus, the volume isincreasing at a

dP
P=80 and pm =-10, so we have 0 - 14(80)

2
rate of %O ~36 cm 3/ min.

1 180 9 o 400
"700 78000 400 '™ g

29, With R =80 and R=100, = = = + = == +
1 2 R R Rz 80
R 1R R

121+i with respect to t Wehal\/e—i - - — =
R R R, R dt Ri dt R; dt
drR d
dR__ 2/ 1 71 1 R _ -
. =R <;2 " += o . When R=80 and R,=100,
1 R,
drR 07
i O i 03)+—(02)i|—%"’0132§2/8
100

30. Wewant to find ((jj—ltg when L=18 using B:O.OO7\N2/3 andW=0.12L -

dB_ dB dw dL 2,3 15 20-15
dt ~ dW dL dt (0007 3V >(O'12' 253 L 3)< 10,000,000)

_ [0.007- 5 012 182'53)1/3] (0.12-2.53-18"™) ( >z1.045x 10 “glyr
10’

31.
|

We are given that at : 10 at

d d __ 2 42
210(:034 dt:> at 10(1/\1_) 5 rad/ s.

. Differentiating

Q(:th/s sin! —l:>x—105m :>d——10005 c(ij_t . When! :71 ,
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32.

Using Q for the origin, we are given %——2 ft / sand need to find % when x=-5 . Using the

Pythagorean Theorem twice, we have \l X +122 +\/ y2+122 =39, the total length of the rope.
x_ Ox y @,

-~ 2
ot dt
V12’ y+12°

gl }[y+12 dx
o e pm . Now when x=-5, 39= \/( 5) +12 +\/y +12° 13+\/y +12 @\/y +12°=26
yyx+

Differentiating with respect tot , we get

dy (9)(26) (2= — 20 . 087ft/s SocatBis

- 532(13) 133

Land y=\/ 2612 =532 . Sowhen x=-5,
moving towards Q at about 0.87 ft/ s.

33.(a)
By the Pythagorean Theorem, 40002+y2:(32 . Differentiating with respect tot , we obtain

dy _ drf d
2y di’ =2/ = . Weknow that d—i’ =600 ft / 5, so when y=3000 ft,
dr _y dy_ 3000 1800
(= \/ 4000°+3000” =4/ 25,000,000=5000 ft and — =7 =22 (600)= == =360 ft / s

| I 2|
(b) Heretan! —L:>—(t )(i(i)éseczl a __ 1 dy d _cosl dy

4000 4000 dt 4000 dt ~ dt _ 4000 dt
dy 4000 4000 4 (4/5)
= - = (= |l =— = ==
When y=3000 ft, at 600 ft/ s, (=5000 and cos! 7 50005 ' & dt =000 (600)=0.096
rad/ s.

34.
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d . dx 2| d 1
Wearegiventhat — =4(2 )=8 rad/ min. x=3tan! = a—Ssec o . When x=1 , tan! =30
2
2 _ (}) 10 Q(_(lO) 80
sec 1 =1+ 3 9 and it (8 3 ~83.8 km/ min.

35.

d
We are given that E)t( =300 km/ h. By the Law of Cosines,

2 22 o 2 1\_2 dy _ dx dx dy _2x+1 dx
y =x +1 -2(1)(x)cos 120 =x +1—2x<—2>—x +x+1,902ydt =2X g dt Ot - 2y pm . After
1 minute,
d 2(5)+1 1650
x———5km:>y—\/52+5+1 =31 km y 200+ (300)= ~296 km/ h.
" 23l V3L
36.
. dx dy _ .
We are given that at =3 mi/hand at =2mi/h. By the Law of Cosines,
2 dz :
z x+y 2xycos45 =X +y \I_ Xy=2Z — 0 \/Ex \I_ y . After 15 minutes
[=an)
=2 ,
3 2 1 3\2 /2\2 3 2 ][1&65l2
wehavex=7 andy=7 = §:>Z—<Z>+<Z>\[§<Z> Z):z: n and
& [2(3)2(3)2v2 (3)2 2 (3) )= 5F
— == | 2( 5 )32 7 )22 | 5 J2+2( 7 )3|= =\ 13-6v2
dt  13-6{2 4 2)202(2) 202 (3 136y2 2 12

~2.125mi/h.

37.
L et the distance between the runner and the friend be ( . Then by the Law of Cosines,
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(?=200°+100°~2- 200- 100- cos! =50,000-40,000cos! (*). Differentiating implicitly with respect tot

. dl . d e :
, We obtain 2( p =-40,000(-sin! ) pra Now if D isthe distance run when
theangleis! radians, then by the formulafor the length of an arc on acircle, s=r! , we have

1 d 1 db_ 7 d(
D=100 , so! 100D 3 - 100 dt - 100 ° . To substitute into the expression for at , We must

1
know sin! at the time when (=200 , which we find from (*): 2002:50,00&40,000cos! &cos! ==

4
1\2_ {15 L de _ {15 ( 7
1_< 2 ) = - Substituting, we get 2(200) - =40,000 — ( 100 )j

=9gn!

d(/dt=

the direction in which the runner is running.

~6.78 m/ s. Whether the distance between them isincreasing or decreasing depends on

38.

2
The hour hand of a clock goes around once every 12 hours or, in radians per hour, -6 rad / h.

The minute hand goes around once an hour, or at therateof 2 rad/ h. Sotheangle! between them
(measuring clockwise from the minute hand to the hour hand) is changing at the rate of

11

d /dt:E—Z ——? rad / h. Now, torelate! to( , weusethe Law of Cosines:

62:42+82—2. 4. 8- cos! =80-64cos! (*).

|
=-64(-sin! )% . At 1.00, the angle

(
Differentiating implicitly with respect tot , we get 2/ %

2 . .
between the two hands is one-twelfth of the circle, that is, -6 radians. We use (*) tofind ( at
‘_ _ . dr _ _ (L
1:00: (=- | 80-64cos & —\,8(%32\/5 . Substituting, we get 2( - =64sin & (— 5 ):»

%_64@)(%)_ 83

&t 2/e032(3 380323
hands is decreasing at arate of 18.6 mm/ h ~0.005mm/s.

~-18.6 . So at 1.00, the distance between the tips of the
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1. Asin Example 1, T(0)=185, T(10)=172 , T(20)=160 , and

T(10)-T(20) 172-160 .
T /20y~ L1 T20) = 1.2° F/ min. T(30)~T(20)+T ' (20)(30-20)~ 160-1.2(10)=148
1020 10
F.

We would expect the temperature of the turkey to get closer to 75 F

astime increases. Since the temperature decreased 13’ Finthefirst 10 minutesand 12° Finthe
second 10 minutes, we can assume that the slopes of the tangent line are increasing through negative

values: -1.3,-1.2,... . Hence, the tangent lines are under the curve and 148" F

is an underestimate. From the figure, we estimate the slope of the tangent line at t=20 to be
184-147 _ 37

0-30 = 30 °
Then the linear approximation becomesT (30)~T (20)+T /(20)- 10~ 160- g—g (10)=147 % ~147.7 .
2.p(9)n PO PR 871749 _ 1) 5 iiomascals/ km.
1-2 -1
P(3)~P(2)+P (2)(3-2)~ 74.9-12.2(1)=62.7 kPa
From the figure, we estimate the slope of the tangent line at h=2 to be %3 = 3—; . Then the linear
approximation becomes P(3)~ P(2)+P /(2)- 1~74.9- 3—; ~ 63.23 kPa.

3. Extend the tangent line at the point (2030,21) to thet —axis. Answers will vary based on this
approximation—we' Il uset=1900 as our t —intercept. The linearization is then

Pt)  ~P(2030)+P ' (2030)(t-2030)
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21
~ 21+ 130 (t-2030)

P(2040)=21+ 1230 (2040-2030)~- 22.6%

P(2050)=21+ =

0,
T30 (2050-2030)~24.2%

These predictions are probably too high since the tangent line lies above the graph at t=2030.

N(1980) N(1985) 15.0 17.0 _ _ N(1990) N(1985) 19.317.0 _
4, Let Am ==t = = 204 and B= — = oo = === =046 . Then
N(t)-N(1985) A+B
N (1085)= (im NONARY) ATB_ . 3 million/ year. So
t-1085 1985 2

N(1984)~ N(1985)+N '(1985)(1984-1985)~ 17.0+0.43(~1)=16.57 million.
/ N(1995)-N(2000) _ 22.0-24.9
N (2000~ —g05 2000 -~ 5

N(2006)~ N(2000)+N ' (2000)(2006-2000)= 24.9+0.58(6)=28.38 million.

=0.58 million / year.

5. f(0=x = f (0=3x", %0 f(1)=1and f '(1)=3. With a=1 , L()=f(a)+f (a)(x-a) becomes
LO=F(1)+F  (1)(x-1)=1+3(x-1)=3x-2 .

6. f(x)=Inx= f '()=1x, 50 f(1)=0 and f (1)=1 . Thus, LO)=f(L)+f '(1)(x-1)=0+1(x-1)=x-1.

7. f(x)=cosx= f '()=-sinx, o f > )anndf / ( > >:—1.Thus,

e (5)007 (5) (x5 )01 (x 5 )=wes

3 / 1 23 / 1
8. f(x)——\ﬁ(—x = f (x)— X ,s0f(-8)=2andf (-8)= 1 . Thus,

LO)=f(8)+f '(8)(x+8)= 2+ (x+8)— L 5 % g .

9. f(X)={y1 x=
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21 x
VIX=f ()= £(0)+f '(0)(x 0)
=1+ <—% ) (x-0)=1- :—ZL X

1 1
S00.9={1-0.1~1- 5 (0.2)=0.95 and 10.99=y1-0.01~ 1~ 5(0.01)=0.995.

1
‘50 f(0)=Land f '(0)=—= . Therefore,

t /(0= -

10. g(¥)=3 1+x:(1+x)1/3:> g /(x): % (1+x)72/3 ,

0 g0)=1andg (0 % Therefore, [Trx=g(9~ g(0)+g'(O)(x 0)=1+ % X. So

3 3 1 - 3 3 1 -
0.95=1+(-0.05] ~ 1+ 3 (-0.05)=0983 , and Y11=4T+01~1+ 3 (01)=1.03

11, F()=Tx=(1%) = f (= ?13 1% 2%, 50 f(0)=Land f '(0)= 31)) Thus,

/ 1 3 1 3 .
f(X)~ f(0)+f (0)(x-0)=1- 3% We need —\[ 1-x-0.1<1- 3 x<—\[ 1-x+0.1, which istrue when
-1.204<x<0.706 .

12. f(x)=tan x= f '(x)=sec °x , so (0)=0 and f '(0)=1 . Thus, f(x)~ F(0)+f '(0)(x-0)=0+1(x-0)=x .
We need tan x-0.1<x<tan x+0.1 , which is true when -0.63<x<0.63 .
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13. f(X)=

! =142 = £ (= 4(1+2%) (2= 8
(1+2%) (1+2x)

F()~ F(0)+f ' (0)(x-0)=1+(-8)(x-0)=1-8x .
We need 1/(1+2x)"-0.1<1-8x<1/(1+2x) +0.1 , which is true when —0.045<x<0.055 .

- 50 f(0)=Land f '(0)=8. Thus,

14. f()=e'= f '(x)=e", 50 f(0)=Land f '(0)=1 . Thus, F(X)~ f(O)+f '(0)(x-0)=1+1(x-0)=1+X .
We need ex—0.1<1+x<ex+0.l , Which is true when —-0.483<x<0.416.

15. If y=F (x) , then the differential dy isequal to f '(x)dx . y=x +5x= dy=(4x +5)dx .

16. y=cos Xx= dy=-sin Xx- dx=— sin xdx
1
17. y=xIn x= dy= <x- X +In x- l) dx=(1+In x)dx

L

1 .
18, y=\ 14" = dy=> @+ Y2ty dt=
1+t

19. y= E = dy= (uy) (1)(u2+ DA) = 2 - du
(u-1) (u-1)

20. y=(1+2r) "= dy=4(1+2r) > 2dr=8(1+2r) dr

21. (a) y:x2+2x:> dy=(2x+2) dx
(b) When x=3 and
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dx— dy—[2(3)+2]< 1) =4

1
22. (a) y:eX/4:> dy= 2 eX/4dx

(b) When x=0 and dx=0.1 , dy= ( 211 e0> (0.1)=0.025 .

23. (8) y={4+5x = dy= % (4+5x)’” 2 Bax=

\l_

1 5 dx
(x+1)
1

_ _ 1 _1 11
(b) When x=1 and dx=-0.01 , dy=— . (-:0.01)=7 - 755 = 755 =0.0025.

2\[ 4+5x

5 1 1
(0.04)==. = == =0.05.

(b) When x=0 and dx=0.04 , dy=——= 2 %2720

24. (a) y=U(x+1) = dy=-

25. (a) y=tan x= dy=sec 2xdx
(b) When x= /4 and dx=-0.1, dy=[sec ( /4)['(-0.1)=(2)°(-0.1)=-02.

26. (a) y=cos x=- dy=—sin xdx
(b) When x= /3 and dx=0.05, dy=-sin ( /3)(0.05):—0.5\[?3 (0.05):—0.025\/?-}@—0.043 :

27.y=x" , x=1,! x=05=1 y=(L5)°-1=125 . dy=2xdx=2(1)(0.5)=1

28. y—ﬁ x—l | x=1=1 y=2-1=y2-1~0414

dy=—"7= \I_ dx——(l) 0.5
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20.y=6 % ,x=2,! x=04=1 y=(6-(-1.6))(6-(-2))=144
dy=—-2xdx=-2(-2)(0.4)=1.6

31 y=f(x)=x "= dy=5x dx . When x=2 and dx=0.001 , dy=5(2) (0.001)=0.08 , s0
(2.001) = (2.001)~ f(2)+dy=32+0.08=32.08 .

1 1
32. y=f (X)=yx = dy= o dx . When x=100 and dx=-0.2 , dy= (-0.2)=-0.01 , s0
X

IE 2100

99.8=f(99.8)~ f (100)+dy=10-0.01=9.99 .

2 2
33. y:f(x):x2/3 = dy= 3—_\1_ dx . When x=8 and dx=0.06 , dy= A (0.06)=0.02 , so
34X 8

(8.06) =1 (8.06)~ f(8)+dy=4+0.02=4.02 .

34, y=f (x)=Ux= dy=(-1/x)dx . When x=1000 and dx=2,dy=[1/(1000)] (2)=-0.000002 , s0
1/1002=f (1002)~ f (1000)+dy=1/1000-0.000002=0.000998
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35. y=f(X)=tan x=-dy=sec 2xdx . When x=45" and dx=-1 ,
dy=sec “45'(— /180)=(2) (- /180)= /90, sotan 44°=f (44"}~ (45 )+dy=1- /90~0.965 .

1 1
36. y=f(X)=In x=dy= X dx . When x=1 and dx=0.07, dy= 1 (0.07)=0.07, so
In 1.07=f(1.07)~ f(1)+dy=0+0.07=0.07.

37. y=f(X)=sec x=f /(x):sec xtan x , so f(0)=1 and f /(O):l- 0=0 . Thelinear approximation of f at

Ois f(0)+f /(O)(x—O):1+O(x):1 . Since 0.08 iscloseto O, approximating sec 0.08 with 1 is
reasonable.

38. If y:x6 Y /:6x5 and the tangent line approximation at (1,1) has slope 6 . If the changein x is
0.01, the change in y on the tangent lineis 0.06 , and approximating (1.01)6 with 1.06 is reasonable.

39, y=f(x)=Inx= f '(\)=1/x , 50 f(1)=0 and  '(1)=1 . The linear approximation of f at 1 is

f(1)+f /(1)(x—l):O+1(x—1):xfl . Now f(1.05)=In 1.05~1.05-1=0.05, so the approximation is
reasonable.

40. () F()=(1)°= f ' (=2(x-1) , s0 f(0)=1 and f '(0)=2 .
Thus, f()~L (9=F(O)+F '(O)(x 0)=1 2x .

g(x):e72X:> g /(x):—2e72X ,0g(0)=1andg /(0)2—2 .

Thus, g0~ L (9=0(0)+0 |(0)(x-0)=1-2x .

h(X)=1+n (1-2)= h ()= 1:—3)( ,soh(0)=1andh'(0)=—2 .
Thus, h(~ L, ()=h(0)+h '(0)(x 0)=1-2x.

Notice that L f:Lg:Lh . This happens because f , g, and h have the same function values and the
same derivative values at a=0 .

(b)
The linear approximation appears to be the best for the function f sinceitiscloser to f for alarger
domain thanitisto g and h . The approximation looks worst for h since h moves away from L faster
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than f and g do.

41. (a) If x is the edge length, then V=x = dV =3x_dx . When x=30 and dx=0.1 , dV'=3(30) (0.1)=270

, SO the maximum possible error in computing the volume of the cube is about 270 cm 3 . Therelative
error is calculated by dividing thechangeinV ,! V ,byV . We approximate! V withdV .

v d_V_3xdx ax 0.1
Relative error = v 2V X3 3X 3<30>001

Percentage error = relative errorx 100%=0.01x 100%=1% .
(b) S:6x2:> dS=12xdx . When x=30 and dx=0.1 , dS=12(30)(0.1)=36 , so the maximum possible

. . : 2
error in computing the surface area of the cube is about 36 cm

'S dS d 0.1
Relativeerror=— ~ —< = 12 =2 — X =2 ( ) =0.006 .
6x 30

ST s 2 X
Percentage error = relative errorx 100%=0.006x 100%=0.6% .

42.(a) A= r2:>dA:2 rdr . Whenr=24 and dr=0.2 , dA=2 (24)(0.2)=9.6 , so the maximum

possible error in the calculated area of the disk is about 9. 6 ~30 cm ? :
'A dA 2 rdr 2dr 2(0 2) 1 -
AT A 2 24 ‘12‘60"'
Percentage error = relative errorx 100%=0.016x 100%=1.6% .

43. (a) For asphere of radiusr , the circumferenceisC=2 r and the surface areais S=4 r2 , SO

(=CI(2 )= S=4 (CI2 Y=C% = dS=(2/ )CdC . WhenC=84 and dC=05 , dS= = (84)(05)= > ,

4
S0 the maximum error is about 8— ~27 cm . Relative error ~ d— =— =— x~0.012

4 4 C \?3
(b) V== =2 (—) _c ~ dv=- c?dC . WhenC=84 and dC=05,
3 3 2 5 2 2
dav=— (84) (05)— 1764 , SO the maximum error is abou iﬁziél zl?gcms.ThereIativeerroris
2
2
: dv 1764/ 1
approximately YV - 3. 256 ~0.018 .
(84)/(6 )

44. For a hemispherical dome,
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V=

win

1
r3:> dv=2 rzdr .Whenr= > (50)=25m and

5 5
dr=0.05 cm =0.0005 m, dV =2 (25)2(0.0005): 5 ' the amount of paint needed is about 5~ 2

3
m .

45.(a) V= r’h=1 VadVv=2 rhdr=2 rh! r
(b) Theerror is

L V-aV =[ ¢+ ry’h- rh]-2 rh! r= rh+2 rhl r+ (0 r)he rhe2 rhir
= (! ry’h

dF _4RdR _ 4< dR

46. F:kR‘g dF:4kR3dR:> 3 2 — ) . Thus, the relative change in F is about 4
kR

R
times the relative changein R . So a 5% increase in the radius corresponds to a 20% increase in blood
flow.

dc
47. (a) dc= ax dx=0dx=0

du

d
(b) d(cu)= ax (cu)dx=c Ix dx=cdu
d du dv du dv
(c) d(u+v)= i (u+v) dx—< v + o )dx— I dx+ i dx=du+dv
d dv  du dv du
(d) d(uv)= X (uv)dx= (u ax +v oI )dx—u X dx+v I dx=udv+vdu
du v du o dv
© d < u )_Q < u )dx—v dx - dx dx—v ax Y ax ¥ vdu-udv
v,/ dx \ v - 2 B 2 T2
Y Y Y

() d(x)= d—‘i oV dx=nx" " dx

48.(a) f()=sinx= f '(x)=cosx o f(0)=0and f '(0)=1 . Thus,

F()~ F(0)+F (0)(x-0)=0+1(x-0)=xX .
(b)
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We want to know the values of x for which y=x approximates y=sin x with less than a 2% difference;
that is, the values of x for which

XSNX1 .02 -0.02< 22X 002 =
SN X SN X

-0.02sin x<x-sin x<0.02sinx if sinx>0 0.98sin x<x<1.02sinx if sinx>0
-0.02sin x>x-sin x>0.02sinx  if sinx<0 1.02sin x<x<0.98sinx if sinx<0
In the first figure, we see that the graphs are very close to each other near x=0 . Changing the viewing
rectangle and using an intersect feature (see the second figure) we find that y=x intersects y=1.02sin x
at x~0.344 . By symmetry, they also intersect at x~-0.344 (see the third figure.). Converting 0.344

O

180

radians to degrees, we get 0.344 ( > ~19.7 220 , which verifies the statement.

49. (3) The graph shows that f '(1)=2 , 50 L()=f(1)+f | (1)(x-1)=5+2(x-1)=2x+3 .
£(0.9)~L(0.9)=4.8 and f(1.1)~L(1.1)=5.2.
(b) From the graph, we see that f /(x) Is positive and decreasing. This means that the slopes of the

tangent lines are positive, but the tangents are becoming less steep. So the tangent lines lie above the
curve. Thus, the estimatesin part (a) aretoo large.
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50. (a) g’ 9=\ X*5= g'(2={9=3. g(LIB)~g@)+g ' (2)(L95 2)= 4+3( 0.05)= 4.15 .
9(2.05)~ g(2)+g (2)(2.05-2)=—4+3(0.05)=—3.85 .
(b) Theformulag /(x): x2+5 shows that g /(x) Is positive and increasing. This means that the slopes

of the tangent lines are positive and the tangents are getting steeper. So the tangent lines lie below the
graph of g . Hence, the estimates in part (a) are too small.
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1. Product Rule:
y:(x2+ 1) (x3+ D=

y /:(x2+1) (3x2)+(x3+1) (2x):3x4+3x2+2x4+2x:5x4+3x2+2x .
Multiplying first: y:(x2+1) (x3+1):x5+x3+x2+1:> y /:5x4+3x2+2x (equivalent).

32
X-3XyX x-
2. Quotient Rule: F(x)= \IJI_ =X 31)/(2 =

X

F /(X) ] X1/2( g 1/2) ( 3/2) <—;x1/2>

—-3X
(")’
]J2+ g X % xﬂ2—3x

—1x
= 2 2 1
X x 27 -3

X=3Xq X 1 -
Simplifying first: F(x)= x 31y =[X-3x=x 3x= F ()= o X Y23 (equivalent).
X
For this problem, simplifying first seems to be the better method.

3. By the Product Rule, f(x):xzeX:> f /(x):xz d_dx (e>3+ex d_dx (xz):xzex+ex(2x):xex(x+2) :

1 - 1
4. By the Product Rule, g(x):\ﬁ( eX:x]JZeX:> g /(x):xyz(ey)+ex ( 5 X 1/2) =5X me (2x+1) .

X X2 d (ey)—ex d (XZ) 2 X X X
5. By the Quotient Rule, y= £ =Y = dx dx _X (eﬁ—e (29 _xe(x2) _e(x2)

2 2 -4 4 3
X (x X X X

. e /_ (1+x)eX—eX(1) _ e4xe € _ xe.
6. By the Quotient Rule, y=7— =y = = =
L+x (1+%)° o)’ (D)’
3x-1 R
7. g0 2)>(<+1 0 (%= (2x+1)(3)- (3x () _6x+3-6x+2__ 5 :
(2x+1) (2x+1) (2x+1)
2 R 0= (@) @-2)(2) _ g4’ _ g2’

4+t (4+t 2)2 (4+t2)2 (4+t2)2

8. f(t)=—=—
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9.V ()=(2x +3)(X —2X) i

\% /(x):(2x3+3)(4x372)+(x4—2x)(6x2):(8x6+8x3—6)+(6x6—12x3):14x6—4x3—6

5 PR
10. Y (u)=(u 2+u 3)(u5—2u2):>
/ 2 _ _ _
Y (u) =(u 2+u 3)(5u4—4u)+(u5—2u2)(—2u 3—3u 4)
:(5u2—4u71+5u—4u72)+(—2u2—’3>u+4u71+6u72):3u2+2u+2u72

11. F(y):<%§> y+5y3) (y -3y )(y+5y)PR
y vy

F ) =(y 23y ) (1easy?) +(ysy”) (-2y 2412y °)
—(y%+15-3y “ a5y %) +(2y 2+12y “10+60y )
:5+14y72+9y74 or 5+14/y2+9/y4

12. Rt)=(t+€)(3t )=
R'(0) =t+e)( 5t A+ )(wre)

:< ; 12 1 1/26t>+(3+3€ i Ate)= 3+3e,2\/‘ Jte-el2yt)

R
13. y= > =
A2+l
@21 (2) £(6t2) 23 2t+1 t(3t-1)]
y' = _
@-2t+1) @-2t+1)

_a@E 2+ a) | 2L
@2+1)’ @ 2+1)

=t E ety o)) @’te’ o) @t

; - -

"2 t* 2’ 2’
_Cateta_ ate’s

2" 2"
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15. y=(r 2—2r ) e= y /:(r 2—2r) (er)+er(2r —2):er (r 2—2r +2r —2):er (r 2—2)

16.y= L=y (stke) (0) (1) (L+ke) _  1+ke’
stke’ (s+ke32 (s+kes)2

3
vV -2vyV 1\ - -
17.y= Qv[ :vzfzwfv:v2—2vﬂ2:> y /:2v72 < 5 ) \Y; 1/2:2v—v vz .

_2wv-1 2v 1
We can change the form of the answer as follows: 2v-v —2v— \I_ =
T R

32 5/2 32 /5 3P 32 3 12 5 321 w2
18. z=w (w+ceW):w oW e = z =5W +C <w e +e - S W >:§w32+2cw e(2w+3)

4 2 3 2
1 X +X +1) (0)-1(4x +2X 2X(2x +1
19, y=—— jy:( ) (0)-1( ) _ 2X( )

4 2 2 4 2 2
X +X +1 (x +x +1) (X +x +1)

1 1 1 1

(x+1)< )(xl)( ) P
20.y:3&_1:>y Vx Vx _ 2 2yx 222\&: 1 :
Vx1 %+’ (x+1) TX(x+D)

2
21, f(x)= X N f/(x): (x+c/x)(1)—x(1—c/x2):x+c/xfx+c/x: 20/x X __2cx
X+c/X c\2 5 > > 2 T
<x+ - ) X +C (x+c) X (Xx+c)
X X 2
X
22. f(x)——+g = 1 (%= (cx+d)(a)- (aX+b)(c) acx+ad-acx-bc _ ad-bc
(cx+d) (CX+O|) (cx+d)
2 _
23'y:xTX1 I_(x+D)@)-(2¥)(1) __ 2 LAt (1,2) ,y/:‘; and an equation of the tangent line

(x+1)” (x+1)
e L 1.1
isy-1= > (x-1),ory= 5 X+

>
ES

24. y—X+1
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(x+1>( ) ~x()
y'= ) (29 1X 5 - AL(404) y'= —2 - 003, andan

(x+1)° 2[x (x+1)" 2y (x+1) 100~
equation of the tangent line is y-0.4=-0.03(x-4) , or y=—-0.03x+0.52 .

25. y=2xeX:> y /:2(x- e+e- 1):2ex(x+1) .At(0,0),y /:2e0(0+1):2- 1. 1=2, and an equation of the
tangent lineis y-0=2(x-0) , or y=2x .

X X X X
e I_xe-e-1_e(x1)
26. y= ” =Yy = > = >
X X
y-e=0(x-1) , or y=e.

CAt(1,e),y /:O , and an equation of the tangent lineis

e (1) (0)-1(2%) _ _-2x
14X (1+x2) (1+X2)

1 1 1
point < 1,5 ) is f /(1):3225 dltsequatlonlsy - =z (x+l) ory=5 x+1
2

27.(a) y=f(x)=—— 5 - So the slope of the tangent line at the

(b)
28.(a) y=f(X)=—— =1 ( X)= (1+X2)1 X2 _ L X . S0 the slope of the tangent line at the
2
1+x (1+x2) (1+x2)
point (3,0.3) is f /(3): 1_?80 and its equation is y-0.3=-0.08(x-3) or y=-0.08x+0.54 .

(b)

X

X 2 X X
2.0) 100 & 1 g= LEE @) _Xe0cy e
X (Xz) X X
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/ 1 : sin!
y'=——— (dnt)= ——
1+(cos! ) 1+cos !

2
51. f(x):ex—x arctanx=-

X 2 1
¢ / ) =e - |: X ( 1TX2 >+(arctanx)(2x)i|

2
X X
=e - —— —2Xarctanx
2
1+X

. : /. . /.
This is reasonable because the graphs show that f isincreasingwhen f  ispositive, and f  iszero
when f has aminimum.

52. f(x)=xarcs n(l—x2):>

. :x|: S :|+arcsin(1x2)- 1
¥ V1@

2
2X

2 4
2X —X

=arcs n(l—xz)—

Thisis reasonable because the graphs show that f isincreasing when f / Ispositive, and that f has an
inflection point when f / changes from increasing to decreasing.

dy
dx

. (Notethat siny>0for 0<y< ).

53. Let y:cosflx .Thencosy=x and 0< y< =-siny == =1=

Ql 1 1 _ 1
dx ~ sny -
Y ieosdy  \1x
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_ 3
54. (a) Let y=sec 1x.Thenszecyzx and ye (O, > ] U ( Y ] Differentiate with respect to x:

dy N\, dy__ 1 _ 1 ! X ,
secytany< dx )‘1:> dx_gecytany_ > = > . Notethat tan y=sec y-1=
secylsec y1 x\x-1
2 _ 3
tan y=\ sec y-1 sincetan y>0 when O<y<§ or <y< .
dy dy _

-1
(b) y=sec x:ssecy:x:ssecytanydx =1= X~ secytany’

2 2 2
Now tan y=sec y-1=x -1, s0

tan y=+ x2—1 .Forye[O —) , X>1, s0 sec y=x=|x| and tan y> 0=

' 2
d 1
&_ x< -1, s0|x|=—x and tan y=— \f xzfl =

X_l le\/_ Forye( ]
dy_
dx secytany X(_ x2—1) (—X)\/_l le\/_

: 3 3.
55. 2x2+y2:3 and x:y2 intersect when 2x2+x—3:0 & (2x+3)(x-1)=0< x=— 5 or 1, but- 5 Is

: 2. . 2 :
extraneous since x=y isnonnegative. When x=1 , 1=y = y=+1, so there are two points of

intersection: (L+1) . 2X+y =3 4x+2yy '=0=y '= 2xfy , and x=y'= 1=2yy ' =y '=1/(2y) . At (1,1)
1
, the lopes are m1:72(1)/1:72 and m2:1/(2~ 1)= > so the curves are orthogonal (since m, and m,

are negative reciprocals of each other). By symmetry, the curves are also orthogonal at (1,-1) .

56. X -y =5 and 4x +9y =72 intersect when 4x +9(x-5)=724 13X =117« x=+ 3 , 0 there are four

poi nts of intersection: (+3,+2) . x2 y2:5:> 2X-2yy /:O:> y /:x/y , and 4x2+9y2:72: 8x+18yy /:O@
3 2

y ——4x/9y At (3,2) ,theslopesarem == and m=-3 ,s0 the curves are orthogonal. By symmetry,

1 2 -3
the curves are also orthogonal at (3,-2) , (-3,2) and( 3-2) .

S7.
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58. The orthogonal family represents the direction of the wind.

59. x2+y2:r2 isacirclewith center O and ax+by=0 isalinethrough O . x2+y2:r2:> 2X+2yy /:O:>
y /:fx/y , SO the slope of the tangent line at Po(xo’yo) IS —xO/yO . The dlope of theline OP0 is yo/Xo :
which is the negative reciprocal of —xO/yO . Hence, the curves are orthogonal, and the families

of curves are orthogonal trajectories of each other.

60. Thecircles x2+y2:ax and x2+y2:by intersect at the origin where the tangents are vertical and
horizontal. If (Xo’yo) is the other point of intersection, then x§+y§:axO (1)and x§+y§:by0 (2). Now

= 2
x2+y2=ax:> 2X+2yy /=a:> y = az_yx and x2+y2=by:> 2X+2yy /:by : =Y = l}_)z(y . Thus, the curves
are orthogonal at
a2x, b2y, 2 2 2 .
(Xo,y0)<:> 2y = ~ <:>Zaxo—4x0:4y0—2by0<:> ax0+by0:2(x0+y§) , whichistrueby (1) and ( 2).
0 0
1
61. y:cx2:> y /ZZCX and x2+2y2:k:> 2x+4yy /:O:> 2yy /:—x =y p—. X — ,sSothe

2(y) 2(cx2) 2cx
curves are orthogonal.
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— X = X = 1
3() 3(ax3) 3ax2

/ / / /
62. y:ax3:> y =3ax’ and x2+3y2:b:> 2x+6yy =0=3yy =X=Yy = , SO

the curves are orthogonal .

63. To find the points at which the ellipse x2—xy+y2:3 crosses the x —axis, let y=0 and solve for x .
y=0= X' -X(0)+0 =3 x=+ 3 . So the graph of the ellipse crosses the x -axis at the points (+3,0) .

-2

Using implicit differentiation to find y / , We get 2x-xy /—y+2yy /:Oé y /(2yfx):y72x<i>y = %}: :

0-2¢3 0+2y3
oy’ at (3,0 is 023 =2 andy’ at (—3,0) is 0423 =2 . Thus, the tangent lines at these

2(0)—3 2(0)+3
points are paralléel.

. o . . I y-2X . .

64. (a) We useimplicit differentiationtofindy = ?( asin Exercise 49. The slope of the tangent
lineat (-1,1) i npim—g—l the d f the normal linei l—1 dit ation i
ineat (-1,1) is 20)-C1) 3~ , S0 the slope of the no ineis-—=-1, anditsequation is

y-1=-1(x+1)< y=-X . Substituting —x for y in the equation of the ellipse, we get x2—x(—x)+(—x)2:3:>

3x2:3<:> x=+1. So the normal line must intersect the ellipse again at x=1 , and since the equation of
thelineis y=-x, the other point of intersection must be (1,-1) .

(b)

65. x2y2+xy:2:> x2- 2yy /+y2' 2X+X- Y /+y- 1=-0&vy /(2x2y+x):—2xy2—y<:>
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2 2
2 2

y'= XZ_W .So- XZ Y = 10 20 +y=2X Y YYD =X(2xy L)
2X y+Xx 2X y+X

1 1 1 1
y(2xy+1)-x(2xy+1)=0 & (2xy+1)(y-X)=0< xy=— 5 Ory=X. But xy= 5= x2y2+xy: 1 5 #2,0we

must have x=y . Then x2y2+xy:2:> x4+x2:2<:> x4+x2—2:0<:> (x2+2) (x2—1):0 . S0 x2:—2 , Whichis

impossible, or x2:1<:> x=+1. Since x=y , the points on the curve where the tangent line has a slope of
-l are(-1,-1) and (1,1) .

66. x2+4y2:36: 2x+8yy /:O:> y = 4—); . Let (a,b) beapoint on x2+4y2:36 whose tangent line
passes through (12,3) . The tangent lineis then y-3= 4—6:) (x-12) , so b-3= 4—6;0 (a-12) . Multiplying
both sides by 4b gives 4b°—12b=-a’+12a , s0 4b +a =12(a+h) . But 4b*+a°=36 , S0 36=12(a+h)=
a+tb=3— b=3 a.. Substituting 3-a for b into 8 +4b =36 gives a +4(3-a) =36< a +36 24a+da =36

24 . 24 24 9
5a2724a20<:> a(5a-24)=0,soa=0or a= 5 If a=0, b=3-0=3, and if a= 5 b=3- T E - So
24 9
the two points on the ellipse are (0,3) and ( 5% ) :
Using y-3=- 4—6:) (x-12) with (a,b)=(0,3) gives us the tangent line y-3=0 or y=3 . With

24 9 24/5 2 2
(a,b)—< 5T ) , we have y-3= 2(9/5) (x-12)y-3= 3 (x-12)ey= 3 x-5. A graph of the

ellipse and the tangent lines confirms our results.

67.(a) If y:ffl(x) , then f(y)=x. Differentiating implicitly with respect to x and remembering that y
d 1 -1/ 1
o= = () 0=

f(y) f(f ()

(b) f(4)=5= f (5)=4. By part (a), (f ) 5=Vt ' (f (5)=Ut @)=V ( : ): :

d
isafunction of x, weget f /(y) d—;lzl, SO

68. (a) f(X)=2x+cosx=f /(x):2—sin x>0 for al x . Thus, f isincreasing for all x and is therefore
one-to-one.
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(b) Since f isone-to-one, ffl(l):k@ f(k)=1. By inspection, we see that f(0)=2(0)+cos0=1, so
k=f (1)=0.
© 5 =t )=vt (0)=1@2-sn0)= %

69. X +4y’=5= 2x+4(2yy )=0=y '=- 4—Xy . Now let h bethe height of the lamp, and let (a,b) be the
point of tangency of the line passing through the points (3,h) and (-5,0) . Thisline has slope
h- 1
?C;) =3 h . But the slope of the tangent line through the point (a,b) can be expressed as 'y = 4—1 :
b-0 b a b 2 2 2 2 2 2
a(5) 245 S0 - TR < 4b =a -5a<a +4b =-5a . Buta +4b =5, so 5=5a<a=-1.

Then 4b2:fa2—5a:fl—5(—1):4:> b=1, since the point is on the top half of the ellipse. So

or as

8- mE-145-4° h=2 . So the lamp is located 2 units above the x —axis.
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1. a=f , b=f / , c=f g . We can see this because where a has a horizontal tangent, b=0 , and where b

: , , : I
has a horizontal tangent, c=0 . We can immediately see that ¢ can be neither f nor f , since at the
points where ¢ has a horizontal tangent, neither a nor bisequal to 0 .

: . / . :
2. Where d has horizontal tangents, only cis0,sod =c. ¢ has negative tangents for x<0 and b isthe
only graph that is negative for x<0, soc /:b . b has positive tangents on R (except at x=0 ), and the
only graph that is positive on the same domainisa, sob /:a . We conclude that d=f , c=f / , b=f1

"
anda=f .

3. We can immediately seethat a is the graph of the acceleration function, since at the points where a
has a horizontal tangent, neither ¢ nor b is equal to 0 . Next, we note that a=0 at the point where b has

. . . /
a horizontal tangent, so b must be the graph of the velocity function, and hence, b =a . We conclude
that c is the graph of the position function.

4. a must be the jerk since none of the graphs are O at its high and low points. ais0 whereb hasa
maximum, so b /:a . b is0 where ¢ has amaximum, so ¢ /:b . We conclude that d is the position
function, c isthe velocity, b isthe acceleration, and a isthe jerk.

5. f(X)=xX +6X -Tx= f (X)=5X +12x7= f " ()=20x +12

/ 1l
6. f(t)=t 7t +2t = f '(t)=8t 42t +8t°= f "(t)=56t"210t +24t"
7.y=Cc0s20 =y /:—Zsin 0=y //:—4cos 20

: / . I . .
8.y=0sind =y =0cosd+sind =y =0 (-sin6d)+coso - 1+cosod =2cosd-osind

9. Fty=(1-7t)°=F ' (t)—6(1 1 (C7)=-42(1-7t) = F " (ty=—42.5(1-7t)(-7)=1470(1-70)"

10. g(x)— 2X 1 ( X)= (x-1)(2)- (2x+1)(1) 2x-2-2x1_ -3 or 73()(71)72
(x-2)° 1" (D)
~g” (x):—3(—2)(x—1)73:6(x—1) or —2 .
(x-1)
1 h(u)— 1-4u ~h ( )= (1+3u)(4)(124u)(3):412u34;12u: 7 or —7(1+3u)72:>
(1+3u) (1+3u) (1+3u)

h” (u):f7(72)(1+3u)_3(3):42(1+3u)_3 or
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42
(1+3u)°
12.
H(s =ays+ ﬁs —as' +bs 2=
b/ (9 =a % V2 (_ % S3/2> _ % V2 % bs Y2
3

o1 a( 1 S—3/2> 1 b( 3 S—5/2> _ 1 2.3 52
H (9729 2 2°\"2° )74 4

13. h(x)= x+1= h /(X)= % (X2+1)71/2(2X):

=
X +1

1 _
\/ e 1X[ > (X2+1) UZ(ZX)] _ (x2+1)71/2[(X2+1)—Xﬁ __ 1

( \/E) 2 (x2+ 1)1 (x2+ 1)3/2

I
14. y:xeCX:> y =X e cre - 1:ecx(cx+1):» y :ecx(c)+(cx+1)ecx- c:cecx(1+cx+1):cecx(cx+2)

h (%)=

2 _ _
15. y:(x3+1)2/3:> y = 3 (x3+1) 113(3x2):2x2(x3+1) e =

y "= (— 3 ) (0C+1) Y30+ a=axoCry) oy

16.
4x

y = =

5

x+1
1 ~1/2
/ \f X+1-4-4x. > (x+1)

_ AL 2XxH] _ A(x+)-2x _ 2x+4

y =
(.Jm )2 x+1 (X+1)3/2 (X+l)3/2
312 3 1/2
y " _ (x+1) " - 2-(2x+4)- > (x+1) _(x 1)112[ 2(x+1)-3(x+2)]

[x+1)* (x+1)°
_ 2X+2-3x—6 _ —X-4

/ /
(x+1)5 2 (x+1)5 2

17. H(t)=tan 3t=
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d
H =3¢ 3t=H " (t)=2. 3sec 3t (580 3t)=6sec 3t (3sec 3t-tan 3r)=18sec %3t tan 3t

/ :
18. g(s):szcos s=g (9=2s cos S—SZSI ns=

" . : 2 :
g (9)=2c0ss-2s Sins-2s SiN S-S COS S:(ZfSZ)COS s4s sns

19. g(t):t3e5t:> g /(t):tSeSt- 5+e5t- 3t2=tzeSt(5t+3):
g (1) =2’ (Bt+3)+t° (5e”) (5t+3)+t e (5)
—te” [ 2(5t+3)+5t(5t+3)+5t] =te" (25t +30t+6)

4 4
20, hgten 20 e — 2 2 = 0D 20(0) _ 2.6
1+(x2) 1+x (1+x) (1+X )

. / . . : .
21. (a) f(x)=2cosx+sin 2x:> f (X)=2(-sin X)+2sin x(cos X)=sin 2x-2sin Xx=

f //(x):Zcos 2X-2C0S X=2(C0S 2X—CO0S X)

(b)
. . , / /
We can see that our answers are plausible, since f has horizontal tangentswhere f (x)=0, and f

has horizontal tangents where f //(x)zo :

22, (a) f()=6 X = f (0=€-3¢= " (x)=6"6x

(b)
The graphs seem reasonable since f has horizontal tangents where f / Iszero, f / Is positive where f
. . /. : . . : : . /
isincreasing, and f ' isnegative where f is decreasing; and the same relationships exist between f

Il
and f .
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23, y={2x3=(2x+3) 2= y = % @x+3) 2 2=(2x3) Py = % (@2x+3) V% 2= (2x43) Vo

y "= 5;’ @2x+3) % 2=3(2x+3) 7

I_@x)M)-x?2) __ -1
21 (@1

v =12)2x-1) 2)=42x-1) °=

y "'=a(-3)2x1) “@=-24(2x-1) * or ~241(2x-1)*

X -2
24. y= 1Y or-1(2x-1) =

25, f(t)=tcost= f '(t)=t(-sint)+cost- 1= f ' (t)=t(-cost)-sint. L-sint=

" _ _ 17
f (t)=tsint-cost- 1-cost-cost=tsint-3cost ,so f  (0)=0-3=-3.

26. g)={5 2= 00=3 (520 (2= (629 =9 "00=3 (529 (2= (5 29 =

0"0=2 620 A 2=3620 " 09" @=30) =3,

/ "
27. f(0)=cot 6 = f (8):—09029 = f (0)=2cscd (—csed - cot 9):203029 -cotd =
f ///(9 ):2(—203(:29 -cotd)coto +209029 (—cscze ):—ZCSCZH (2cot 29 +(:ch9 )=

£ ( : ):—2(2)2[2@ Y+(2)]=-80

28. g(X)=sec x="¢ /(x):sec X- tan X=

I 2 3 2 3 2 3
g (X)=sec x-sec x+tan x(sec x- tan X)=seCc X+Sec X-tan Xx=seC X+sec X(seC x-1)=2seC X-Sec X=
1

9" ()=6sec *x(sec x- tan X)-sec x- tan x=sec x- tan x(6sec x-1)= g ( % ) =2 (1)(6- 2-1)=1142

29. 9x2+y2:9:» 18x+2yy /:O;» 2yy /:—18x:s y /:f9x/y;»

/ 2 2
y//:9< yl—% >:9< L;)X/y) >:9- % =9 % [ since x and y must satisfy the
y y y y

original equation, 9x2+y2:9] . Thus, y //2781/y3 .

30.
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Yx+y=1= —+2y—/-o;>y’:_ﬂ
o e van FE) (R o) -

1
= = since x and y must satisfy the original equation, f X+ y=1
fx  oxfx y Y the original equation, {x+y

2
31. X3+y3:1:> 3X2+3y2y /:0:> y /:, LZ =

y
2 2 < X2 >
2xy -2Xy|( ——
_ Y@K 2y V) 2qt2Ky 2y ) | 2x
- 2)2 - 4 - 6 - 6 T 5’
(y y y y y

since x and y must satisfy the original equation, x3+y3:1 :
32. x4+y4:a4é 4x3+4y3y /:O:> 4y3y /:*4X3é y /:fx3/y3:>

X
p 3 3x2—x3 3 2/ - yx{ -7 , +x4 , a4 —3a4x2
y :<y. -3yy >:3xy- y =3 YX _ 4 ==

(y3)2 6 43 X

y Yy y oy
33, f()=x"= 1 == £ "0=n(n DX = - - = +V=n(n (n2)- - - 2. 1x""=n!

34 f(0= T 1 — =(6x-1) ot (= 15x1) 25 (0= (2)(Bx-1) > 5=

(x):(—l)(—2)(—3)(5x—1) 5a = Y%= 5 Bxen) Y
35. f(x)=e" = f '(x)=2"= t "(x)=2. 26727~
/// 2X 3 2x (n) n 2x

()22e—2e:> = ' (x=2e

1/2 / 1 12
36. f()=yx=x =f (X)= SX =

¢ //(x):% <_% ) N ///(x):% <_% ) (_523 ) <2
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ot (1)(2) (1) 2250
(10
f(n)(x):% (% ) (g ) . ( :—2Ln+1> (en1)z 1135 zn @n-3) (1)
37. f(X)=1/(3x)= % x =t (0= 31% (3x =t (0= % (34X =

"9=3 (A==
(gL (. Lo 9= 348 47) 2, (W02

3X 6X

) 2. . 3. 4, ) . ) )
38. DSin x=cos x= D sin x=-9n X= D sin x=—cos x= D sin x=9n X . The derivatives of sin X occur in

acycle of four. Since 74=4(18)+2 , we have D74si nx= Dzsi nx=-sinXx.

39 Letf(x) cos. Then Df(2x)=2f '(2x) , D°F(20=2"f "(2x) . D f(20=2" " (2%) .

D f(2x):2 f (2x) . Since the derivatives of cos x occur in acycle of four, and since 103=4(25)+3,

(103) 103 (103 103 .

we have f (x):f(g)(x):sin x and Dloscos 2x=2 (2¥)=2 sin2x.

40. f(x)=xe = f /(X)—X( e7>3+ef)(:(l xe = f //(x):(lfx)(fe7>3+efx(f1):(xfz)eij
/”(X) =(x-2)(- e§+e =3-xe = F=3 (e e (D=(x e = - =
1200=(-1) x-nje *

So Dloooxefxz(xflooo) e

41. By measuring the slope of the graph of s=f(t) att=0,1,2, 3,4, and 5, and using the method
of Example 1 in Section 3.2, we plot the graph of the velocity function v=f /(t) in thefirst figure. The
acceleration whent=2 sisa=f //(2) the slope of the tangent lineto the graph of f / whent=2.We
estimate the slope of this tangent line to be a(2)=f (2)—v (2)~ 2— =9 ft/ s . Similar measurements
enable us to graph the accel eration function in the second figure.
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42. (a) Since we estimate the velocity to be a maximum at t=10 , the acceleration is0 at t=10 .
(b) Drawing atangent line at t=10 on the graph of a , a appearsto decrease by 10 ft/s ? over a
period of 20 s. So at t=10 s, the jerk is approximately —10/20:—0.5| (ft/sz) / sorft/s 3 :

43.(3) s=2t-15t°+36t+2=> v(t)=s ' (t)=6t—30t+36=> a(t)=v ' (t)=12t-30
(b) a(1)=12 1-30= 18m/s”
(©) v(t)= 6(t -5t+6)=6(t-2)(t-3)=0 when t=2 or 3 and a(2)=24-30=-6 m/ s , a(3)=36-30=6 m/ sz.

44. (3) s=2t>-3°-12t= v(t)=s ' (t)=6t"—6t-12= a(t)=v (t)=12t-6

(b) a(1)=12-1-6=6 m/s"

(© v(t):6(t2—t—2):6(t+1)(t—2):0 whent=-1or 2. Sincet>0,t*-1 and
a(2)=24-6=18m/s".

45. (a) s:sin< >+cos< ),0§t§2.
v(t):s/(t):cos<% ) < -sin (6 )
v [ (30) 3 om (39 2 )= 5 o
o a2 [on (T0)wos (20) -2 [ 2B ]
(3

(c) v(t)=0 for 0<t< 2= cos < = t) =sin




Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.7 Higher Derivatives

sin(zt>
1= 6 =
cos<2t>
6
T T -1 6 7 3
tan<6t>—1:> Et—tan l:t—;-z—§—15SThUS
2
o 7 3 T 3 £ £ 2
a(5)= 35 [sm<6 2>+cos<6 2)]— 36[ }— 36\l_ -0.3877m/s”.

46. (3) s=2t>- Tt +4t+1= V(t)=s ' ()=6t"—14t+4= a(t)=v ' (1)=12t-14
(b) a(l)=12-14=2m/s"

(© vit)=2( 3% 7t+2) =2(3-1)(t-2)=0 when t= % or2anda ( % ) =12 ( ?13 )14:10 mis’,

a(2)=12(2)-14=10m/s" .

47.(3) sit)=t"at+2= v(t)=s ' (H)=4t>-12t°= a(t)=v ' (t)=12t"~24t=124(t-2)=0 when t=0 or 2 .
(b) S(0)=2 m,v(0)=0m/s, (2)=-14 m, v(2)=-16 m/s

48. () s{t)=2t" 9t°= v(t)=s ' (t)=6t"18t= a(t)=v ' (t)=12t 18=0 whent=15 .
(b) (15)=-135m, v(1.5)=-135m/s

49. (3) s=f(t)=t-12t°+36t ,t> 0= V()= ' (1)=3t"—24t+36 .
a(t)=v ' (t)=6t 24 . a(3)=6(3) 24=6(m/s)/ sorm/s".

(b)
(c) The particle is speeding up when v and a have the same sign. This occurs when 2<t<4 and when
t>6 . It isslowing down when v and a have opposite signs; that is, when 0<t<2 and when 4<t<6 .

vg=x (= @) @)-12) _ 1t
2

1+t (1+t2) (1+t2)
2t(t )

(147’

50. () x(t)= ——

alt)=v (t)—
(b)

. a(t)=0=> 2t (t-3)=0=t=0 or V3




Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.7 Higher Derivatives

(c) vand a have the same sign and the particle is speeding up when 1<t<\[§ . The particleis slowing
down and v and a have opposite signs when O<t<1 and when t>\[§ :

51. (a) y(t)=Asinwt=v(t)=y (t)=Av coswt= a(t)=v (t)=Au sinwt

(b) a(t)=Aw ‘sin wt=—w (Asin wt)=w y(t) , S0 at) is proportional to y(t) .
(c) speed =|Vv(t)| =Aw |coswt| isamaximum when coswt=41 . But when coswt=+1, we have

sinwt=0, and a(t)=Aw ‘sin wt=—Aw (0)=0 .

. dv dv ds d d o .
52. By the Chain Rule, a(t)= E\t/ = d_\s/ E? = d_\s/ v(t)=v(t) d_\s/ . The derivative dv/dt isthe rate of change

of the velocity with respect to time (in other words, the acceleration) whereas the derivative dv/ds is
the rate of change of the velocity with respect to the displacement.

53. Let P(x)=ax +bx+c . Then P '(x)=2ax+b and P " (x)=2a . P " (2)=2= 2a=2— a=1 .
P (2)=3= 2(1)(2)+b=3= 4+b=3=b=1.
P(2)=5= 1(2)+(-1)(2)+c=5= 2+c=5-> c=3 . S0 P(X)=X"x+3 .

54. Let Q(x):ax3+bx2+cx+d . ThenQ /(x):3ax2+2bx+c , Q //(x):6ax+2b and Q ///(x):6a . Thus,
Q(1)=a+brc+d=1,Q ' (1)=3a+2b+c=3, Q " (1)=6a+2b=6 and Q " (1)=6a=12 . Solving these four

equationsin four unknownsa,b,candd weget a=2 ,b=-3,c=3andd=-1, so Q(x):2x3—3x2+3x—1

. / . " . T I/ _
55. y=Asin x+Bcos x=Yy =Ac0osx-Bsin x=-y =-Asin x-Bcosx . Substitutingintoy +y —2y=sinx
gives us (-3A-B)sin x+(A-3B)cos x=1sin x , so we must have-3A-B=1 and A-3B=0. Solving for A

. . : 1 3
and B , we add the first equation to three times the second to get B=— 10 and A= 0

56. y:Ax2+ BxtC=vy /:2Ax+ B=vy //:ZA . We substitute these expressions into the equation
y ”+y /—2y:x2 to get

(2A)+2AX+B)-2(ACH+BX+C) = X
2AH2A+B 2AX 2Bx 2C = X
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(C2A)X+(2A-2B)x+2A+B-2C) = (1)X +(0)x+(0)

_ . 1 . .
The coefficients of x2 on each side must be equal, so -2A=1= A= > Similarly, 2A-2B=0=

A=B=- % and 2A+B-2C=0= -1- :_2L -2C=0=C= Z .

/ I no_ 1
57. y:erX:>y :rerX:>y :rzerx, soy +5y —6y:rZerx+5rerx—6erxzerx(r2+5r—6):erx(r+6)(r—1):0:>
(r+6)(r-1)=0=r=1 or -6.

58. y—e :>y —)\e :>y —Ae . Thus, y+y y c>e +Ae —/\e <:>e (A -A-1)=0&

_1+45

A= 5 ,sincee ;éO.

59. f(x):xg(x2):> f /(x):x- g /(xz). 2x+g(x2)- 1:g(x2)+2ng /(x2):>
//(x):g /(x2)~ 2x+2x2- g //(x2)~ 2x+g /(x2)~ 4x=6xg /(x2)+4x3g //(xz)
60. f(x)= LX) 9( X £ /()= 2 /(x)zg(x) .
X

¢! (x)= x2[9 /(X)+xg //(x)—g /(x)]—2x[xg /(x)—g(x)] _ ng //(x)_zxg / (X)+2g(x)
4 3
X X

61.

f00 =g(fx)= f '09=g (%) 5 x V%= Mﬁ—)

f//(x 2\5‘9 (\F( ‘X *9 (\F()'Z'QX _xﬁﬂz[ﬁ(g”(ﬁ()—g/(ﬁ)]
(Z\F( 4x

_{xg"(x)g'(x)
4x\/7<

62.
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F(X)=3X 10X +5= f ()=15x —30X = f " (x)=60X -60Xx=60X(X —1)=60X(x+1)(x-1)
So f //(x)>0 when -1<x<0 or x>1 , and on these intervals the graph of f lies above itstangent lines;
and f ”(x)<0 when x<-1 or 0<x<1, and on these intervals the graph of f lies below itstangent lines.

63. (a)
(0 = =1 (9=-5"]
X +X (X +X)
L OO (2+(2x+1) (2) (XC+X) (2x+1) _ 2(3X +3x+1)
f ()~ 2 4 - 2 3
(X +X) (X +X)
i () (2) (6x+3)-2(3X +3x+1) (3) (X +%)° (2x+1)
f ¥~ 2 6
(X +x)
_ 64X +6x +ax+1) N
(x2+x)4
@ = () (£6) (12X +12x+4) +6 (AX +6X +Ax+1) (4) (X +X)° (2x+1)
() (X2+X)8
_ 24(5% +10X +10X +5x+1)
(x2+x)5
9 =2
(0) (0= —— =2 2t g=x 2o (xr) 2o £ =2x Sopen) S

X(x+1) ~ x  x+1
" 0=c9@x 4@ = - = 1M o= nlx M-y ("]

4 3 2
x+17 . m, . - a .
64. (a) For f(X)= aCASgivesus f " (X)= 6(56x +544x 5184x :6184x 6139)
2X —1x-4 (2x -7x-4)
: 7x+17 _ -3 5 _ _ _ |
(b) Using a CAS we get f(x)= = +—— . Now we differentiate three times to obtain
2 2x+1 x4
2X —Tx-4
; ///(x): 144 - 304 .
(2x+1) (x-4)

65.

For f(x):xzex, f /(x):xzex+ex(2x) :ex(x2+2x). Similarly, we have
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f "0 =€ (C+ax+2)
f "(x) =€ (:C+6x+6)
(4 X, 2

f (X)) =e (x +8x+12)

£ =6* (x+10x+20)
It appears that the coefficient of x in the quadratic term increases by 2 with each differentiation. The
pattern for the constant terms seems to be 0=1. 0, 2=2- 1, 6=3- 2, 12=4- 3, 20=5- 4. So areasonable
guessisthat f (n)(x):ex[ x2+2nx+n(ml)] .
Proof: Let Sn be the statement that f(n)(x):ex [ x2+2nx+n(m1)]. 1 S1 IS true because
t /(=€ 0+2x).
2. Assume that Sk istrue; that is, f(k)(x):ex[x2+2lo<+k(k—1)]. Then

9= [ 1¥09] =€ @xra ok 1] €

=& [ (ks 2)xe (KP4k) | =€ | o2k 1) (k+ 1K)
This shows that Sk+ L istrue.

3. Therefore, by mathematical induction, S istruefor al n; thatis, f(n)(x):ex[x2+2nx+n(m1)] for

every positive integer n.

66. (a) Use the Product Rule repeatedly: F=fg=-F /:f /g+ fg /:>
E //:(f //g+f /g /)+(f /9 /+fg //):f //g+2f /g /+fg " .

(b) F M_g ///g+f //g /+2(f //g /s /g //)+f /g ”+fg M_g /”g+3f //g ! af /g //+fg "
(4 (4 g+t ///g /+3(]c ///g /ot //g //)+3(f ”g Vs /g ///)+f /g ///+fg(4)
(9 g4t ///gl ! of //g Uy /g ///+fg(4)

(c) By analogy with the Binomial Theorem, we make the guess:

F V=) gt (g /+<g>f(mz)g Ty +<E)f(mk)g(k)+~ ot g™ Mg

_n nn-1)(n-2)- - - (n-k+1)
where (E)‘ K(nK)! ki '

67. The Chain Rule says that
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] d—“+d—i d (3—) [Product Rule]

I
]
Sla
VRN
|Q.
N<

)
il

_M(du) dududy dydu
du dx dx dx d duOI

69. We will show that for each positive integer n, the n th derivative f(n) exists and equalsoneof f ,

f / , f / , f n e f(pl). Since f(p)—f thefirst p derivatives of f aref , f / , f o e fml) ,

andf. In particular, our statement |struefor n=1 . Supposethat k isan mteger k> 1, for which f isk
-timesdifferenizble with % in the set
Il

S{f, f , ey f('H)} . Since f is p -times differentiable, every member of Sisdifferentiable,

(k+1) (k+1) . . / Ik

so f exists and equals the derivative of some member of S. Thus, f iIsintheset {f ,f ,
i

fo, ., f(p)} , which equals S since f(p):f . We have shown that the statement is true for n=1 and
that its truth for n=k impliesitstruth for n=k+1 . By mathematical induction, the statement is true for
all positiveintegersn.
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. - N . d 1
1. The differentiation formulafor logarithmic functions, X (log ax): ina’ Issimplest when a=e

because In e=1.

2X
X +10

2. 1(9=In (+10)= (9= ™y d “r10)=—

X +1O

3. f(6)=In (cos0)= f (9)— — d%(osa):%:—me
sm(lnx)

4. f(x)=cos (InX)= f '()=-sin(In ) "

1 -3

5. f(x)=log (13— f ' (9= T30m3 & d 1 3%)=

1

X 1
6. 1= Iogm( ) =10g 1109 1(x D= (9= 35 i Te O

7. £ 0= x=(n %"=  (x)= ?13 (nx *° d—‘i (nxy=—= .1

5inx)*> X

8. f(x)=In §\F<:In o=k f /(x): 1 ;1(

1
5 5 5x

0. f(X):'J;(“’] Xx= f /(X):-J;( < ;]; >+(Inx i _i Inx 2+Inx

2 2

10. f(t)= ;:”I

; (t) (1-Int)(1/t)- (1+Int)( ) _ @w[a- Int)+(1+|nt)] 2
(1nt)’ (1-Int)’ L int)

3
11. F(t)=In w; =In (2t+1)*In (3t-1)"=3In (2t+1)-4in (3-1)=

(3t-1)
1 1 6 12 —6(t+3
F /(t):g — .2 4 3= - or combined ()

2t+1 317 241 K1 C (24D D)

12.

1 30m2 & Bx1in2

1
X(x-1)In 10

1

5x'\5/ (In x)4
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o ol 73) o (1 Yo

13, g(x):ln ﬂ " =In (a—x)—ln (@t =

f(a+x) (ax)  -2a
atx  (a-x)(a+x) a2—x2

(X): P ( 1)—

y
14. F(y)=yin (1+N= F '(y)=y- iy e'tin (1+€). 1= X5 +in (1+€)

1+e 1+e
Inu
15. f(u)= m =
[1+In (2u)]- ;L—In u- i-2 1 [1+In (2u)-Inu]
f /(u) _ u 2u _u
[1+In (2u)]° [1+In (2u)]°
_ 1+(In 2+Inu)-Inu _ 1+In2

u[ 1+In (2u)] ? u[1+In (2u)] ?

4. 2 4 .2 . / 1 1 4
16. y=In(x sin X)=Inx +In(sinx) =4lnx+2lInsin x=y =4 ;(+2- m-cosx:;(ﬂcotx

10x 10x+1
17. y=In |2 x 5K |= y = - (-1-10x)= e
2 2 2
2-%-5x 2-X-5X SX +x-2

ur2 1 1/ 3 3 6

18.GU)=In | 55 =3 [InGu2In@u2)]= G (W=7 ( 3142 3u2 >_ 2
9u 4
N : : 1 —1-x+l

19. y=In (e “+xe J=In (e “(1+x)=In (e )+In (1+x)=x+In (1+x)= y '= 1+ Tox - 1:;

20. y={In (1+6)= y '=2[In (1+6)]. — - &'= 2¢In (1+¢)

1+e 1+ex

21. y=xInx=vy /:x(llx)+(l nx)- 1=1+Inx=y //:1/x
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2
22, y= In_2x Sy I_X (/X)—(In x)(2x) _ X(1-2In X) _ 1-2Inx

X ( x2) ? X' X
3 2
I X (20%0-(1-2In ) (3X) _ X(-2-3+6InX) _ 6In x5
a 2 a 6 4
(xz) X X
23. y=log x:>y/— 1 _ ¢ <—1>:> y”—i 1N\ 1
10 xIn10 In10 \ X In10 X2 x2In 10

2
/  Sec Xtan x+sec X

l
24. y=In (sec xttan )=y = o xitan x| Xex= Y =seC xtan X

X
25. f(x)= m =

-1 (x-1)[1-In (x-1)]+x
¢! ) = [1-In (x-1)]- 1% = ) - (e gingeDex

[1-In (1) [1-In (1) (x-1)°
_ 2X-1-(x-1)In (x-1)

oeD)[1-In (x-1)]

Dom( f) ={ x|x-1>0and 1-In (x-1)# 0} ={ x|x>1andIn (x-1)= 1}
={ x|x>1and x-1+# el} ={ x|x>1and x= 1+e} =(1, 1+e)uU (1+e, o0)

Stz —2— =1 bom(f)={x]x>0 and Inx~-1} =

1
LHnx (1%’ x(1+Inx)
{x[x>0 and x=1/e} = (0, V&)U (e, o).

26. f(X) =

3
27. £(x) = XIn (1) = f (%) = 2xin (1- x%+x( 2") —2xln(1x2)2—X2.
1-x 1-x
Dom(f)={ x|1—x2>0} ={x]||x|<1} =(-1,1).
/ 1 1 1
28. f(x)=InIninx=f (x) = nlnx Inx’ x'
Dom(f)={x]InInx>0} ={x|Inx>1} ={x|x>e} = (g, o0).

29. f(x) =
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In x-x(1/X) _ Inx-1 N f/(e): 1_21 -0

2 (%) = ]
(In x) (In x) 1

Inx

1
30. f(x) :len x= f /(x) =2xIn x+x2 < X ) =2XIn xtx= f /(1) =2In1+1=1

1

3Ly=f(X)=InInx=f (x)— nx <;1(>:>f/(e):

DI

, S0 an equation of the tangent line at

. 1
(e,0)isy-0= é (x-€), ory= p x-1, or x-ey =e.

1 12
32. y=In (x 7):sy =— 3x =Yy (2)— =12, so anequation of atangent line at (2, 0) is
x -7
y-0=12(x-2) or y=12x-24.

33. f(X)=sin x+In x= f /(x):cos x+1/x. Thisisreasonable, because the graph showsthat f increases

when f / ispositive, and f /(x):O when f has a horizontal tangent.

I
34. y:%( =y = x(1/x)2Inx L Inx (1)— —1 andy (e)— 1 =0= equations of tangent

X x 1 e
lines are y-0=1(x-1) or y=x-1 and y-1/e=0(x-€) or y=1/e.

35. y=(2x+1)°(x-3)’= Iny=In ((2x+1)5(x4 3))=
1

1 1
Iny=5In (2x+1)+6In (X -3)= =y '=5. = .246. —— .4 =
y 2x+1 3

3
/ 10 24x 5 4 _6 10  24x
y y< ot s >—(2x+1) (x -3) < il 4 s >
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2

2
1
36. y={x€ O+ = Iny=In Yx+ne" +n (x2+1)10 = Iny=3In XX +10In (X +1)=

1 11 1 1 20

—y/=§ o T2x+10- ——- 2x¢y ﬁ(e (x+1) (2—+2x+2—x>

y X x+1 X X +1
'n2xt 4x 2 4 2 2

37.y= 22— = Iny=In (sin “xtan ¥)-In (X +1) =

(x +1)

.2 4 2 2 . 2
Iny=In(sinx) +In(tan x) —In (x +1) =Iny=2In|sin x|+4In |[tan x|-2In (X +1)=
1 1 1 1
—y/—2 — - COSX+4- —— seczxz - - 2X=
y sin x tan x 2

X +1
2
/ sinzxtan4x 4dsec X 4x
y :2— 2cot X+ mnx 2
X +1

:>Iny—1ln(x+1)—1ln(x 1= )1/y =

1/ x  x \_la|x* / 2x\_ x 4
2 x2+1 x2—1 2 xz—l x4—1 17x4

39. y:xX:> Iny=In X = In y=xInx=vy //y:x(]Jx)+(In X)1l=vy /:y(1+ln X)=Yy /:xx(1+ln X)

/
1x 1 y _1/1 1 /I 1ux1-Inx
40. y=x :>Iny:XInx¢ y—x<x>+(lnx)<;2>:>y—x >

/

y_

. . ) ) 1
41. yzxsnx:> Iny=In x = n y=sin xin x =(sin x)- M +(In x)(cos x)=

sin X I sinx [/ SinNX
y =y —+Inxcosx =Yy =X T+Inxcosx

/

42. y=(sin x)X:> Iny=xIn (sin X)= y7 =X si_rllx -cosx+[In(sinx)]- 1= vy /:(sin x)X[xcot x+In (sin x)]

/

1 1
43. y=(Inx) = Iny=In (InX)" = Iny=xIn In x= y? =x = S H(InInx)- 1=
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/ X / X 1
y :y< —+In|nx>¢ y =(Inx) <m+lnlnx>

xIn x

/
y

44. y=x|nxéln y=In xIn x=(In x)2 V :2Inx< ;1( ) = y/:xlnx< ZI—QX )

X / X
1 1
45, y:xe:>Iny=eXInx:> y7 =% ;(+(Inx)-eX:x y/:xeex<ln x+;(>

/

1 1
46. y=(In x)cosx:> In y=cos xIn (In X)= y? =COSX- = 3 +(Inlnx)(-sin X)=

In x
/ cosx / COSX .
y =(Inx) ——— —sinxinlnx

xIn x
2 / d 2 | 2x+2 / 2/ 2 | /
47. y=In (X +y2):>y =5 &(x +y2):>y :Z—yz =Xy tyy =2x+2yy =
X +y X +y
x2y /+y2y /—Zyy /:2x:>(x2+y2—2y)y/:2x:> y/: > 2;(
X +y -2y

v x ) 1 o1 o Xu oy Y /o Iny-yix
48. x'=y = ylnx=xIny=y- X+(Inx)-y =X- y-y +HIny=y Inxfyy —Inyij y " Inx-xly

49. F(X)=In (x-1)= f '()=U(x-1)=(x-1) = f "()=—(x-1) *=

t "=20c1) *= 1 W=2 3 s o
n-1 (n-1)!

V0=t 23 4 .. (1) (x-1) "=(-1)
(x-1)"

50. y:x8In X, SO Dgy: D8y /:D8(8x7ln x+x7). But the eighth derivative of x' isO, so we now have
D8(8x7ln X) = D7(8- 7x6In x+8x6):D7(8- 7x6ln X)
= D8 7-6xIn X)=...=D(8! X In X)=8!/x.

51 If f(x)=In (1+X), then f /(x):l—ix 0 f(0)=1. Thus,

im 0@ fO ) Q) (g g
X—0 X X—0 X Xx—0 X_O
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52. Let mFn/X. Then n=xm, and asn— co, m— oo. Therefore,

x \" 1\ ™ 1\™[* «x
lim <1+—> =lim <1+—> =| lim <1+—> =e by Equation 6.
N— oo n m— oo m m— oo m
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1
1. (@) snh0=7 (€-e)=0

(b) cosh 0= —; (e+e)= :—; (1+1)=1

0 0
-e )2
2.(a) tanh 0= % =0
(et+e )/2
e1 el &1
(b) tanh 1= =—— ~0.76159
e+e e+1
In2 In2 n InZ) 1 !'
] ] ‘2 3
3.(a) sinh(In2)= 2 2 > 712

(b) sinh2=3 L @ e)~362686

1 _
4.(a) cosh3=3 (e>+e )~ 10.06766

In3 -In3 3+!'

e +e 3 5
(b) cosh(In3)= 5 == =3
1 1
5. (a) sechO—COShO——l—l

(b) cosh =0 because cosh 0=1 .

11
6.(a) sinh1=3 (€—e )~1.17520

(b) Using Equation 3, we have sinh M=in (1+\/ 1+1 ) =In (1+y2)~0.88137 .

7.sinh (- x)— [ (X)] ; (e feﬁ (e ey)— sinh x
8. cosh (—x)=% [eﬁx+e7( X]=% (e +ey) 5 (e "+ “)=cosh x

: 1 ~x 1 ~x 1
9. cosh x+sinh x= > (ex+e y)+ > (ex—e y): > (2ey):ex
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. 1 ~x 1 x 1, x -
10. cosh x-sinh x= > (ex+e 67 > (exfe y): > (2e y):e X

11. sinh xcosh y+cosh xsinh y:[ % (eXe_ﬁ] [ % (ey+e_y)] +[ % (ex+e_>3] [ % (eye_y)]

[ (ex+y+exfyfefx+yfefxfy)+(ex+yfexfy+efx+yfefxfy)]

X+

(2e y72efxfy):} [ex+yfe7(x+y)]

2

=sinh (x+y)

NIk Ml

12. cosh xcosh y+sinh xsinh y:[ % (ex+e_>3] [ % (ey+e_y)] +[ % (eXe_y)] [ % (e€-e”)

[ (ex+y+exfy+efx+y+efxfy)+(ex+yfexfyfefx+y+efxfy)]

NIk Ml

v 1 _
(2ex+y+2e g y): > [ex+y+e (X+y)] =cosh (x+Y)

13. Divide both sides of the identity cosh “x-sinh “x=1 by sinh X :

2. .2
cosh x snh x_ 1

> > & cothzx—lzcschzx.
sinh x sinh x sinh X
14.
sinh xcosh y N cosh xsinh y
sinh (x+y) _ sinh xcosh y+cosh xsinh y ~ cosh xcoshy  cosh xcosh y

tenh (x+y) = cosh (x+y) ~ cosh xcosh y+sinh xsinhy = cosh xcosh y N sinh xsinh 'y

cosh xcoshy = cosh xcosh y

_ tanh x+tanh y
"~ 1+tanh xtanh y

15. Putting y=x in the result from Exercise 11, we have
sinh 2x=sinh (x+x)=sinh xcosh x+cosh xsinh x=2sinh xcosh x.

16. Putting y=x in the result from Exercise 12, we have
cosh 2x=cosh (x+x)=cosh xcosh x+sinh xsinh x=cosh 2x+si nh 2x :

17.

Csnhny € e ™2 x@)t xx*

tanh (Inx) = =
(Inx) cosh (In x) (elnx+efln>3/2 x+(emy)71 x+x71

}
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_x-Ux (x2—1)/x 3 X1

x+1/x (x2+1)/x x2+1

18.

: e+e )+ : ee)
1+tanh x _ 1+(sinh xX)/cosh x _coshx+sinhx 2 ( 2 (

1-tanhx ~ 1-(sinh X)/coshx  cosh x-sinh x

1 x x 1 x -
§(e+ey)—§(e—ey)

. X
coshx+sinhx e _ 2x

Or: Using the results of Exercises 9 and 10, . =—=e
cosh x-sinh x o

19. By Exercise 9, (cosh x+sinh x)n:(ey)n:enxzcosh nx+sinh nx .

. 3 . 4 . 9 25 S5 .
20. sinh x= = = csch x=1/sinh x=7, . cosh 2X:SI nh 2x+1: — +1=— = cosh x= 2 (since cosh x>0).

4 3 16 16
4 . _34_3 3 _5
coth x=1/cosh x= c tanh x=sinh x/cosh x= 545 and cothx=1/tanh x= 3
4 5 2 2 4\2 9 3
21. tanh x= c >0, so x>0 . cothx=1/tanh x= 7 sech x=1-tanh x—1< c ) =5 = sech x= c
. 5 . 4 5 4 ) 3
(since sech x>0 ), cosh x=1/sech x= 3 sinh x=tanh xcosh x= £ 373 and csch x=1/sinh x= 2

22.

23. (a)




Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.9 Hyperbolic Functions

X X -X -2X

. . . ~ 1-0
[im tanh x=lim .S Slim e _2° =1
X— 00 X— 00 eX+e7X e7X X— 00 1+672 +O
2X
. . e -1 01
(b) lim tanh x=1lim S—I| ~  ~o1 -1
X— —00 X— —00 eX+e—X eX X—-00 @ X+1 0+1
. . e-e
(©) lim sinhx=lim —F— =00
X— 00 X— 0 2
ee
(d) lim sinhx=1lim =00
X——00 X——00 2
(e lim sech x=lim 2 =0
X —
X— 00 X— 00 e +e
-X X —2X
. . + 1+0
() lim cothx=lim € Slim e 2 =1
X— 00 X— 0 eX_87X eﬁx X— 00 1_672)( 70
, . coshx : . i
(@) lim cothx=lim Snhx -2 since sinh x— 0 through positive values and cosh x— 1 .
X—>0+ X—>0+
. . coshx . : .
(h) lim cothx=li Snhx - % since sinh x— 0 through negative values and cosh x— 1 .
X—>07 X—>07

- : 2
(i) lim cschx=1lim =0
X— —00 X— —00 exfeix

24. (a) d%( cosh X:d_ol( [ % (ex+e)3] :—; (e-e )=sinh x

d d [ sinhx cosh xcosh x-sinh xsinh x  cosh 2x—si nh 2x 1
(b) — tanh x=— = = =
dx dx | coshx

2 2 2 =sech x
cosh X cosh X cosh X
1 ]_coshx_ 1  coshx

d d
© Gx N5 | Snhx = Snhx Snnx - cenxeothx

.2
sinh X

d d 1 sinh X 1 sinh x
(d) dx sech x= dx | coshx |~ 2~ coshx cosh =-sech xtanh x
X X | X cosh 2x X X
(e)
d d cosh X sinh xsinh x-cosh xcosh x  sinh 2x—cosh 2x 1
&COthXZ& sinh x = 2 = 2 = 2
sinh X sinh x sinh X

2
=-csch x
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25. Let y=sinh 71x . Then sinh y=x and, by Example 1(a), cosh 2yfsi nh 2y=1: [ with cosh y>0]
cosh yz\/ 1+sinh 2y :\/ 1+x2 . S0 by Exercise 9, &'=sinh y+cosh y=x+ 1+x2 = y=In (xﬂ/ 1+x2 ) :

26. Let y=cosh _1x . Then cosh y=x and y> 0, so sinh y:\/ cosh 2y—l :\/ x2—1 . S0, by Exercise 9,

&’=cosh y+sinh y=x+ x2—1 = y=In (xﬂf x2—1 ) .
1 _
Another method: Write x=cosh y= > (ey+e y) and solve a quadratic, asin Example 3.

sinhy _ e gy ~ eV 1

oY (re2 @ &1

27.(a) Let y=tanh X . Then x=tanh y= N

2 2 2y 2 2
XE AX=€ 1= 1+x=€ "-X€ = 1+x=¢ y(1—x):>

P2 () L, (1)

€T Ix T 1x )72 1-x /-

(b) Let y:tanhflx.Then x=tanh y , so from Exercise 18 we have
2y l+tanhy 1+x el (ﬂ() }I (ﬂ()

© _1—tanhy_1—x:> YYhltx )7\ 1x /)
28. (a)

() y=csch "xecschy=x (x£0)

iy We sketch the graph of cs;chf1 by reflecting the graph of csch (see Exercise 22) about the line
y=X.

{ 2

_ - 2 1+ x +1

(iii) Let y=csch 'x . Then x=csch y= y2 = xg'-xe '=2= x(€) -2¢"-x=0= &= s
e-e

14 xX+1 1—3[ x+1
But ey>0 , S0 for x>0, ey: » and for x<O0, ey: ” . Thus

{ 2
-1 1 X +1
csch  x=In <;(+ )

x|
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(b)
(i)

(i1)

(iii)

(©)
(i)

(i)

(iii)

y:sechflxc> sech y=x and y>0.

We sketch the graph of cothf1 by reflecting the graph of coth (see Exercise 22) about the line
y=X.

-1 2 y y 1+ \l 1- X
Let y=coth x, so x=sech y= . — xe'+xe '=2= x(e ) 26/ +x=0c€'= »
e+e

{ 2
1\ 1x
But y>0= &’>1 . Thisrules out the minus s gn because » >le 1—\/ l—x2 SX&

2
2 2 2 2 1+ 1-x
1>\ 1 X &1-2x+x >1-X & X >x&x>1, but x=sech y< 1. Thus, ey: X =

-1 1+ SZ 1—x2
sech x=In < » )

y:coth71x<:> coth y=x

We sketch the graph of cothf1 by reflecting the graph of coth (see Exercise 22) about the line
y=X.

-1 e’ vy oy oy y y 2y x+l
Let y=coth "x . Then x=coth y= — = Xe-Xe =€ +e = (x-1)g=(x+tl)e "=e = 1=
e’
x+1

oyv=in 2 L coth k= 2 n X2
y= 1:>C0 X 5 1
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29. (a) Let y=cosh 7lx . Then cosh y=x and y> 0=-sinhy 3_y =1=
d 1 1 1
Y = (sncesinhy>0 for y>0). Or: Use Formula 4.
dx sinhy 2
\/cosh y-1 \/x -1

(b) Let y=tanh x . Then tanh y=x= sech2y %(/:1:> %(/— ! = 1 __1

sech2y 1-tanh 2y 1—x2

ay_ 1
dx ~ cschycothy

Or: Use Formula5

d
(c) Let y=csch x Then csch y=x=--csch ycoth y dy

=1— . By Exercise 13,

coth y:i\/csch y+1 :j:\/ x +1. If x>0, then coth y>0, so coth yz\/ x2+1. If x<O, then coth y<0 , so

coth y=- x2+1 In either case we have @ = 1 = L
dx ~ cschycothy 2
IX[\{ X +1

- d
(d) Let y=sech 1x. Then sech y=x=--sech ytanh y d—z =1=
dy _ 1 B 1 B 1
dx ~ sechytanhy = = = (Note that y>0 and so tanh y>0 .)

sechy\1l-sechy  x\/1-Xx

- d d 1 1

(e) Let y=coth % Then coth y=x= —csch y d—y—l dy = > = > = 1 5 by Exercise
X csch y 1-cothy 1-x

13.

30. f(x)=tanh 4x= f '(x)=4sech’4x

31, f(x)=xcosh x= f '(x)=x(cosh X) '+(cosh x)(x) '=xsinh x+cosh
32. g(X)=sinh 2x:> g /(x):25i nh xcosh x

33. h(x)=sinh ()= h ' (x)=cosh (x)- 2x=2xcosh (X)

34. F(x)=sinh xtanh x= F ' (x)=sinh xsech’x+tanh xcosh x

1-cosh x
35. G(x)= Trooshx =

P (1+cosh x)(—sinh xX)—(1-cosh x)(sinh X)
G &) (1+cosh x)2
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_ —sinh x-sinh xcosh x-sinh x+sinh xcosh x _ -2sinh x
(1+cosh x)° (1+cosh x)°

36. f(t)=esecht= f (t)=e(-sechttanht)+(secht)e=esecht (1-tanht)

2 2
1/ 1 - csch | 1+
37. h(t)=coth 1+° = h /(t):—cschz 14 > (1+tz) 1/2(2t):_t hy i+t
2
1+t

1
38. f(t)=In (sinht)= f /(t)——ht cosht=cotht

30, H(t)=tanh (€)= H '(t)=sech’(e)- e=esech’(€)

40. y=sinh (cosh )= y '=cosh (cosh x)- sinh x

cosh 3x [/ cosh3 cosh 3x

41. y=e =Yy =e % sinh 3x- 3=3¢ sinh 3x

1
V 1+(20)

- 1 1
43. y=tanh 1\F<$ y = p ]jz

1(_J_)2 2 Z'J;((l—X)

42, yzxzsi nh 71(2x):> y 2. - 2+sinh 71(2x)- 2X=2X |: +sinh 1(2x):|

X
\/ 1445

- / 11
44. y=xtanh 1x+|n l—x2 =xtanh 1x+ > In (1—x2):>
iz > (-2x)=tanh I
1-x

y'=tanh T 2=+ : (
2 2
1-x

45, y=xsinh "(x/3)-\ 9+ =
/. 1( X ) 1/3 2X . <
y =sinh 3 +X - =sinh

\ 1+(x13) 2@

46. y=sech " 15" =

wix
w X

o
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I_ 1 “2X_ _ X
\/1—x2\/1—(1—x2) 212 @I

1 2X 1
> =
1-(x+1) 2\/ X +1 x\f X +1

y

- /
47. y=coth ! x2+1:> y =

48.
For y=acosh (x/a) with a>0 , we have the y —intercept equal to a. Asa increases, the graph flattens.

1
49. (a) y=20cosh (x/20)-15=y /:ZOsi nh (x/20)- 20 =sinh (x/20) . Since the right poleis positioned at
7
x=7, wehavey ' (7)=sinh 55 ~03572.

7
(b) If « isthe angle between the tangent line and the x —axis, then tan « = slope of the line =sinh 20

- 7 o
, SO o =tan 1(sinh 5) )%0.343 rad ~19.66 . Thus, the angle between the line and the poleis

0=90 -a~70.34 .

T
50. We differentiate the function twice, then substitute into the differential equation: y= Z] cosh oo

T
d T X X d2 X X
é—y:—sinh<ﬂ>p—g:sinhﬂé—y:cosh<&>pg:pgcosh&.

dx pg T T T dx2 T

2
We evaluate the two sides separately: LHS= d—32/ = p?g cosh

dx
_p_gj/ dy \?_rg . 2p0X _pg pOX - .
RHS—T 1+<dx> =5 \/1+smh T ST T by the identity proved in Example 1(a).

: / .
51. (&) y=Asinh mx+Bcosh mx=-y =mAcosh mx+mBsinh mx=-

pOX
T

y //:mzAsi nh mx+mZBcosh mx:mZ(Asi nh mx+Bcosh mx):mzy
(b) From part (a), asolution of y //:9y IS Y(X)=Asinh 3x+Bcosh 3x. So -4=y(0)=Asinh 0+Bcosh 0=B,




Sewart Calculus ET 5e 0534393217;3. Differentiation Rules; 3.9 Hyperbolic Functions

50 B=4. Now y ' (x)=3Acosh 3x-12sinh 3x= 6=y ' (0)=3A= A=2, s0 y=2sinh 3x-4cosh 3x .

: X -X -2X
52 |im SONX_., €ee _. Lte _10

X— 00 eX X— 00 Zex X— 00

2 2

I
NI

53. The tangent to y=cosh x has slope 1 when y /:si nh x=1= x=sinh 711:In (1+\[§ ) , by Equation 3.
Since sinh x=1 and y=cosh x:\/ 1+sinh °x , we have cosh x=y2. Thepointis(In (1+y2), {2).
54.

1 B
cosh x =cosh [In (secd +tan0)]=3 [e'”(SEC9+tan9)+e In (sec 6 +tan 9)]

1[ 1 sec-tand
=2 _Sece+tan9+sec9+tan6 ]zé [Secg+tan8+(sece+tan9)(secetan9)]
1[ secd-tano 1
=5 secO+tanf0+———— - i|=§(sece+tan9+sec9—tan9)=sec9
B sec “0-tan 0

55. If ae +be "=a cosh (x+4) [ or a sinh (x+43) ], then

aex+bexzﬁ2 (ex+ﬂi e <7 ):52 (exeﬁ - exeb):< 0—; eﬁ> et ( 0—; e’ ) e . Comparing coefficients

e’ (2) . Weneedtofinda and 8 . Dividing

X

2

X

e’ (1) and b=+ >

of e ande ., wehavea=
equation (1) by

B 1
equation (2) gives us —gzie2p:>(*)2[g’:|n(i —S):>[5:§In (i%) . Solving equations (1) and
b p_a o p_ a8 a2 _
(2) fore givesuse = > ande =+ o5 'O g =+ o=« =t4ab=a=2+ab .
a

(*)If b >0, we use the + sign and obtain a cosh function, whereas if a

b <0, we usethe - sign and

obtain asinh function.

: . - 1 :
In summary, if a and b have the same sign, we have ae +be "=2y/ab cosh <x+ > In E ) , Whereas, if

a and b have the opposite sign, then ae +be “=2{—absinh <x+ % In (— = ) ) :
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1. A function f has an absolute minimum at x=c if f(c) isthe smallest function value on the entire
domain of f , whereas f hasalocal minimum at c if f(c) isthe smallest function value when x is
near C .

2. (a) The Extreme Value Theorem
(b) Seethe Closed Interval Method.

3. Absolute maximum at b ; absolute minimum at d ; local maximaat b and e ; local minima at d and
S;

neither amaximum nor aminimumata,c,r ,andt .

4. Absolute maximum at e ; absolute minimum att ; local maximaatc, e, and s; loca minimaatb ,
c,d,andr ;

nelither amaximum nor aminimum at a .

5. Absolute maximum valueis f(4)=4 ; absolute minimum valueis f(7)=0 ; loca maximum values
are f(4)=4 and f(6)=3 ; local minimum values are f(2)=1 and f(5)=2 .

6. Absolute maximum valueis f(8)=5 ; absolute minimum valueis f(2)=0 ; local maximum values
are f(1)=2, f(4)=4 , and f(6)=3 ; local minimum values are f(2)=0, f(5)=2, and f(7)=1.

7. Absolute minimum at 2, absolute maximum at 3, local minimum at 4

8. Absolute minimum at 1, absolute maximum at 5, local maximum at 2, local minimum at 4

9. Absolute maximum at 5, absolute minimum at 2, local maximum at 3, local minima at 2 and 4
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10. f has no local maximum or minimum, but 2 and 4 are critical numbers

11. (a)

(b)

(©)

12. (a) Note that alocal maximum cannot occur at an endpoint.
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(b)

Note: By the Extreme Vaue Theorem, f must not be continuous.

13. (a) Note: By the Extreme Vaue Theorem, f must not be continuous; becauseif it were, it would
attain an absolute minimum.

(b)

14. (a)
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(b)

15. f(X)=8-3x, x> 1 . Absolute maximum f(1)=5 ; no local maximum. No absolute or local
minimum.

16. f(X)=3-2x, x< 5. Absolute minimum f(5)=-7; no local minimum. No absolute or local
maximum.

2 : .
17. f(X)=x , 0<x<2 . No absolute or local maximum or minimum value.
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2 _ :
18. f(x)=x , 0<x< 2. Absolute maximum f(2)=4 ; no local maximum. No absolute or local
minimum.

19. f(x):x2 , 0<x<2 . Absolute minimum f(0)=0 ; no local minimum. No absolute or local
maximum.

20. f(x):x2 , 0<x< 2. Absolute maximum f(2)=4 . Absolute minimum f(0)=0 . No local maximum
or minimum.

21. f(x):x2 , —3< x< 2 . Absolute maximum f(-3)=9 . No local maximum. Absolute and local
minimum f(0)=0.
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22. f(x):1+(x+1)2 , —2< x<5 . No absolute or local maximum. Absolute and local minimum f(-1)=1

23. f(t)=11 , O<t<1 . No maximum or minimum.

24. f(t)=11t , O<t< 1. Absolute minimum f(1)=1 ; no local minimum. No local or absolute
maximum.

25. f(@)=sin 0 ,-27<0 <27 . Absolute and local maxima f <% >:f <

- T N\_.( 37 \_
local minima f < > >—f < 5 >—1.

> =1 . Absolute and
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26. f(0)=tan @ , -

or local maximum.

<0< = .Absolute minimum f ( >:1 : no local minimum. No absolute

N
N IR
N

27. f(x):l—\F( . Absolute maximum f(0)=1 ; no local maximum. No absolute or local minimum.

28. f(x):ex . No absolute or local maximum or minimum value.

_ 1-x if 0<x<2
2. T0=Y 2x4 if 2<x<3
Absolute maximum f(3)=2 ; no local maximum. No absolute or local minimum.

2 .
30, f(=q X , T1sx<0
2-x  1f0<x<1
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Absolute and local maximum f(0)=2 .
No absolute or local minimum.

2 2
31 F(X)=5X +4x= f '(X)=10x+4 . f '()=0=x=— = ,s0- = isthe only critical number.

5 5
3 2 / 2 / 1

32. f(X)=x X —x= T (X)=3x +2x-1. f (X)=0= (x+1)(3x-1)=0=x=-1, 3 These are the only
critical numbers.
33, 1 ()= 43¢ 24x T ()=3x+6x24=3 (42 8) .

/ .
f (X)=0= 3(x+4)(x-2)=0= x=-4, 2 . These are the only critical numbers.

—2++4-12

34, F(X)=X X =  (0=3xC+2x+L . | (X)=0= 3 +2x+1=0= x= . Neither of theseis

area number. Thus, there are no critical numbers.

35, ()=t a4 62— s (1)=12°+ 1262 121 . s (1)=0 121 (P+-1) = t=0 or t341-1=0 . Using the

1+ 1274(1)(71) _ 1445 ~0.618

2(1) 2

guadratic formulato solve the latter equation gives ust=

-1++5
-1.618 . Thethree critical numbersare O , 42[ .

2z+1 g / (2)= (22+z+1)21—(z+13(22+1) _ —22—22
z+z+l (z +z+1) (22+z+1)

- 2 . L
critical numbers. (Note that z +z+1+ 0 since the discriminant <0 .)

36. f(2)=

- =0<z(z+2)=0=z=0, -2 are the

. 3
x+3  if x+3>0 2 ite-g
37. g(X)=|2x+3| = “(2x43) if 2x43<0 =g (X)= 3 9 (X) isnever 0, but
-2 if x<-7
2

g /(x) does not exist for
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3 3. .
X=— > SO - > isthe only critical number.

1 2/3 2 5/3 1 —5/3 +2 X+2
3 X 3 (x+2)= 53 °
3X

g /(72)20 and g /(O) does not exist, but 0 isnot in the domain of g, so the only critical number is-2 .

38. g(x):xﬂg— g (x)—

2/ 10 w3 5 2 / : . .
39. g(t)=5t 3+t =0 (t)——t % 3t 3. (0) does not exist, sot=0 isacritical number.

/ 5 v . .
g (t):ét 3(2+'[):O<i>t:—2,szot:—2|sa|so acritical number.

1 3 . . .
40. g(t)=yt (1- B Z_ﬁ -3 Jt . g '(0) does not exist, s0t=0 is acritical number.
1-3t 1 1. .
0=g (t)— =t=- ,sot=- isalsoacritical number.
\ﬁ 3’ 3
a1, F(x):x4/ x4y =
4 1
E g =X 2x-A)H(x4) T x = =X x V4[5 x- 2+(x-4) - 4]
- (A)(14x716) 2(X74)(7X*8) =0 when x=4, 8 cand F /(O) does not exist.
5X1/5 5X1/5 7

Critical numbersare 0, —3 4.

3| 2 / 1 (2 |28 / : 2 ,
42.G(X)=\| X x=G ()= 3 (x —x) (2x-1) .G (X) does not exist when x —x=0 , that is, when

/ 1 . 1
x=00rl1l.G (x):0<:>2x—1:0<:>x:§ . So the critical numbers are x=0, > 1.

2 / . . / . :
43. f(@)=2cos 0+sin 0= f (f)=—2sin@+2sing cosO . f (0)=0=2sin0 (cosd-1)=0=-sind=0 or
cosd=1=60=nr ( naninteger) or 0 =2rvr . The solutions 6 =nr include the solutions 6 =2nr , so the
critical numbersare 6 =nt

/ 2 / 2 1
44.9(0)=40tan 0 =g (0)=4-5C 0 . g (0)=0= o 0 =4= seC 0 =+ 2= COSO =+ 5 :»9:% 20 |
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5 2T 4
% +2nr 3 +2nvr , and —;T +2nvr are critical numbers.

Note: Thevaluesof 6 that make g /(9) undefined are not in the domain of g .

45, f(X)=xInx=f /(x):x(llx)+(l nx)-1=lnx+1. f /(x):O@In x=—1l& x:efl:JJe . Therefore, the only
critical number is x=1/e .

46. f(x):erX:> f /(x):x(2e2y)+e2X:e2X(2x+1) . Since e2x iIsnever O, we have f /(x):O only when

1 1. -
2x+1=0< x= > So - > isthe only critical number.

47. f(x):3x2—12x+5, [03] . f /(x):6x—12:0<:>x:2 . Applying the Closed Interval Method, we find
that f(0)=5, f(2)=-7, and f(3)=—4 . So f(0)=5 isthe absolute maximum value and f(2)=-7 isthe
absolute minimum value.

48. f(x)=x"-3x+1,[0,3] . f '(0=3x-3=0ex=+1, but L isnotin [0,3] . f(0)=1 , f(1)=—1, and
f(3)=19. So (3)=19 is the absolute maximum value and f(1)=-1 is the absolute minimum value.

29, 1= 1241, [-23] . T (92661226 (x*-x2) =6 (x-2) (x+1)=0e> x=2,1 .
f(-2)=-3, f(-1)=8 , f(2)=-19, and f(3)=-8 . So f(-1)=8 i the absolute maximum value and
f(2)=-19 is the absolute minimum value.

50. f(x)=X°-6x2+9x+2 , [-14] . T '()=3x-12x+9=3 (x*-4x+3) =3(x 1)(x-3)=06> x=1,3 . F(-1)=—14,
f(1)=6, f(3)=2, and f(4)=6 . So f(1)=1(4)=6 isthe absolute maximum value and f(-1)=-14 isthe
absolute minimum value.

51 £()=x"-2x+3  [-2.3]. | (00=axax=ax (x21) =ax(x+ 1) (x 1)=0ex=-1, 0, 1. f(-2)=11,
f(-1)=2, f(0)=3, f(1)=2, f(3)=66 . So f(3)=66 is the absolute maximum value and f(+ 1)=2 isthe
absolute minimum value.

52 10=(x-1)°, 1120 . £ '9=3(2-1) (2x)=6x (x+1) 2(x-1) 20 x=-1,0,1 . f(+1)=0 , F(0)=—1

,and f(2)=27 . So f(2)=27 is the absolute maximum value and f(0)=-1 is the absolute minimum
value.

2 2
53. f(x)=—— ,[0,2] . f (%)= (x +1)x(22x) = 12X
X +1 (x +1) (x +1)
1 2 1
H(@)=3 . f(@=% -Sof(1)=5 istheabsolute maximum value and f(0)=0 is the absolute

5 =0ex=+1, but -1 isnotin[0,2] . f(0)=0
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minimum value.

2 2 2
54. 100="= [ -44]. 1 (9= Wraen (Caen 1o o o g 22.3 4

B (x%4)? (x+a) 20" 5

3. . : -
f(0)=—1. S0 f(+£4)= c is the absolute maximum value and f(0)=—1 is the absolute minimum value.

55, f(t)=t\ 4t~ , [-1,2] .
2 2

1 12 12 - - ~
t /o=t 2 (a0) 2 +(at) " 122 4P “ad) _ am - '=0=
2 , 2
4—t \/4 t \/4—'{

2 2 : : / L
4-2"=0= t'=2=1t=+42 , butt=—y2 isnot in the given interval, [-1,2] . f '(t) does not exist if
4+°=0=t=+2 , but -2 is not in the given interval. f(-1)=—3, f(y2)=2,and f(2)=0. So
f (ﬁ)zz is the absolute maximum value and f(fl):f\[?% is the absolute minimum val ue.

56. (t)=3(T (8-1) ,[0.8] . f(t)=8t" t" = f ()= §t2’33t1’3:g o)=Y

4(2-1)

S
/ . 3
. f (t) doesnot exist if t=0. f(0)=0, f(2)=62~7.56, and f(8)=0.
So f(2):6§\[§ is the absolute maximum value and f(0)=f(8)=0 is the absolute minimum value.

£ ()=0=1=2

: / . . sin X
57. f(X)=sin x+cos X, [O% ] . (X)=cos x-sin x=0<sin x=cos X= Ezlzﬂan xX=1=

. f(0)=1, f( ) =(2~141, f( ) 3L1~137 30f<4>:ﬁ is the absolute

maX| mum value and f(0)=1 is the absolute minimum val ue.

. . 1 5
58. f(xX)=x-2cos X, [-7,7] . f /(x):1+25|n x=0&8in x=— > <:>X:—_g ,—% f(m)=2-7r~-1.14,

( ) \[?),f 2~ 0886, f ( Z )z % [3~-2.26 , f(1)=1+2~5.14 . S0 f(7)=7+2 isthe
i
6

absolute maximum valueand f | — = % —\[?3 is the absolute minimum value.
59. f(x)=xe ", [0.2] . f '(x)=x(-e J+e ‘=e (1-%)=0sx=1 .

f(0)=0, f(l):e_l:]Jem 0.37, f(2):2/e2z 0.27 . So f(1)=1/e isthe absolute maximum value and
f(0)=0 is the absolute minimum value.
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X x(]Jx) Inx 1-In x

,[1,3] . f ( X)= >~ ~0&1-Inx=0<Inx=1<x=e . f(1)=0/1=0,

x
f(e)=1/ex~0.368 , (3)=(In 3)/3~0.366 . So f(e)=1/e isthe absolute maximum value and f(1)=0 is
the absolute minimum value.

60. (X )—In

3 x3
61. f(x)=x-3Inx, [1,4] . f (x) 1— = XT =0ex=3. f ' does ot exist for x=0 , but 0 isnot in the
domainof f . f(1)=1, f(3)=3-3In 3~ -0.296 , f(4)=4-3In4~-0.159 . So f(1)=1 isthe absolute
maximum value and f(3)=3-3In 3x~-0.296 is the absolute minimum value.

X
62. f(9=e e >, [04] . f ‘(= (-1)-e (2= = - 2 =25 2006526 %I 22069 . £(0)=0

e
| In2\-1 (In2)\2_ -1 21 1 1 1 - 1
fin2)=e "2e "% (d"?) (") :21—22:5 252 ,f(1):e1—e%o.233.SOf(lnz):z1

is the absolute maximum value and f(0)=0 is the absolute minimum value.

63. F(x)=x(1-x)", 0< x< 1,250, b>0 .
/00 23 1% L)+ a5 1% [x b1)+H1-X)- a]
:xafl(l—x)m(afaxfbx)

At the endpoints, we have f(0)=f(1)=0 [ the minimum value of f ]. Intheinterval (0,1) , f /(x):O@

(AN (2N, a\_a (aba\l & b ab
atb /~\ atb Cath ) a\ atbh / a’ b~ a+th '
(ab) (ath) (a+b)’ (asb)

ab
Sof( a )z ab is the absolute maximum value.
a+b ( a+b

We seethat f /(x):O at about x=0.0 and 2.0 , and that f /(x) does not exist at about x=—0.7 , 1.0 , and
2.7, so the critica numbersof f areabout -0.7,0.0,1.0,2.0,and 2.7 .
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65. (a)
From the graph, it appears that the absolute maximum value is about f(-1.63)=9.71 , and the absolute
minimum value is about f(1.63)=-7.71 . These values make sense because the graph is symmetric

about the point (0,1) . ( y:x3—8x is symmetric about the origin.)

(b) F()=x"8x+1=f (=3x8 .50 f '(=0= x=+ 1/ 8

R et

3 3 3 3

(From the graph, we see that the extreme values do not occur at the endpoints.)

66. (a)
From the graph, it appears that the absolute maximum value is about f(-0.58)=1.47 , and the absolute
minimum value is about f(-1)=f(0)=1.00 ; that is, at both endpoints.

3

(b) f9=e" "= £ '=e" (3 1) . S0 f (=00on[ 1,0]= x= {13 . F(-1)=F(0)=1 (minima)

and f( \[_3) J§/9+J§/3 Z\E/Q (maximum).

67. (a)
From the graph, it appears that the absolute maximum value is about f(0.75)=0.32 , and the absolute
minimum valueis f(0)=f(1)=0 ; that is, at both endpoints.
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2 2 2

(B) 1= x % = 1/ mx —E2L o= bead)elond seal o0
2 2 2
2\/ XX 2\ Xx-x 2\/ X=X

3
3x 4X°=0= x(3 4x)=0= =0 or 2 - fO=f(1)=0,

3\_3_[3 [/3\2_33
a”df<4>‘4 4(4)‘16'

68. (a)
From the graph, it appears that the absolute maximum value is about f(5.76)=0.58 , and the absolute
minimum value is about f(3.67)=-0.58 .

COS X Lt / (X)= (2+sin x)(-sin x)—(cos x)(cos Xx) _ -1-2sin X .

(b) f(x)=

2+sin x (2+sin x)2 (2+sin x)2
l, .1 In 1lx n _—1[3/2_ 1
Sof (X)=0=sin X=35=X= g or 6 .Nowf( 6 )- 32 __\I§ :
df<1lﬂ>_\l§>/2_i
an 6 /) 32 |3
o . _ mass 1000 . 3 . : ,
69. The density isdefined asp= volume ~ V(T) (ing/cm ). But acritical point of p will also bea
. . . d 2dv _ . . : .
critical point of V since [ d—? =-1000V Zd_T andV isnever 0], andV iseaser to differentiate than

0.
V (T)=999.87-0.06426T +0.0085043T ~~0.0000679T =

Vv /(T )=-0.06426+0.0170086T —0.0002037T ? . Setting this equal to 0 and using the quadratic formula
to

—0.0170086i\/ 0.0170086°—4- 0.0002037- 0.06426
2(-0.0002037)

Since we are only interested in the region 0C <T<L 30" C, we check the dens ty p at the endpoints

0 1000 1000
and at 3.9665 C: p(0)~ 999.87 "~ 1.00013; p(30)~ 1003.7628 ~ 0.99625;

findT ,wegetT= ~3.9665 Cor 79.5318 C,
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1000 . . . o
0 (3.9665)~ 999.7a47 1.000255 . So water has its maximum density at about 3.9665 C.
70, F= uW dF _ (using+coso )(0)-uW(u cosfd-sind) _ —uW(u cosd-sino)

_ =
i sing+cosd ~ do (1 sin 9+cos@)2 (u sin6)+cos67)2

dF . sind I . :
S0 — =0=p cosfd-sind=0= M= osd =tan 6 . Substitutingtan 9 for i in F givesus

do 0S 0
tan 0 )W W tan 0 Wtand cosd W sind _
I::(tan(9()sin9)+cosez . 2 -T2 ] =Wsing .
sino sin @ +cos 6
+cosd
coso
£ u

If tan 6=u ,thensin 0= (seethefigure), so F= W . We compare this with the

2
Vu+l

value of F at the endpoints: F(0)=4W and F (

n
2
Vu+1

2
\’ u +1

)zW . Now because

7T

2

u

2
o+l

<1 and

i

2
Vu+l

<u ,wehavethat W

isless than or equal to each of F(0) and F ( ) . Hence, W is the absolute minimum

N IR

n
Vual

71. We apply the Closed Interval Method to the continuous function

| (t)=0.00009045t +0.001438t 0.06561t +0.4598t—0.6270t+99.33 on [ 0,10] . Its derivativeis

|/ (t)=0.00045225t *+0.005752t >-0.19683t+0.9196t-0.6270 . Since | | existsfor all t , the only
critical numbersof | occur when | /(t):O . We use aroot-finder on acomputer algebra system (or a

graphing device) to find that | /(t):O whent~~-29.7186 , 0.8231, 5.1309, or 11.0459 , but only the
second and third roots liein theinterval [0,10] . The valuesof | at these critical numbers are
1(0.8231)~99.09 and 1(5.1309)~ 100.67 . The values of | at the endpoints of the interval are
1(0)=99.33 and 1 (10)~ 96.86 . Comparing these four numbers, we see that food was most expensive
at t~5.1309 (corresponding roughly to August, 1989) and cheapest at t=10 (midyear 1994).

valueof F(0) , and it occurswhentan 0=y .




Sewart Calculus ET 5e 0534393217;4. Applications of Differentiation; 4.1 Maximum and Minimum Values

72. (a)
The equation of the graph in thefigureis

V(t)=0.00146t 0,11553t"+24.98160t-21.26872 .

(b) a(t)=v ' (1)=0.00438t>-0.23106t+24.98169= a ' (t)=0.00876t-0.23106 . a ' ()=0=>

0.23106 _ o
Y= 0.00876 ~ 26.4 . a(0)~24.98, a(t,)~21.93 , and a(125)~64.54 . The maximum acceleration is

about 64.5ft/ s 2 and the minimum acceleration is about 21.93ft/ s 2 )

2
73. (&) v(r)=k(r o—r)rzzkr o 2—kr 3:>v /(r):2kr 0r—3kr2 Y /(r):O:> kr(2r O—Sr):O:> r=0 or 3 M (but O

: : : : 1 2 1 1 3
isnot inthe interval). Evaluating v at éro’ éro,andro,wegetv< §r0>—8kro,

gr —ikrs dv(r )=0.Sin i>} attains its maximum val atr—gr Thi
Vi 3T )72 O,anv(o)—. ce 5 >g vatansitsmaximumvauear=zr . This

supports the statement in the text.

4
(b) From part (a), the maximum value of v is >7 krg’ :

(©)

74. g(x):2+(x—5)3:> g /(x):3(x—5)2:> g /(5):0 , S0 5isacritical number. But g(5)=2 and g takes on
values >2 and values <2 in any open interval containing 5, so g does not have alocal maximum or
minimumat 5.

/ / .
75. F (02X +xkl= £ (0=101x" " #51x+1> 1 for all x , so f '(x)=0 has no solution. Thus,

f(X) has no critical number, so f(x) can have no local maximum or minimum.

76. Suppose that f hasaminimum vaueat ¢, so f(x)> f(c) for all x near c . Then
g(x)=—f(X)<-f(c)=g(c) for al x near c, so g(X) hasamaximum valueat c .

77.1f f hasaloca minimum at ¢ , then g(x)=—f(x) hasalocal maximumat c, so g /(c):O by the case
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: / /
of Fermat’s Theorem proved in the text. Thus, f (c)=—g (c)=0.
78.

@ ()= Hooxid , a0 . So f ' (x)=3ax+2bx+c is a quadratic and hence has either 2, 1,
or O real roots, so f(x) haseither 2, 1 or O critical numbers.

Case (i) (2 critical numbers): Case (ii) (1 critical

number): Case (iit) (no critical number):
F(X)=X—3x= f=x = F(X)=X +3x=>

t'(0=3x-3, 0 x="1,1 T (=3x,50 =0 t/(0=3x+3,

are critical numbers. isthe only critical number. o there are no real roots.

(b) Sincethere are at most two critical numbers, it can have at most two local extreme values and

by (i) this can occur. By (iii) it can have no local extreme value. However, if thereisonly one
critical number, then thereisno local extreme value.
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2+1 1+1

2+1 8 1+1

Check: F (x):2- 3x —4. 2x+3+0=6X —8x+3:f(x)

1. f(x)= 6x -8x+3=F(x)= 6

1 5
2. f(x):4+x2—5x3:> F(x)=4x+ 3 x3— 2 x4+C

3+1 5+1 7+1

3_5_7 X

3. f(X)=1-x +5x -3x = F(X)=x- 31 + 5+1 S 731
1 4

4. f(x):x20+4x10+8:> F(x)= DR 21+ - x1 +8x+C

11
V4 34 X1/4+1 X3/4+1 5/4
5 f(X)=5x -7x = F(X)=5 1 -7 3 +C= 5% 7— +C= 4x
Zr+1 21+1
: 3 10 2
6. f(x):2x+3x1 7:& F(x):x + o= x +C— T~ x2 7+C
2.7 9
72 U
7. f(x):6\/?<—§\/7<:6x 2—x 6:>
X1/2+1 X1/6+1 3/2 7/6 3/2 6 7/6
F(x)=6 1 1 +C= 6%—76%: =4x =X
> +1 6 +1

7/4 713

4 3
8. f(x):'\/ x3+'\/ x4:x3/4+x4/3 F(x)— 214 );/3 C:f;x

9. f(x)= O—le has domain (-co0,0)U(0,00) , SO

X
]'O_X C — i +C if x<0
,8 8
F(x)= 4x
5 +C
T g if x>0
4x

See Example 1 for asimilar problem.

10.

+C

7/4+ § «
7

+3x4C=2X - AX43x4C

1
5-— 32 +C:x21x4+—5

7/4

714

3
—8x+C

7/4
4x +C
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&4x3+2x6 6 -3
g(X)= ————— =5x ~4x +2hasdomain (-c0,0)U(0,00) , SO
X
& i _ 1.2 if x<0
5 = -4 > +2x+C1—— 2t +2x+C1
G(X)= X X
L2 00c
g T e, if x>0
X X

4 4 12
+ 2 -3/
u u u
u3 u—3/2+1 3 u—1/2 13 6
R Te R L T  M T

12. f(x):3ex+7sec 2x:> F(x):3ex+7tan x+Cn on theinterva <n7r— % Jvr+ % ) .

13. g(0)=cos 6 -5sin 9 = G(0)=sin 8 -5(-cosO )+C=sin 9 +5cosd +C

sng 1 sind
"~ cosO coso

14. h(0 )= =seco tan9:>H(6)):sec9+Cn on the interval <n7r—— n7r+% )

cos 0

2\-12 2 _ . -1
15. f(x):2x+5(1—x ) =2x+ = F(X)=x +5sin x+C

2
1-x

2

2 .
X +x+1 X +xHn || +C if x<0

1
16. f(X): =x+1+ ;( = F(X): ,

X“+x+In [x|+C, 1 x>0

NIk NIR

5 6
1 1
17. £(X)=5% —2x = F(x)=5- Xg 2. % +C=x- 3 X +C . F(0)=4= 0" 3 04+C=4—= C=4, %0

1 : . : .
F(x):x5— 3 x6+4 . The graph confirms our answer since f(x)=0 when F hasalocal maximum, f is

positive when F isincreasing, and f is negative when F is decreasing.
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1 - 3
18. f(x)=4-3 (1+X2) =4- iz — F(x)=4x 3tan ‘x+C . F(1)=0= 4 3 ( % >+C:0:> C= % 4. 50

1+x
1

-1 3 : " _ .
F(X)=4x-3tan x+ Tﬁ -4 . Notethat f ispositiveand F isincreasing on R . Also, f has smaller

values where the slopes of the tangent lines of F are smaller.

2 3

t ' =ex+12= £ '(x)=6. XE +12. Xg +C=3 A HC =
X X 3 4
f(X)=3- 3 +4. ) +Cx+D=x +x +Cx+D
I/ 3 6 / 1 41 7 2 1 5 1
20. f  (X)=2+x +x = f (X)=2x+ 2% + <X +C= f(X)=x+ 20 X + o6 X +Cx+D
21, 1" (9=10x""= 1 (=x+ g X"4C= (0= 22 g 154 xY+CxtD= % X+ 12—256 xrcxtD

/1 / .
22. f  (X)=cosx=f (X)=sinx+C= f(X)=—cos x+Cx+D

1
23t m=eot’= ' =20t rc = 1 (=5t +ct+D= ft)=t™+ = Ct+DH+E

2
11 1223/2 1345/2
(t)=t—t ~t' = St-3t +C= 1 't)= st gt +Ct+D=
1 4 8 7/2 1
f(t)= 24 — 105 + 2Ct +Dt+E

25. f (x):1f6x:> f(x):x—3x2+C . 1(0)=C and f(0)=8=C=8, s0 f(x):x73x2+8.




Sewart Calculus ET 5e 0534393217;4. Applications of Differentiation; 4.10 Antiderivatives

26. f ' (x)=8x +12x+3= f(X)=2X +6X +3x+C . f(1)=11+C and f(1)=6=
114C=6=C= 5, 50 f(X)=2X +6x +3x 5.
27. 1 /()={X(6+5X)=6X +5x" = f()=4X" +2x" +C .

f(1)=6+C and f(1)=10=C=4, s0 f(X)= 4X3/2+ 2X5/2+4 |

28. f /(x):2x—3/x4:2x—3x_4:> f(x):x2+x_3+C because we' re given that x>0 .
f(1)=2+C and f(1)=3=C=1, 50 f(X)=X+1/x +1 .

20, t (t)=2cost+sec t= f(t)=2sint+tant+C because —/2<t<r/2 .

f ( % ):z(ﬁ/z) +[3+C=2y3+C and f ( 7:—; ):4:(::4—2\/3, , 50 f(t)=2sint+tant+4-2y3 .

—3/x+C1 if x>0
—3/x+C, if x<0

-3/x+3 if x>0
-3/x-3 if x<0

31. f /(x):2/x:> f(x)=2In [x] +C=2In (-x)+C (since x<0). Now f(-1)=2In 1+C=2(0)+C=7=C=7.
Therefore, f(x)=2In (-x)+7 , x<0.

30. f '(=3x "= f(x)= f(1)= 3+C =0=C =3,

f(-1)=3+C =0=C =3 So f(x):{

32, t (=4 1 = f()=4sin x+C . f ( % >:4sin1< % >+c:4- % +C and f ( % >:1;»
% +C=1=C=1- 2—§ 0 f(X)=4sin X+l 2—:7; .

33, f (=28 +2x+10= £ (=8 X +10x+C . f '(1)=8+1+10+C and f '(1)=3= 19+C=3—
1 1
C=22, 0 f (=8 +10x-22 and hence, f(X)=2X + = X +5x°—22x+D . f(1)=2+ = +5-22+D and

3 3
7_59 1 59
f(1)=5=D=22- 5= 2 , 50 F(X)=2X"+ 3 X +5X -22x+ > .

34. f ' (=4-6x-40x = t '()=ax-3-10x+C . f '(0)=C and f '(0)=1=C=1, s0
t/(0)=4x-3x"-10x +1 and hence, f(x)=2x"—x"-2x x+D . £(0)=D and f(0)=2= D=2 , 0

f(x):2x2—x3—2x5+x+2 .

35.
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t ' 0)=sino+cos0 = f '(0)=—coso+sin0+C . f '(0)=—1+C and f '(0)=4=C=5, 0

/ . .
f (0)=-cosO+sind +5 and hence, (0 )=—sin6-cos6 +50 +D.f(0)=-1+D and f(0)=3= D=4, s0
f(@)=-sind-cosd+50 +4 .

36. 1 '()=aift=at s 1 ()=6t"+C . f (4)=12+C and f '(4)=7=C=5 50 1 '(t)=6t" -5 and
hence, f(t)=4t> ~-5t+D . f(4)=32-20+D and f(4)=20= D=8 , s0 f (t)=4t> ~-5t+8 .

37. 1 (0=2-12x= ' (=2x-6x°+C = F()=X-2x+Cx+D .
£(0)=D and f(0)=9= D=9 . f(2)=4-16+2C+9=2C-3 and f(2)=15= 2C=18=C=9 , 50

f(x):x2—2x3+9x+9 .

38. f | /(0220 +12C+4= £ | ()=5X +Ax HAXHC = F(X)=X +X +2X+Cx+D . £(0)=D and f(0)=8=
D=8 . f(1)=1+1+2+C+8=C+12 and f(1)=5=C= 7 , 0 f(X)=X +X 42X 7x+8..

39. f / /(x):2+cos x= f /(x):2x+sin x+C= f(x):xz—cos x+Cx+D . f(0)=—1+D and f(0)=—1= D=0 .

7T 2 7T 7T 7T 2 7T
f<2 )-n /4+< > )Candf(2 >—O:><2 )C——n /4:>C——2 , SO

f(x):xz—cos x( % X.

40. ' '(t)=2e +3sint=  '(t)=2¢-3cost+C = f(t)=26-3sint+Ct+D . £(0)=2+D and f(0)=0=> D=-2

e7r
t-2.

2 2¢"
. f(7)=2€"+7C-2 and f(7)=0= 7C=2-2¢ =C= — % f(t)=2e -3sint+

41 £ 0=x 2, xo0= £/ (0=-Ux+C= £(x)=In | x| +Cx+D=-In x+Cx+D
(since x>0). f(1)=0=C+D=0 and f(2)=0=--In 2+2C+D=0=
-In2+2C-C=0[ since D=—C ] = -In2+C=0=C=In2and D=-In2..

So f(X)=-Inx+(In2)x-In2 .

111 . /1 /1
42. f (X)=sinx=f (X)=cosx+tC=1=f (0)=—1+C=C=2,s0
f / /(x):—cos x+2= f /(x):—sin x+2x+D= 1=f /(0):D:> f /(x):—si n x+2x+1= f(x)=cos x+x2+x+E

= 1=f(0)=1+E=-E=0, so f(X)=cos x+x2+x :

43. Given f /(x):2x+1 , we have f(x):x2+x+C . Since f passesthrough (1,6) , f(1)=6= 1°+1+C=6
—.C=4 . Therefore, f(x)=X +x+4 and f(2)=2"+2+4=10 .
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1
44, f /(x):x3:> f(X)= 2 x4+C . X+y=0= y=—x=m=1 . Now m=f /(X)é —l:xgzx x=—1=y=1 (from

1
the equation of the tangent line), so (-1,1) isapoint on the graph of f . From f , 1= 2 (—1)4+C:>

1
C= i . Therefore, the function is f(X)= 2 x4+ ?i :

45. b isthe antiderivative of f . For small x, f isnegative, so the graph of its antiderivative must be
decreasing. But both a and ¢ are increasing for small x , so only b can be f ’santiderivative. Also, f
is positive where b is increasing, which supports our conclusion.

46. We know right away that ¢ cannot be f ’s antiderivative, since the slope of c is not zero at the x-

value where f=0 . Now f ispositive when a isincreasing and negative when a is decreasing, so a is
the antiderivative of f .

: . . : / .
47. The graph of F will have aminimum at 0 and amaximum at 2 , since f=F = goes from negative
to positive at x=0, and from positive to negative at x=2 .

48. The position function is the antiderivative of the velocity function, so its graph has to be
horizontal where the velocity functionisequal to O .

49.
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/ 2  1fo<x<1 2x+C ifO<x<1
f (X)= 1 iflx<2 = f(X)= x+D ifl<x<2  f(0)=-1=2(0)+C=-1=C=-1.
-1 if2<x<3 —X+E if2<x<3

Starting at the point (0,-1) and moving to the right on aline with slope 2 gets usto the point (1,1) .
The slope for 1<x<2is 1, so we get to the point (2,2) . Here we have used the fact that f is
continuous. We can include the point x=1 on either the first or the second part of f . Theline
connecting (1,1) to (2,2) isy=x, so D=0 . The slopefor 2<x< 3is-1, sowegetto (3,1) . f(3)=1=
-3+E=1=E=4. Thus,

2x-1 if 0<x<1

f(X)= X If 1<x<2
—X+4 if 2<x<3

/ .
Notethat f (x) doesnot exist at x=1 or at x=2 .

50. (a)

(b) Since F(0)=1, we can start our graph at (0,1) . f hasaminimum at about x=0.5 , so its derivative
is zero there. f isdecreasing on (0,0.5) , so its derivative is negative and hence, F is CD on (0,0.5)

and hasan IPat x~0.5.0n (0.5,2.2) , f isnegative and increasing ( f His positive), soF is
decreasing and CU. On (2.2,00) , f is positive and increasing, so F isincreasing and CU.

2
(©) F(x=2x-3{x=F(X)=x"3 : 4G F(0)=C and F(0)=1= C=1, 50 F(x)=x°-2x" 241 .

(d)
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51. f(x)=sin (X) , 0< X< 4

52, f(x)=1/(x +1)

53.
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55.

X f(X) X f(x)

0 1 3.5 -0.100
0.5 0.959 4.0 -0.189
1.0 0.841 4.5 -0.217
1.5 0.665 5.0 -0.192
2.0 0.455 55 -0.128
2.5 0.239 6.0 -0.047
3.0 0.047

We compute slopes [values of f(x)=(sinx)/x for 0<x <27 ] asinthetable [ lim f(x):l] and
X— 0+

draw adirection field asin Example 6. Then we use the direction field to graph F starting at (0,0)

56.
X f(X)
0 0
+0.2 0.041
+0.4 0.169
+0.6 0.410
+0.8 0.824
+1.0 1.557
+1.2 3.087
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+1.4 8.117
+15 21.152

We compute slopes[valuesof f(x) = xtanx for —7/2 < x 7 /2 ] asinthetableand draw a
direction field asin Example 6. Then we use the direction field to graph F starting at (0,0) and
extending in both directions. Note that if f isan even function, then the antiderivative F that passes
through the origin is an odd function.]

S7.

Remember that the given table values of f are the slopes of F at any x . For example, at x=1.4 , the
slopeof F is f(1.4)=0 .

58. (a)

—1/x+C1 if x<0

(b) The general antiderivative of f(x)=x - is F(x)=
“Ux+C, it x>0

since f(x) is not defined

at x=0 . The graph of the general antiderivatives of f(x) looks like the graph in part (a), as expected.

59. v(t)=s /(t):si nt-cost=- g(t)=—cost-sint+C . 5(0)=—1+C and 5(0)=0=-C=1, so s(t)=—cost-sint+1

60. v(t)=s / t)=15{t= s(t):t3’ °C . §(4)=8+C and §(4)=10=C=2, s0 S(t):t3/2+2 _
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1 1
61. a(t)=v ' (t)=t-2= v(t)= > t*-2t+C . V(0)=C and v(0)=3= C=3 , 50 V(t)= > t*_2t+3 and

1 1
St)= g t -t +3t+D . (0)=D and s(0)=1= D=1 , and s{t)= 3 t -t +3t+1.

62. a(t)=v /(t):cost+si nt= v(t)=sint-cost+C = 5=v(0)=—1+C=C=6, so v(t)=sint-cost+6=
S(t)=—cost-sint+6t+D= 0=5(0)=-1+D= D=1, s0 S(t)=—cost-sint+6t+1 .

/ . . .
63. a(t)=v (t)=10sint+3cost= v(t)=-10cost+3sint+C=- 5(t)=-10sint-3cost+Ct+D . 5(0)=-3+D=0
6 . 6
and §(27)=-3+27C+D=12= D=3 and C= ~ Thus, s(t)=—10sint-3cost+ - t+3.
/ 2 3.2 .3 213124
64. a(t)=v (t)=10+3t-3t = v(t)=10t+ §t 4+ +C=g(t)=5t + -t - Zt +Ct+D= 0=5(0)=D and

2
131
10=5(2)=20+4-4+2C=C=-5, s0 s(t):75t+5t2+ > . 7 s

65. (a) Wefirst observe that since the stone is dropped 450 m above the ground, v(0)=0 and s(0)=450

v’ (t)=a(t)=-9.8= V(t)=-9.8t+C . Now V(0)=0=C=0 , 50 V(t)=—9.8t= s(t)=-4.9t +D . Lat, 5(0)=450
_ D=450-> s(t)=450-4.9t" .
(b) The stone reaches the ground when (t)=0 . 450-4.9t =0~ t =450/4.9t =450/4.9~9.58 5.

(c) The velocity with which the stone strikes the ground is v (t 1) =0.8/450/4.9~-93.9m/s.
(d) Thisisjust reworking parts (a) and (b) with v(0)=-5 . Using v(t)=—9.8t+C , v(0)=-5= 0+C=-5=
V(t)=-9.81-5 . S0 S{t)=—4.9t"5t+D and 5(0)=450= D=450 = s{t)=—4.9t—5t+450 . Solving s(t)=0 by

using the quadratic formula gives ust:(5i \f 8845) /(-9.8) =t ~9.09s.
66. v /(t):a(t):a:> v(t)=at+C and v0:v(0):C:> v(t):at+v0:>

1 2 1 2
s(t)= > at +v0t+D:> SO—S(O)—D:> s(t)= > at +v t+s,

} ! 2 /
67. By Exercisewith a=-9.8 , (t)=-4.9t +v t+s, and v(t)=s (t):—9.8t+v0 . So
2
[v(t)] 2=(—9.8t+v0) =(9.8) 2t2—19.6v0t+V§:v§+96.041'2—19.6v0t:v§—19.6 (—4.9t2+v0t> . But —4.9t2+v0t

isjust S(t) without the s, term; that is; s(t)-s, . Thus, [v (t)] 2:v§—19.6[s(t)—so] .
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68. For thefirst ball, sl(t):—16t2+48t+432 from Example 8. For the second ball, a(t)=—32=

V(t)=-32t+C , but v(1)=32(1)+C=24— C=56 , S0 V(t)=32t+56= s(t)=_16t +56t+D , but
S(1)=-16(1) +56(1)+D=432- D=392 , and s (t)=-16t +561+392 . The balls pass each other when

5,(t)=S,(t)=> 16t +48t+432=-16t +561+302¢> Bt=40:1=5 5
: : 2 2
Another solution: From Exercise, we have sl(t):fl6t +48t+432 and sz(t):716t +24t+432 . We now

want to solve sl(t):sz(t—l):> —16t2+48t+432:—16(t—1)2+24(t—1)+432:> 48t=32t-16+24t-24— 40=8t
=t=bs

69. Using Exercise with a=—32, VO:O , and sOZh (the height of the cliff ), we know that the height at
timetis s(t):—16t2+h .V(t)=s /(t):—32t and v(t)=—120=-32t=-120=t=3.75, SO
0=5(3.75)=-16(3.75) +h= h=16(3.75) =225 ft.

70. (a) Ely / /:mg(L—x)+ % pg(L—x)zé Ely = 1 mg(L—x)z— é pg(L—x)3+C:>

Ely— mg(L x) * 2 pg(L X) +Cx+D Since the left end of the board is fixed, we must have y=y —O
when x=0 . Thus, 0= > mgL — éng +C and 0— 6 n‘gL + 1 ng +D It follows that

Ely— mg(L x)+ pg(L x)+< 2nmgL+éng ) <6mgL+ L pgL ) and

f(X):FE[GmQ(L 0o pg(Lx>+(2mgL+éng) (6mgL+1ng)]

(b) f(L)<0, sotheend of the board is a distance approximately —f (L) below the horizontal. From
our result in (@), we calculate

1] 1 31 4 1 3 1 4
3
_i/1 el 4\ gl /mopl
“E (3”‘9L+8"9L> El <3+ 8 )
Note: Thisis positive because g is negative.

71. Marginal cost =1.92-0.002x=C /(x):>C(x):1.92x—0.001x2+K . But C(1)=1.92-0.001+K=562=
K=560.081 . Therefore, C(x):1.92x70.001x2+560.081:> C(100)=742.081 , so the cost of producing
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100 itemsis $742.08 .

72. Let the mass, measured from one end, be m(x) . Then m(0)=0 and p= (ZI_r; = 2:> m(x):2x1/2+C

and m(0)=C=0, so m(x):2\[7< . Thus, the mass of the 100-centimeter rod is m(100):2\f 100=20 g.

73. Taking the upward direction to be positive we have that for 0<t< 10 (using the subscript 1 to
refer to 0<t< 10), al(t):—(&O.Qt) :vll(t):> vl(t):—9t+0.45t2+v0 , but v, (0)=v =-10=

/ 9
v (t):—9t+0.45t2—1O:s =503 {*+0.15t10t+s, . But 5 (0)=500=s =
s (t) - = t +O 15t -10t+500 . s (10) -450+150-100+500=100, so it takes more than 10 seconds for

therai ndrop to fall. Now for t>10 , a(t)=0=v (t):> v(t)= constant :vl(lo):—9(10)+0.45(10) —10:—55
=V(t)=-55. At 55ft/ s, it will take 100/55~ 1.8 sto fall the last 100 ft. Hence, the total timeis

100 130

10+ 55 = H ~11.8s.
- 52 22 22
74.v /(t):a(t):—22 . Theinitial velocity is50 mi / h = 5036%080 = 30 ft/ s, sov(t)=—22t+ ?O . The
220 220

car stops when v(t)=0<t=——; 325" 3 . Since §(t)= 11t + ?t the distance covered is

10 10 \ 2 220 10 _ 1100
s<3> 11<3>+ 3 3° 9 =122.2 ft.

- o . 5280
75. a(t)=k , theinitia velocity is30 mi / h=30- 3600 =44 ft / s, and the final velocity (after 5
. . 5280 220
seconds) is 50 mi / h=50- 3600~ 3 ft/s. So v(t)=kt+C and v(0)=44=C=44 . Thus, v(t)=kt+44
22 22

= Vv(5)=5k+44 . But v(5)= 30 S0 5k+44= ?O = 5k= 8—8 = k= ?—2 ~5.87 ft/ s :

76. a(t)=—16= v(t):—16t+v0 where A isthe car’s speed (in ft / s) when the brakes were applied. The

1
car stops when 16t+v =0st=— 16

1 1 )2 1
timethat it takes to stop, sos( 16V )—200:> 200——8< 16 V0> +V ( 16 o) 32 Vo~

V0:32- 200=6400=- VO:80 ft/s( 54.54 mi / h).

. Now s(t)= 2( 16)t V4 t=8t +vt The car travels 200 ft in the
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77. Let the acceleration be a(t)=k km/ h ? . We have v(0)=100 km / h and we can take the initial
position 5(0) to be 0 . We want thetimet ¢ for which v(t)=0 to satisfy s(t)<0.08 km. In general,

v’ (t)=a(t)=k , 0 v(t)=kt+C , where C=v(0)=100 . Now s ' (t)=v(t)=kt+100 , 50 5{t)= % Kt*+100t+D

1 :
where D=5(0)=0 . Thus, s(t): - kt2+100t . Since v(t ):O , we have kt +100:0 ort f:—100/k , SO

s(t) —k( 100) 100( 100) =10, OOO( L 1)- 000 Thecondltlons(t)must

k k 2k k Tk
5,000 5,000
satisfy is— —— " <0.08= - 0.08 >k [ kisnegative] = k<-62 , 500 km / h , Or equivalently,
3125
k< o18 ~ ~-4.82m/s

78. (a) For 0< t< 3 we have a(t)=60t = v(t)=30t +C = v(0)=0=C = v(t)=30t" , 50 S(t)=10t +C—

5(0)=0=C = s(t)=10t" . Note that v(3)=270 and (3)=270 .
For 3<t<17: a(t)=—g=32 ft / s = v(t)=—32(t-3)+C = v(3)=270=C = v(t)=-32(t-3) +270=

s(t):—16(t—3)2+270(t—3)+C:> (3)=270=C = s(t):—16(t—3)2+270(t—3)+270 . Note that v(17)=-178 and
S(17)=914 .
For 17<t< 22 : The velocity increases linearly from -178 ft / sto -18 ft / s during this period, so
Av  -18-(-178) 160
Av_18 [178) _160 o) Tpus vit)=32(t 17) 178 s(t)=16(t 17)>178(t 17)+914 and
At T 22-17 5
S(22)=424 ft.
For t>22 : v(t)=-18= s(t)=-18(t-22)+C . But §(22)=424=C = s(t)=-18(t-22)+424 .
Therefore, until the rocket lands, we have

30t° if 0<t<3
v(t)= -32(t-3)+270 if 3<t<17
32(t-17)-178 it 17<t< 22
18 if t>22
and
3 .
10t it 0<t<3
t)= _16(t-3)+270(t-3)+270 if 3<t<17
16(t 17)°-178(t-17)+914 if 17<t< 22

-18(t-22)+424 if t>22
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(b) To find the maximum height, set v(t) on 3<t< 17 equal to 0 . -32(t-3)+270=0=-t 1:11.4375 sand
the maximum height is s (t 1) =16 (t 1—3) %4270 (t 1—3) +270=1409.0625 ft.

: : 424 -
(c) Tofind thetimeto land, set S(t)=—18(t-22)+424=0 . Then t-22= 18 =23.5,s0t~45.6 s.

5280
3600

132
v(0)=0=-C=0. Now 4t=132 whent= 2 =33 s, so it takes 33 sto reach 132 ft / s. Therefore, taking

s(0)=0, we have s(t):2t2 , 0<t< 33. S0 §(33)=2178 ft. 15 minutes =15(60)=900 s, so for 33<t< 933
we have v(t)=132 ft / s = 5(933)=132(900)+2178=120 , 978 ft =22.9125 mi.

(b) Asin part (a), thetrain accelerates for 33 s and travels 2178 ft while doing so. Similarly, it
decelerates for 33 sand travels 2178 ft at the end of itstrip. During the remaining 900-66=834 s it
travelsat 132 ft/ s, so the distance traveled is 132- 834=110 , 088 ft. Thus, the total distanceis
2178+110, 088+2178=114 , 444 ft =21.675 mi.

(c) 45 mi =45(5280)=237 , 600 ft. Subtract 2(2178) to take care of the speeding up and slowing
down, and we have 233 , 244 ft at 132 ft / sfor atrip of 233, 244/132=1767 sat 90 mi / h. The total
timeis 1767+2(33)=1833s=30 min 33s=30.55 min.

(d) 37.5(60)=2250 s. 2250-2(33)=2184 s at maximum speed. 2184(132)+2(2178)=292 , 644 total
feet or 292 , 644/5280=55.425 mi.

ft / $=132ft/ s. Then a(t)=4 ft / s = v(t)=4t+C , but

79. (a) First note that 90 mi / h =90x
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1. f(x):x274x+1 , [0,4] . Since f isapolynomial, it is continuous and differentiableon R, soiitis

continuous on [0,4] and differentiable on (0,4) . Also, f(0)=1=f(4) . f /(c):O@ 2c-4=0+c=2,
which isin the openinterval (0,4) , so c=2 satisfies the conclusion of Rolle’s Theorem.

2. f(X)=x_3x +2x+5, [0,2] . f iscontinuouson [0,2] and differentiable on (0,2) . Also,
6++36-24

f(0)=5=1(2) .  (0)=0% 3™ 60+2=0¢ 0=~

1 )
=1+ 3 \[5 , bothin (0,2) .

3. f(X)=sin 2 x,[-1,1] . f , being the composite of the sine function and the polynomial 2 x , is
continuous and differentiable on R, so it is continuous on [-1,1] and differentiable on (—1,1) . AlsD,

/ 1
f(-1)=0=f(1) . f (c)=0<2 cos2 c=0<cos 2 c=0=2 c=+ > +2 nec=+ 2N Ifn=0or+1,

1 3. .
thenc=+ 7 , + 7 isin (-1,1) .

4. f(x):x\} x+6 , [-6,0] . f iscontinuous on its domain, [-6,00) , and differentiable on (-6,00) , so it
3c+12
is continuous on [-6,0] and differentiable on (-6,0) . Also, f(-6)=0=f(0) . f /(c):O@ <

Zm =0<

il / : .
: , S0 f (c)=0 has no solution. This

c=-4,whichisin (-6,0) .

5. f()=1 . f(-1)=1-(-1)"=1-1=0=f(1) . f "= % X

((joes Slot contradict Rolle's Theorem, since f /(O) does not exist, and so f isnot differentiable on
11) .

6. F(X)=(x1) . F(0)=(0-1) =1=(2-1) =f(2) . f '()=-2(x-1) °=  '(x) is never 0 . This does not

: : / :
contradict Rolle’s Theorem since f (1) does not exist.

f(8)-f 4 1 1
7. %O(O) :% =7 . The values of ¢ which satisfy f /(C):Z, seem to be about c=0.8 ,3.2,4.4,
and 6.1 .

f(7-f(1)) 2- 1 1
8. % = ?5: > . The values of ¢ which satisfy f /(c):— > seemto beabout c=1.1, 2.8,

46,and5.8.
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9.
(@), . .. _ 855 1.9
(b) The equation of the secant lineis y-5= 51 (x-Dey= > X+ >

© f=xraix= (=141 .
1 4
So f (0= 5= ¢=8= c=22 ,and f(c)=2y2+ G =32 . Thus, an equation of the tangent

\I_
IineisyB\I_:% (x2ﬁ)¢w=—§x+2ﬁ .

10. (a)
It seems that the tangent lines are parallel to the secant at x~+1.2 .

(b) The slope of the secant lineis2 , and its equation is y=2x . f (x):x3—2x:> f /(x):3x2—2 :

/ 243 . :
sowesolve f (c)=2= 3c2=4:> c=+ JSE ~ 1.155 . Our estimates were off by about 0.045 in each

case.

11. f(x):3x2+2x+5, [-1,1] . f iscontinuous on [-1,1] and differentiable on (-1,1) since
f(b)-f(a) -

polynomials are continuous and differentiableon R . f /(c)= b a
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f(1)-f(-1) 106
1(1) 2

6c+2= =2&6c=0<c¢=0, whichisin (-1,1) .

f(2)-f
12. f(x)=x+x-1,[0,2] . f iscontinuouson [0,2] and differentiableon (0,2) . f '(c)= UCRIY ;0(0)

3cte1= 2D (—)

4 2 2 . .
53025 1ec =2 o=t — |, but only —= isin (0,2) .
37 IE

13. f(x):efzx, [0,3] . f iscontinuous and differentiable on R, soitiscontinuouson [0,3] and
-6

-6
f(b)-f - ¢ 1- 1-
differentiable on (0,3) . f /(c): LULRIC) 26 = e e se =2 & 2c=in ( == ><:>

ba 30 6 6
-6
c:%In (LTG >m0.897,whichisin (0,3) .
f(b)f
14. (9= , [14] . f iscontinuouson [1,4] and differentiable on (14) . f '(c)= (b&a(a)
21
2__3 3 (c+2f=18ecm 2433 2432224 isin (14)

o A1 Sleees ' ~e A

15. £(x)=|x-1] . f(3)-F(0)=|3-1|-|0-1=1 . Since f ()=—1if c<land f '(©)=1if c>1,
f /(c)(&O):i 3 and so isnever equal to 1 . This does not contradict the Mean Value Theorem since
f /(1) does not exist.

16. f(X)— f(2)-1(0)=3-(-1)=4. f () 1D-1(x+1) _ -2

(x1)°  (x1)

/ . . .
(except x=1), f (c)(2-0) isalways <0 and hence cannot equal 4 . This does not contradict the Mean
Value Theorem since f isnot continuous at x=1 .

.Since f '(x)<0for all

17. Let f(x):1+2x+x3+4x5 . Then f(-1)=-6<0 and f(0)=1>0. Since f isapolynomial, itis
continuous, so the Intermediate Vaue Theorem says that there is a number ¢ between —1 and 0 such
that f(c)=0. Thus, the given equation has areal root. Suppose the equation has distinct real roots a
and b with a<b . Then f(a)=f(b)=0 . Since f isapolynomial, it is differentiable on (a,b) and

: : . /
continuous on [a,b] . By Rolle’'s Theorem, thereisanumberr in (ab) suchthat f (r)=0. But

/ 2 4 / . - :
f (x)=2+3x +20x > 2 for all x,so f (X) can never be 0 . This contradiction shows that the equation
can’'t have two distinct real roots. Hence, it has exactly one real root.
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18. Let f(X)=2x-1-sinx. Then f(0)=-1<0 and f( /2)= -2>0. f isthe sum of the polynomial 2x-1
and the scalar multiple (-1) - sin x of the trigonometric function sin x , so f is continuous (and
differentiable) for all x . By the Intermediate VValue Theorem, thereisanumber cin (0, /2) such that
f(c)=0. Thus, the given equation has at least onereal root. If the equation has distinct real roots a
and b with a<b , then f(a)=f(b)=0 . Since f is continuous on [a,b] and differentiable on (a,b) ,

L . . / /
Rolle’'s Theorem implies that thereis anumber r in (a,b) suchthat f "(r)=0.But f (r)=2-cosr >0
sincecosr < 1. Thiscontradiction shows that the given equation can’t have two distinct real roots,
so it has exactly one real root.

19. Let f(x):x3—15x+c for xin[-2,2] . If f hastworea rootsaand b in[-2,2] , with a<b , then
f(a)=f(b)=0 . Since the polynomial f iscontinuouson [ab] and differentiable on (a,b) , Rolle's

N : : / / : .
Theorem implies that thereisanumber r in (ab) suchthat f "(r)=0. Now f (r):3r2—15.S|ncer IS
in (ab) , whichiscontainedin [-2,2] , we have |r|<2, sor’<4 . 1t follows that

2 . . / . : .
3r —15<3- 4-15=-3<0. Thiscontradicts f (r)=0, so the given equation can’t have two real rootsin
[-2,2] . Hence, it has at most one real root in [-2,2] .

20. f(x):x4+4x+c . Suppose that f(X)=0 hasthree distinct real rootsa, b, d where a<b<d . Then
f(a)=f(b)=f(d)=0 . By Rolle’s Theorem there are numbers C, and c, with a<cl<b and b<02<d and

/ / / .
O=f (cl):f (02) , S0 T (X)=0 must have at |east two real solutions. However

/ . :
O=f (x):4x3+4:4(x3+1) =4 (x+1) (xz—x+1) has asits only real solution x=-1 . Thus, f(x) can have
at most two real roots.

21. (a) Suppose that a cubic polynomial P(x) has roots a<a<as<a,,so

P (al) =P (az) =P (as) =P (a4) . By Rolle’' s Theorem there are numbers c,.C,.C, with a,<c<a,,

/ / / :
a,<C,<a, and a,<c<a, and P (c 1) =P (02) =P (03) =0 . Thus, the second-degree polynomial

P /(x) has three distinct real roots, which isimpossible.

(b) We prove by induction that a polynomial of degree n has at most n real roots. Thisis certainly
true for n=1 . Suppose that the result istrue for all polynomials of degree n and let P(x) be a
polynomial of degree n+1 . Suppose that P(x) has more than n+1 real roots, say

a<as<ac< - - - <an+1<an+2.Then P(al):P(az): Coe :P(an+2):O.By Rolle' s Theorem
there are real numbers Cp v - Cy with a<c<a, - - -,a <C <a and

/ / . / .
P (cl)= - - =P (cn+1)=0 Thus, the n th degree polynomial P (x) has at least n+1 roots. This

contradiction shows that P(x) has at most n+1 real roots.
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22. (a) Suppose that f(a)=f(b)=0 where a<b . By Rolle's Theorem applied to f on [a,b] thereisa

number ¢ such that a<c<b and f /(c):O :
(b) Suppose that f(a)=f(b)=f(c)=0 where a<b<c . By Rolle’'s Theorem applied to f(x) on [a,b] and

[b,c] there are numbers a<d<b and b<e<c with f '(d)=0 and f '(€)=0 . By Rolle's Theorem applied
to f /(x) on [d,e] thereis anumber g with d<g<e such that f / /(g):O :

(c) Supposethat f isntimesdifferentiable on R and has n+1 distinct real roots. Then f (n) has at
least one real root.

23. By the Mean Value Theorem, f(4)-f(1)=f /(c)(4—1) for some ce (1,4) . But for every cc (1,4)
we have f /(c)z 2 . Putting f /(c)z 2 into the above equation and substituting f(1)=10, we get
F(@)=f(1)+f ' (Q)(4-1)=10+3f '(c)> 10+3- 2=16 . So the smallest possible value of f(4) is 16 .

24.1f 3< f '(x)< 5 for all x , then by the Mean Value Theorem, (8)-f(2)=Ff '(c)- (8-2) for somec
in[2,8] .
( f isdifferentiablefor al x , so, in particular, f isdifferentiable on (2,8) and continuouson [2,8] .

Thus, the hypotheses of the Mean Vaue Theorem are satisfied.) Since f(8)-f(2)=6f /(c) and
3<f /(c)g 5, it followsthat 6- 3< 6f /(c)g 6- 5= 18< f(8)-f(2)< 30.

25. Suppose that such afunction f exists. By the Mean Vaue Theorem there is a number 0<c<2 with
‘ /(c)— f(2-f(0)_5

o . . / 5 ,
>0 5 .But thisisimpossiblesince f (X)<2< 7 for all x, so no such function can
exist.

2

26. Let h=f-g . Then since f and g are continuous on [a,b] and differentiable on (a,b) , soish, and
thus h satisfies the assumptions of the Mean Value Theorem. Therefore, there is a number ¢ with

a<c<b such that h(b)=h(b)-h(a)=h /(c)(tra) .Sinceh /(c)<0 . h /(c)(tka)<0 , S0 f(b)-g(b)=h(b)<0
and hence f(b)<g(b) .

. : 1 :
27. We use Exercise 26 with f(X)=y1+x , g(x)=1+ > X and a=0 . Notice that f(0)=1=g(0) and

1 1
f /(x): < >=9 /(x) for x>0 . So by Exercise 26, f(b)<g(b)= 1’ 1+b<1+ > b for b>0.

1
24 1+x
1
Another method: Apply the Mean Vaue Theorem directly to either f(x)=1+ > x—\f 1+x or g(x)=y 1+x
on [0,b] .
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28. f satisfies the conditions for the Mean Vaue Theorem, so we use this theorem on the interval
f(b)-f(-b
[-b,b] : 1) Cb) =f /(c) for somec €(-b,b) . But since f isodd, f(-b)=—f(b) . Substituting this

b-(-b)
f(o)+f(b) ( b)

into the above equation, we get b =f () =f ()

29. Let f(x)=sin x and let b<a . Then f(x) is continuous on [ b,a] and differentiable on (b,a) . By the
Mean Value Theorem, thereis anumber ¢ € (b,a) with

sin a-sin b=f(a)-f(b)=f /(c)(a—b):(cos c)(a-b) . Thus, |sin a-sin b|<|cos c| |b-a|<|a-b| . If
a<b,then |sin a-sin b|=|sin b-sin a|<|b-al=|ab| . If a=b, both sides of the inequality are 0 .

30. Supposethat f '(x)=c . Let g(x)=cx , s0.g (x)=c . Then, by Corollary 7, f(x)=g(x)+d , whered is
aconstant, so f(x)=cx+d .

31 For x>0, f(X)=g(x) , 50 f '(x)=g (x) . For x<0, f '()=(1/x) =1 and g’ ()=(1+1/) =15 |

so again f /(x):g /(x) . However, the domain of g(x) isnot an interval so we cannot conclude that
f-gisconstant (in fact it is not).

32 Let f(x)=2sin x-cos -(1-2x¢) . Then

flog=m2e X 2 _(sncex>0). Thus, f '(x)=0for
1—x2 \/ 1_( 1—2x2)2 \ll—x2 2X 1—x2

al x€(0,1) . Thus, f(X)=C on (0,1) . TofindC , let x=0.5 . Thus,

2sin (0.5)-cos (0.5)=2

5 )3 =0=C . We conclude that f(x)=0 for x in (0,1) . By continuity
f , f(xX)=0 on [0,1] . Therefore, we see that f(x):ZSinflx—cosfl(l—sz) =0=
. 1 1 2

28in  X=cos (1—2x ) :

x-1
33. Let f(X)= arcsm( ") >2arctan\F(+ 5 - Note that the domain of f is[0,00) . Thus,

-~ 1 (x+1) (x1) 2 1 1 1
. _ B ) - _ =0.Th
S\ x+1

f(X)=C on (0,00) by Theorem 5. By continuity of f , f(x)=C on [0,00) . TofindC , we let x=0=

. _ e _ (XL _
arcsin(-1)-2arctan(0)+ 5 =C= - 5 -0+ 5 =0=C . Thus, f(x)=0= arcsin ( 1 >—2arctan\[7< 5

34. Let v(t) be the velocity of the car t hours after 2:00 P.M. Then
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1/6)-v(0) _ 50-30 : 1
L 1/&\(/)( ) - 16 —120.By the Mean Vaue Theorem, there is anumber ¢ such that 0<c< 6 with

/ . / .\ . : . . .

v (€)=120. Sincev (t) isthe acceleration at timet , the acceleration ¢ hours after 2:00 P.M. is
.2

exactly 120 mi / h .

35. Let g(t) and h(t) be the position functions of the two runnersand let f(t)=g(t)-h(t) . By
hypothesis, f(0)=g(0)-h(0)=0 and f (b)=g(b)-h(b)=0 , where b is the finishing time. Then by the

%:)(0) . But f(b)=f(0)=0

, S0 f /(c):O . Since f /(c):g /(c)—h /(c):O , we have g /(c):h /(c) . S0 at time ¢, both runners have
the same speed g /(c):h /(c) .

Mean Value Theorem, thereisatime c , with O<c<b , such that f /(c):

36. Assumethat f isdifferentiable (and hence continuous) on R and that f /(x);él for all x . Suppose

f has more than one fixed point. Then there are numbers a and b such that a<b , f(a)=a, and f(b)=b

. Applying the Mean Value Theorem to the function f on [a,b] , we find that there isanumber c in
f(b)-f b-

(ab) suchthat f /(c): %a(a) . But then f /(c): FZ =1, contradicting our assumption that

/ . . :
f (x) 1 for every real number x . This shows that our supposition was wrong, that is, that f cannot
have more than one fixed point.
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1. (a) f isincreasingon (0,6) and (8,9) .

(b) f isdecreasing on (6,8) .

(c) f isconcave upwardon (2,4) and (7,9) .

(d) f isconcave downward on (0,2) and (4,7) .

(e) The points of inflection are (2,3) , (4,4.5) and (7,4) (where the concavity changes).

2.(a) fisincreasingon (1,~3.8) and (5,~6.5) .

(b) f isdecreasingon (0,1) , (~3.8,5) , (~6.5,8) ,and (8,9) .

(c) f isconcave upward on (0,3) and (8,9) .

(d) f isconcave downward on (3,5) and (5,8) .

(e) The point of inflection is (3,~ 1.8) (where the concavity changes).

3. (a) Usethe Increasing/Decreasing (1/D) Test.
(b) Use the Concavity Test.
(c) At any value of x where the concavity changes, we have an inflection point at (x,f(x)) .

4. (a) Seethe First Derivative Test.
(b) See the Second Derivative Test and the note that precedes Example 7.

5. (a) Since f /(x)>0 on (1,5) , f isincreasing on thisinterval. Since f /(x)<0 on (0,1) and (5,6) , f
IS decreasing on these intervals.

(b) Since f /(x):O at x=1 and f / changes from negative to positive there, f changes from decreasing

: . . . / / .
toincreasing and hasalocal minimum at x=1 . Since f (x)=0at x=5and f = changes from positive
to negative there, f changes from increasing to decreasing and has alocal maximum at x=5 .

6.(a) f'(\>0and f isincreasingon (0,1) and (35) . f '(x)<0and f isdecreasing on (1,3) and
(56)

. / / . .
(b) Since f (X)=0 at x=1 and x=5and f changes from positive to negative at both values, f
changes from increasing to decreasing and has local maxima at x=1 and x=5. Since f /(x):O at x=3

and f / changes from negative to positive there, f changes from decreasing to increasing and has a
local minimum at x=3 .

. : . : /1 : ..
7. Thereisaninflection point at x=1 because f = (X) changes from negative to positive there, and so
the graph of f changes from concave downward to concave upward. Thereis an inflection point at

/1 . .
x=7 because f = (X) changes from positive to negative there, and so the graph of f changesfrom
concave upward to concave downward.

8. (a) f isincreasing on theintervals where




Sewart Calculus ET 5e 0534393217;4. Applications of Differentiation; 4.3 How Derivatives Affect the Shape of a Graph

t /(x>0 , namely, (2,4) and (6,9) .
(b) f hasalocal maximum where it changes from increasing to decreasing, that is, where f /

changes from positive to negative (at x=4 ). Similarly, where f / changes from negative to positive, f
has alocal minimum (at x=2 and at x=6 ).

/. . _ o /1, . . .
(c) When f  isincreasing, itsderivative f ~ ispositive and hence, f is concave upward. This

happenson (1,3) , (5,7) , and (8,9) . Similarly, f isconcave downward when f lis decreasing —
that is, on (0,1) , (3,5) ,and (7,8) .

(d) f hasinflection pointsat x=1, 3,5, 7, and 8, since the direction of concavity changes at each
of these values.

9. The function must be always decreasing and concave downward.

10. (a) Therate of increase of the population isinitialy very small, then gets larger until it reachesa
maximum at about t=8 hours, and decreases toward 0O as the population begins to level off.

(b) The rate of increase has its maximum value at t=8 hours.

(c) The population function is concave upward on (0,8) and concave downward on (8,18) .

(d) Att=8, the population is about 350, so the inflection point is about (8,350) .

11 (8) F(0=x-12x+1= f ()=3x-12=3(x+2)(x-2) .
We don'’t need to include "3" in the chart to determine the sign of f /(x) .

Interval X+2 X-2 f / (%) f

X<-2 — — + increasing on (-oco ,—2)
—2<X<2 + — — |decreasing on (-2,2)
xX>2 + + + increasing on (2,00)

So f isincreasing on (—c0,-2) and (2,00) and f isdecreasing on (-2,2) .

(b) f changesfrom increasing to decreasing at x=—2 and from decreasing to increasing at x=2 . Thus,
f(-2)=17 isalocal maximum value and f(2)=-15 isalocal minimum value.

(c) f / /(x):6x. ¢/ /(x)>0<:>x>0 and f ' /(x)<0<:>x<0 . Thus, f isconcave upward on (0,00) and
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concave downward on (-c0,0) . Thereis an inflection point where the concavity changes, at
(0f(9)=(0.1) .

12. (@) F(0=5-3x+X = f ' ()=-6x+3x=3x(x-2) . Thus, f '(x)>0=x<0or x>2 and f ' (x)<0<
0<x<2.So f isincreasing on (-o0,0) and (2,00) and f isdecreasing on (0,2) .

(b) f changesfrom increasing to decreasing at x=0 and from decreasing to increasing at x=2 . Thus,
f(0)=5 isalocal maximum value and f(2)=1 isalocal minimum value.

(c f / /(x):—6+6x:6(x—1) .f / /(x)>0<:>x>1 and f / /(x)<0(:>x<1 . Thus, f isconcave upward on
(1,00) and concave downward on (-c0,1) . Thereisan inflection point at (1,3) .

13. (a) f(x):x4—2x2+3:>f /(x):4x3—4x:4x(x2—1) =4x (x+1) (x-1) .

Interval x+1 X X-1 i (%) f

x<-1 — — — — |decreasing on (—o0 ,—1)
-1<x<0 + - + increasing on (-1,0)
O<x<1 + + — — |decreasing on (0,1)
x>1 + + + + increasing on (1,00)

So f isincreasing on (-1,0) and (1,00) and f isdecreasing on (-0 ,—1) and (0,1) .
(b) f changesfrom increasing to decreasing at x=0 and from decreasing to increasing at x=—1 and
x=1 . Thus, f(0)=3 isaloca maximum value and f(+ 1)=2 are local minimum values.

© f' =124=12 <x2—% >:12(x+1/\[§) (x-113). f ' [(x)>06 x<-1/3 or x>1/y3 and

t ' (x)<06-1/{B<x<1/y[3 . Thus, T is concave upward on (-co —3/3) and ({3/3,00) and

. . . 22
concave downward on (—\I§/3,\I§/3) . There are inflection points at <i\l§/3, 9 )

2 2 2
14. () f(X)= ;(_ o /(X): (X +3) (2x)-x(2x) _ _ 6X
2 .\2 2 \2
X +3 (x +3) (x +3)
of f /(x) is determined by the sign of x . Thus, f /(x)>0<:)x>0 and f /(x)<0<:>x<0 . So f isincreasing
on (0,00) and f isdecreasing on (-o0,0) .
(b) f changesfrom decreasing to increasing at x=0. Thus, f(0)=0 isaloca minimum value.

(©)
RPN X +3 2(6)—6x' 2(x2+3) (23 _ 6(x2+3) [X2+3r4X2]
Y [T ()’

. The denominator is positive so the sign
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6(3-3:) _-18(x+1)(c 1)
()’ (F+g)”

/1 /1 .
f  (x)>0&-1<x<land f  (X)<O0<x<-1 or x>1 . Thus, f isconcave upward on (-1,1) and

1
concave downward on (-c0,~1) and (1,00) . There are inflection points at (il, - ) :

4
1 S5t
15. (@) f(x)=x-2sinxon (0,37)= f (x) 1-2cosx . f (x)>0<:>1 Zcosx>0<:>cosx<— &3
7 1 7
or —;T <x<3r . f /(x)<0<:>cosx>§ <:>0<x<7‘7T3 or % <x<—;T So f isincreasing on ( % % )

Vs ) . us 5v Tn
and( 3 ,37r> ,and f isdecreasing on (0,3>and< 33 ) .

(b) f changesfrom increasing to decreasing at x= 3

7 5t 5t
andatx:ér . Thus, f ( 3 )z— +\[§m 6.97 isalocal maximum value and

T Vi Vs
f<§>:— \[§~—068andf< 3 )— \[:_3~560arelocal minimum values.

(c f M (X)=2sin X >0< 0<x<m and 27<x<3r , f (X)<O<:>7T<X<27T . Thus, f isconcave upward on
(0,7) and (27,37) , and f is concave downward on (7,27) . There are inflection points at (,7) and
(27,27) .

. . . 7T
, and from decreasing to increasing at x= 3

2 . / . .
16. (@) f(X)=cos x-2sinx ,0< x< 27 . f (X)=—2c0s X Sin Xx-2c0s x=—2cos x(1+sin x) . Note that
1+sinx > 0[ sincesin x> -1 ], with equality < sin x=—1<x=37/2 [ since 0< x< 27 | = cos x=0 .

Thus, f (x>0 Cos x <0 1/2<x<37/2 and f ' (X)<0c cos x>0 0<x<rT/2 o 3r/2<x<2 . Thus, f
isincreasing on (7/2,37/2) and f isdecreasing on (0,7/2) and (37/2,27) .

(b) f changesfrom decreasing to increasing at x=r/2 and from increasing to decreasing at x=37/2 .
Thus, f(7/2)=-2 isaloca minimum value and f (37/2)=2 isaloca maximum value.

(©)

£l /(x) =2sin x(1+sin x) 2008 X=28in x+25in X 2 (1—si n2x)

=4si n2x+25i N x-2=2(2sin x-1)(sin x+1)
/1 . 1 S5t 11 . 1 :
sof (X>0<sinx> 5© % <x< 5 and f (X)<O=sinx< > and sin x#-1<0<x< % or
5t 3t

3 _ 5
E <X< > or Eﬂ <x<2r. Thus, f isconcave upward on ( 6 E ) and concave downward on
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~

( ' ) : (%T 3—; ) , and (3—5 27r> There are inflection points at (

(54).

17. (a) y:f(x):xeX:>f /(x):xex+eX:eX(x+1) .o f /(x)>0(:>x+1>0<:>x>—1 . Thus, f isincreasing on
(-1,00) and decreasing on (-o0 ,-1) .

) o

o
cnl>1
Nip

(b) f changesfrom decreasing to increasing at its only critical number, x=-1 . Thus, f(—l):—ef1 iIsa
local minimum value.

© f'0=ern= 0=+ (x+2) . So f | (>0 x+2500 -2 . Thus, f is
concave upward on (-2,00) and concave downward on (—co ,—2) . Since the concavity changes

N : 2\ . : :
direction at x=-2 , the point (—2,—2e ) is an inflection point.

18. (a) y:f(x):xzeX:> f /(x):xzex+2xeX:x(x+2)eX .o f /(x)>0<:>x(x+2)>0(:> either x<-2 or x>0.
Therefore f isincreasing on (-c0,~2) and (0,00) , and decreasing on (-2,0) .

(b) f changesfrom increasing to decreasing at x=-2 , SO f(—2):4e72 iIsalocal maximum value. f
changes from decreasing to increasing at x=0, so f(0)=0 isaloca minimum value.

(c f /(x):(x2+2x) e=f / /(x):(x2+2x) eX+eX(2x+2):eX(x2+4x+2) .f / /(x):0<:>x2+4x+2:0<:>

x=24y2 . 1 ()<06-22<x<-2+{2 , 50 f is concave downward on (~2-+2,-2+2) and
concave upward on (-co,~2-2) and (-2+{2,c0) . There areinflection points at

(-22,f(-2y2))~(-341,0.38) and (-2+{2,f (-2+2))~(-0.59,0.19) .

19. (a) y—f(x)— \l_ . (Notethat f isonly defined for x>0 .)

1 1 Inx
\/T((llx)fln X( 5 X ) \F( 2\5( 2x _2-1Inx
3

2
= >02-Inx>0& Inx<2&ex<e .
X X Z\F( 2

Therefore f isincreasing on (O,ez) and decreasing on (ezoo) .

t /(0=

N

is alocal maximum

2
(b) f changesfrom increasing to decreasing at x—e2 S0 f 2 : In =4

ﬁl

value.

(©)
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22X m(2n (32 _ 243 Inx-2)

f (X) (2X3/2) 2 4X3

_ xllz(—2+3l N X-6) _ 3ln x-8

3 5/2
4x 4x

/1 8 83 /1 8/3 : 8/3
f (X=0cInx=7ox=e .f (X)>0<x>e ,so0f isconcaveupwardon (e ,oo) and concave

3
8/3 8 -4/3
- e

downward on (0,e8/3) . Thereis an inflection point at (e '3 )m (14.39,0.70) .

20. (a) y=f(x)=xiInx . (Notethat f isonly defined for x>0 .)

f /(x):x(1/X)+In x=1+Inx. f /(x)>0<:>In x+1>0eInx>-1< x>e71 . Therefore f isincreasing on
(Ye,c0) and decreasing on (0,1/e) .
(b) f changesfrom decreasing to increasing at x=1/e , so f(1/e)=-1/e isaloca minimum value.

(c f / /(x):1/x>0 for x>0. So f isconcave upward on its entire domain, and has no inflection point.

21 £(x)=X Bx+3= T ' ()=5x"-5=5(x2+1) (xr1)(x-1) .
First Derivative Test: f /(x)<0:> -1<x<land f /(x)>0:> x>1 or x<-1 . Since f / changes from

positive to negative at x=-1 , f(-1)=7 isaloca maximum value; and since f = changes from negative
to positiveat x=1, f(1)=—1 isaloca minimum value.

Second Derivative Test: f ' /(=20x" . f /(=0 x=+1. f ' /(-1)=-20<0= f(-1)=7isalocal

maximum value. f / /(1):20>O:> f(1)=-1isalocal minimum value.
Preference: For thisfunction, the two tests are equally easy.

2 2
22, f(0=—— = f ‘(0= (x +4)2' 1§(2X) __4X - (2+§)(2;<) |
X +4 44 2(_) (x +4)
X +4

. I / / . /
First Derivative Test: f (X)>0=-2<x<2and f (x)<0=-x>2 or x<-2 . Since f = changes from

. . 1. . : / .
positive to negative at x=2 , f(2)= 2 iIsalocal maximum value; and since f = changes from negative

to positive at x=—2 , f(-2)=- 218 alocal minimum value. Second Derivative Test:
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£/ = K4 (ZX) ( 2) (X +4)(2X)
[ (a)?]"
ox(xea) [ (Pra) +2(40)] _ -2x(12-F)
béa)’ (ea)”
f /(x):O@x:iZ. f ( 2)— >O:s f(-2)=— 211 isalocal minimum value.
(2) <O:> f(2)—%f isaloca maximum value.

Preference. S| nce calculating the second derivative isfairly difficult, the First Derivative Test is
easier to use for this function.

23, F(X)=xH{Ix = | ' (9)=1+ % 1% =1 % .Notethat f is defined for 1-x> 0 ; that i,

1 1 3 .
forx<1.f /(x):O:> 21[ 1-x=1= w’ 1-x= 5= 1-x= 1% f / does not exist at x=1 , but we

can’t have alocal maximum or minimum at an endpoint.

. I / 3 / 3 . / s
First Derivative Test: f (X)>0= x< 2 and f (X)<0= 21<X<1 .Since f  changes from positive to

: 3 3 5. :
negative at =7 f ( 2 )zz isalocal maximum value.

N 11 1 1 -3/2 1 I/
Second DerivativeTest: T (X)=—= ( -7 J(1X) ()= ———— . f
2 (2) A(yTx)° (

Hlw

) =2<0=

4 4
Preference: The First Derivative Test may be slightly easier to apply in this case.

f ( 3 >:—5 isaloca maximum value.

24.(3) F()=X (1= (302X - B0 1) +(x-1)> A = (x-1) ] 3x+A(x-1)] =X (x-1) (7x-4)
The critical numbersare0, 1, and f7' .
(b)

£ (%) 23 DATxA) X 20 1) (Tx-A)+x (x-1)> 7

=3 (- 1)[ B(X-1) (7X-4)+ 2X(TX-A)+ TX(x-1)]

Now f / /(O)=f / /(1)=0 , S0 the Second Derivative Test gives no information for x=0 or x=1
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Y () [0 (3 ()Y (D )

) . 4
thereisalocal mlnlmumatx:—7 )

4 4
(c) f /is positive on (-o0,0) , negative on (0,—7> , positive on ( —7,1> , and positiveon (1,00) .

) . 4 ) .
So f hasaloca maximum at x=0, aloca m|n|mumatx:—7 , and no local maximum or minimum at
x=1.

25, (a) By the Second Devivative Test, if f '(2)=0 and f ' '(2)=—5<0 , f hasalocal maximum at x=2

(b) If f /(6)20 , we know that f has a horizontal tangent at x=6 . Knowing that f / /(6)20 does not
provide any additional information since the Second Derivative Test fails. For example, the first and

second derivatives of y=(x—6)4 : y=—(x—6)4 , and y=(x-6) %all equa zero for x=6 , but the first has a
local minimum at x=6 , the second has alocal maximum at x=6 , and the third has an inflection point
at x=6 .

26. f /(x)>0 for al xs 1 with vertical asymptote x=1 , so f isincreasing on (-o0,1) and (1,00) .

f / /(x)>0 if x<1 or x>3, and f / /(x)<0 if 1<x<3, so f isconcave upward on (-c0,1) and (3,00) ,
and concave downward on (1,3) . Thereis an inflection point when x=3 .

27. f /(O):f /(2):f /(4):0@ horizontal tangentsat x=0,2,4 . f /(x)>0 if x<0or 2<x<4=f is
increasing on (-o0,0) and (2,4) . f /(x)<0 if 0<x<2 or x>4= f isdecreasing on (0,2) and (4,00) .

£/ /(x)>0 if 1<x<3= f isconcave upward on (1,3) . f / /(x)<0 if x<1 or x>3= f isconcave
downward on (-0 ,1) and (3,00) . There are inflection points when x=1 and 3.




Sewart Calculus ET 5e 0534393217;4. Applications of Differentiation; 4.3 How Derivatives Affect the Shape of a Graph

28.

f '(1)=f '(-1)=0= horizontal tangentsat x=+1 . f '(x)<0if |x|<1=> f is decreasing on (~1,1) .
f /(x)>0 if 1<|x|<2= f isincreasingon (-2,-1) and (1,2) . f /(x):—l if | x| >2= thegraph of f has

constant slope-1 on (-c0,-2) and (2,0) . f / /(x)<0 if -2<x<0= f is concave downward on (-2,0)
. Inflection point (0,1) .

20. f '(x)>01if |x|<2= f isincreasingon (-2,2) . f '(X)<0if |x|>2= f is decreasing on (oo, -2)

and (2,00) . f /(—2):O:> horizontal tangent at x=-2 . lim | f /(x)l =00 = thereisavertical
X— 2

asymptote or vertical tangent (cusp) at x=2 . f / /(x)>0 if x#£ 2= f is concave upward on (-0 ,2) and
(2,00) .

30.

f /(x)>0 if |x|<2= f isincreasingon (-2,2) . f /(x)<0 if |[x|>2= f isdecreasing on (-c0,~2) and

(2,00) . f /(2):0 , so f has ahorizontal tangent (and local maximum) at x=2 . lim f(x)=1=y=1lisa

X— 00

horizontal asymptote. f(—x)=—f(X)=- f isan odd function (its graph is symmetric about the origin).
Finally, f ' /(<0 if 0sx<3and f ' '(x)>0 if x>3, s0 f isCD on (0,3) and CU on (3,0) .

31.(a) f isincreasingwhere f lis positive, that is, on (0,2) , (4,6) , and (8,00) ; and decreasing
where f ' is negative, that is, on (2,4) and (6,8) .
(b) f hasloca maximawhere f / changes from positive to negative, at x=2 and at x=6 , and local

. / : .
minimawhere f = changes from negative to positive, at x=4 and at x=8 .
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(c) f isconcave upward (CU) where f ' isincreas ng, that is, on (3,6) and (6,00) , and concave

downward (CD) where f ' is decreas ng, that is, on (0,3) .
(d) Thereisapoint of in.ection where f changes from being CD to being CU, that is, at x = 3.

(€)

32.(a) f isincreasing where f 'is positive, on (1,6) and (8,00) , and decreasing where f "is
negative, on (0,1) and (6,8) .

(b) f hasalocal maximum where f / changes from positive to negative, at x=6 , and local minima
where f / changes from negative to positive, at x=1 and at x=8 .
(c) f isconcave upward where f /isincreasing, thatis,on (0 2), (3, 5); and (7, o) and

concave downward where f / is decreasing, that is, on (2 3), (5, 7).
(d) There are points of inflection where f changesits direction of concavity, at x=2 , x=3, x=5 and
X=7 .

(€)

33.(a) f(x):2x3—3x2—12x:> f /(x):6x2—6x—12:6(x27x—2) =6(x-2)(x+1) . f /(x)>0<:> x<-1 or x>2
and f /(x)<0¢>—1<x<2 . So f isincreasing on (-o0,-1) and (2,00) , and f isdecreasing on (-1,2) .
(b) Since f changes from increasing to decreasing at x=—1 , f(-1)=7 isaloca maximum value. Since
f changes from decreasing to increasing at x=2 , f(2)=-20isaloca minimum value.

1 1
(c) f / /(x):6(2x—1):> f / /(x)>0 on ( > ,oo) and f / /(x)<0 on (oo > ) . S0 f isconcave

1 1 . . .

upward on ( 210 ) and concave downward on (oo > ) . Thereisachangein concavity at
1 . . : 1 13

X=3 and we have an inflection point at ( 57 ) .

(d)
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3. (3) (=243 = f /(0=3-3¢=3(x*-1) = 30c+1)(x-1) . f /(>0 -1<x<land T '(x)<0>
x<-1 or x>1 . So f isincreasing on (-1,1) and f isdecreasing on (-co,~1) and (1,00) .
(b) f(-1D=0isalocal minimum value and f(1)=4 isalocal maximum value.

© ¢/ /(x):—6x:> ¢! /(x)>0 on (-00,0) and f / /(x)<0 on (0,00). So f isconcave upward on
(~00,0) and concave downward on (0,00) . Thereis an inflection point at (0,2) .

(d)

35. (a) f(x):x4—6x2:> f /(x):4x3—12x:4x (x2—3) =0 when x=0, iﬁ .

Interval 4X W3 i (%) f

| x<—\/§ - + - |decreasing on (—oo —\/TB)
3<x<0 | - + increasing on (—3,0)
0<x<y3 + - - |decreasing on (Oﬁ )
x>\/§ + + + increasing on (\l?Soo)

(b) Local minimum values f (++3)=-9, loca maximum value f(0)=0

© ' 00=12¢ 12212 (x%-1) 506 X165 x| >1ex51 or x<-1 , 50 f is CU on (<0 1) , (100)
and CD on (-1,1) . Inflection points at (4 1,-5)

(d)
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36. (a) g(x):200+8x3+x4¢ g /(x):24x2+4x3:4x2(6+x):o when x=—6 and when x=0. g /(x)>0<i> x>-6

(x#£0)andg /(x)<0<:>x<—6 , S0 g isdecreasing on (-o0 ,-6) and gisincreasing on (-6,00) , with a
horizontal tangent at x=0 .
(b) 9(-6)=-232 isaloca minimum value. Thereis no local maximum value.

© g / /(x):48x+12x2:12x(4+x):o when x=-4 and when x=0. g / /(x)>0<:> x<-4 or x>0 and

g / /(x)<0<:>—4<x<0 ,S0gisCU on (-co,~4) and (0,00) , and gis CD on (-4,0) . Inflection points at
(~4,-56) and (0,200)

(d)

37.(a) h(x):3x5—5x3+3:> h /(x):15x4—15x2:15x2 (xz—l) =0 when x=0, +1 . Since 15x2 Is

nonnegative, h /(x)>0<i>x2>1<i> |X|>1 < x>1 or x<-1, so hisincreasing on (-c0,~1) and (1,00) and
decreasing on (-1,1) , with a horizontal tangent at x=0 .

(b) Local maximum value h(-1)=5, local minimum value h(1)=1

(©)

h' (3 =60x-30x=30x (21

:60x<x+ﬁ ) (xﬁ >:>

1 1 :
(x)>0 when x> —2 or — T <x<0,sohisCUon

2 ’ Cﬁ
(- ) (o2 -

) Inflection points at (0,3)
(d)

I\J
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3 2
38. (a) h(x):(xz—l) =h /(x):6x(x2—1) >0 x>0 (x#£1), sohisincreasing on (0,00) and
decreasing on (-o0,0) .
(b) h(0)=-1isalocal minimum value.

(c) h / /(x):6 (xz—l) 2+24x2 (x2—1) =6 (x2—1) (5x2—1) . Theroots +1 and + ﬁ divide R into five

intervals.
Interval G 5 -1 |h'’(x) [Concavity
x<-1 + + + upward
1
| 1<x<— E u + - |[downward
1 <X< L + upward
TERE P
1
E <x<1 _ + — [downward
x>1 + + + upward

1 1
From the table, we see that his CU on (-o0,-1) , (E F ) and (1,00) , and CD on

(—1,—i> and ( : ) Inflection pointsat (+1,0) and ( L —ﬁ>
V5 y5' J5' 125

(d)

x+2(x+3) 3x+6
+\[ +3= .
2+ X+3 24 X+3 2\} X+3

. : / / . .
The domain of Ais[-3,00) . A (X)>0for x>-2 and A (X)<O for -3<x<-2, so Aiisincreasing on

39. (a) A(x):x\/x_+3:>A/(x):x- %(x+3)1’2+ X+3- 1=
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(-2,00) and decreasing on (-3,-2) .
(b) A(-2)=-2isalocal minimum value.

2[x+3- 3-(3x+6
© A= {43 3-(3x+6) JxT _8(0:3) (3x¢6) | 3412 _ 30t a1l oo
(2¢x+3)° 443" apa3)’ ap3d)

x>-3, s0 Ais concave upward on (-3,00) . Thereis no inflection point.

(d)

3
- 2 24X . .
40. (a) B(x):3x2/3—x:> B /(x):2x 1/3—1: = 17 3_\1_ .B /(x)>0 if 0<x<8 and B /(x)<0 if x<0or
X X
x>8 , so B isdecreasing on (-o0,0) and (8,00) , and B isincreasing on (0,8) .
(b) B(0)=0 isaloca minimum value.
B(8):4 isaloca maximum value.

C _
(© (x) S 3/3 B’ /(x)<0 for al x+£0 . B is concave downward on (-c0,0) and
3X
(0,00) . Thereisno inflection point.
(d)
41. (8) C)=xX oct)=xX " +ax = ¢ (%)= g x4 g x’z’3 Brian)= 24D 50t

3‘\/ x2

~1<x<0 or x>0 andC /(x)<0 for x<-1 , soC isincreasing on (-1,00) and C is decreasing on (-co,~1)

(b) C( 1) 3isa|ocal minimum value.

2/3 8 53 4 53

(c)C () = “gX TgX (x—2):4(x—_2) c'’

3| 5
9\ X
and x>2 , so C is concave downward on (0,2) and concave upward on (-c0,0) and (2,00) . There are
inflection points at (0,0) and (2 6—\[_) (2,7.56) .

(d)

(X)<0 for O<x<2 and C / /(x)>0 for x<0
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3

22.(3) 100=In (xX+27) = £ {9=—2— £ '>0if x>0 and f '(x)<0if x<0, o  isincreasing on

x4+27
(0,00) and f isdecreasing on (-c0,0) .

(b) f(0)=In27~3.3 isaloca minimum value.

(©)
f / /(x) _ (x4+27) (12x2) —4x3(4x3) _ 4x2[3(x4+27) —4x4]
(x*27)° (x*27)
_ w(815) _ ~(x2+9) (x+3)(x 3)
(x*27)° (x*27)°

f / /(x)>0 If -3<x<0and O<x<3, and f / /(x)<0 if x<-3or x>3. Thus, f isconcave upward on
(-3,0) and (0,3) and f is concave downward on (-co ,~3) and (3,00) . There are inflection points at
(+3,In108) ~ (+£3,4.68) .

(d)

43. (a) f(0)=2cos6-cos20 ,0<60<2r .
/ . . . . .
f (0)=-2sin0+2sin 20 =-2sin 0 +2(2sin 0 cosO )=2sin 6 (2coso -1) .

Interval sino 2c0s0 -1 tloy |f
0<6< % + + + increasing on (O, % )

7T . 7T
3 <0<mr + — — decreasing on ( 3 JT)
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o5 . : o
<0< 3 — — + increasing on (rr, 3 )
5 . 5
3 D21 |- + — decreasing on ( 3 ,2T)

3 5 3 . : .
(b) f ( % >:§ and f ( % >:§ arelocal maximum values and f(7)=-3isaloca minimum

value.
(© f'(0)=—2sn0+2sn20 =
f I ©) =-2C0S 82+4cos 20 =-2c0s 6 +4(2cos 29 -1)
=2(4cos 6 -cos6 -2)

1++/33 -1 ( 1+433 1 ( 1+33
f / /(9):O<:>0039:JE &0 =Cos ! i <0 =cos ! >m0.5678,

8 8 8
1/ 1433 L/ 1433 1/ 1433
27-C0S 1( : >z5.7154,cos 1( JSE >z2.2057,0r 27-cos ( JSE >z4.0775

Denote these four values of 9 by 6 x 0

on (@ 0 2) ,
CU on (8 2,8 3) ,CDon (9 3,9 4) ,and CU on (9 4,271) . To find the exact y —coordinate for 9:91 :

1+/33 1+(33 \ 2
we have (0 1)=2c056? 1700329 1:20039 1(2003 29 11):2 ( 3 )2( JE ) +1

4 ,92 , and@3 , respectively. Then f isCU on (0,9 1) , CD

8
1 1 1 1 33 3 3 3 I
:Z+Z @73—27 1—6 @— 3—2 +]_:1—6 + 1—6 @:1—6 (1+@):y1%126 . Similarly,

fo 2): 1% (1—@):y2z—0.89 . S0 f hasinflection points at (9 1,yl) , (9 2,y2) : (9 3,y2) , and

(4%)

(d)
44.(3) f(t)=t+cost , 2r<t<2r— f (t)=1-sint>0foraltand f '(t)=0 when sint=let= 3—;

% ,so f isincreasing on (-27,27) .

or
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(b) No maximum or minimum

3 T T 3t
(© f (t)— cost >0 &te (—,§>U <§’7

2

CD On (—Zn, —3—§>,<—— , %),and <% , 27r>.Pointsofianectionat
iﬁ
2

(35 em(58)

) , 0 f iIsCU on these intervals and

NI>1

(d)
2 X2
45. f(x)= 2. = D)D) has domain (-c0 ,~1)U(-1,1)U(1,00) .
@ lim f()=lim X1 zzl—}ozl,soyzlisaHA.
X— + 00 X— + oo (X ,1)/)( X— t oo 1,1/)(

. X . 2 2 + - .
lim —— =o0 sincex — 1 and (x —1)—>O asx—-1 ,sox=-lisaVA.
X-—>717X_1

2

X 2 2
lim —— =00 smcex—>1and( )—>O asx—1 ,s0x=1isaVA.

X—>1X 1

2 2 2 2 2
~ _ 1) _ 2
(b) f()=—2— =1 (= (1)@odey 2 (1) ] . _ax ~since (x-1)%is
2 2 2 2 2 2
X1 (x —1) (x —1) (x 71)
positive for all x inthe domain of f , the sign of the derivative is determined by the sign of -2x .
Thus, f /(x)>0 if x<O(x£-1) and f /(x)<0 if x>0(x=1) . So f isincreasing on (-c0,-1) and (-1,0) ,
and f isdecreasing on (0,1) and (1,00) .

© f /(x):O:> x=0 and f(0)=0 isaloca maximum value.
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D () mala)en

U ()Y
2 ( x2—1) (— ( xz—l) +4x2) 2( 3x2+ 1)

(x1)° (1)

Thesign of f / /(x) is determined by the denominator; that is, f / /(x)>0 if [x|>1and

¢! /(x)<0 if [x|<1.Thus, f isCU on (-oc0,~1) and (1,00) ,and f isCD on (-1,1) . There are
no inflection points.

(e)
Xz
46. f(x)= has domain (-0 ,2)U(2,00) .
(x-2)
2 2 2
: L X IX o 1 1
@ Ilim =lim ——————=1Iim 5= 1090 =1,

XoH00 X —Ax+4 X—Foo (x —4x+4) X~ X>Foo 1-4/x+4]X
2

=oco Since x2—> 4 and (x—2)2_> 0 asx—2 ,S0x=2 isaVA.

soy=lisaHA. lim

X— 2+ (X_Z)
2
X

2 2
(b) f(x)= . / ()= (x-2) (2x)x2 : §(x2) _ 2x(x2)[(x42)x] _ X
(x-2) [ (x2)?] (x-2) (x-2)

and f /(x)<0 if x<O0or x>2 , so f isincreasing on (0,2) and f is decreasing on (-c0,0) and (2,00) .

-1 (9>0if O<x<2

(o) f(0)=0isalocal minimum value.
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@ g = (-2 (-4)-(-4%)- 3(x-2)°
(2"
_ 42T (x2+34 _ 8(x+1)
(x2)° (x-2)*
£ 0050if x> 1 (x22)and f ' (x<0if x<1 . Thus, f isCU on (-1,2) and (2,00) , and f
isCD on (-c0,~1) . Thereisan inflection point at <—1,51) ) :
(e)

47. (@) lim (\/Ex):oo and

X— —00

{ 2

. 2 . 2 X+1+x . 1 .

[im (\/x+1x):l|m (\/x+1x) =lim ——— =0, s0y=0isaHA.
=00 X0 \/ X+l +x X \/ X +L+X

(b) F0)=\ X+ -x= f (%)= <1foral x, f (<0, 0 f isdecreasing

X . X
- -1.Since -
\fx+1 X +1
onR.

(c) No minimum or maximum
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@ y (x2+1) 1/2(1)7x- % (x2+1) _1/2(2x)
£ =
(ia)
() 2
_ x2+1) v _ (x2+1) X
Zi1 (x2+1) 32
:(2;)3/2>0,sof isCUonR.NoIP
X +1
(e

48. (@) lim xtanx=co and lim xtan X=co ,sox:% andx:—% are VA.

X—>7[/27 X—>77T/2+

f(X)=xtan x , % <x<% .f /(x):xsec 2x+tan x>0<:>0<x<% , S0 f increaseson <O% ) and
(b)
decreases on (—% ,O) :
(c) f(0)=0isaloca minimum value.
(o) 2 2 T T . T T
f (X)=2sec x+2xtan xsec x>0for—§ <x<§ , 90 f isCU on 505 ) No IP
(e

49. f(X)=In(1-In x) is defined when x>0 (so that In\:\italic{x} is defined) and 1-In x>0 [so that
In(1-1n x) is defined]. The second condition is equivalent to 1>Inx < x<e, sof hasdomain (0,e) .

(@) Asx—0,Inx— 00,50 1IN x> 00 and f(x)— co. Asx—>e,Inx->1,s01Inx-0 and
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f(X)— —oo . Thus, x=0 and x=e are vertical asymptotes. Thereis no horizontal asymptote.

/ 1 1 1 . . : ,
b) f (=17 ( ~ )- XN <0on (0,e). Thus, f isdecreasing on its domain, (0,e).

/ . .
() f (¥)#00n (0,e), so f hasno local maximum or minimum value.

(d)
@ n®] | XU+ InY)
f - 2~ 2 2
[x(1-InX)] X (1-In X)
_ In x
X (1-1n %)

/1 : S : .
0 f (X)>0<1nx<0&0<x<1. Thus, f isCU on (0,1) and CD on (1,e). Thereisan inflection point
at (1,0).

(€)
eX
50. f(x)= - hasdoman R .
1+e
X, X
1 1
@ lim f(x)=lim %:Iim —— =5, =1, 0 y=lisaHA,
X— 00 X— 00 (1+e)/e X—o00 @ +1
e 0
lim f(x)=lim =——=0,s0y=0isaHA. No VA.
X——00 X——00 1+eX 1+O
/ (1+ex) e e e
(b) T (¥)= = >0 forall x . Thus, f isincreasingon R .

(1) (1)

(c) Thereisnoloca maximum or minimum.
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“ ; / /( )= (1+ex) e e. 2(1+ex)e
X) ~ 2
(1+¢)°]
_ ex(1+ex) (1+ex) fZeX] _ ex(lfex)
(1+)° (14

¢! /(x)>0(:>17ex>0<:>x<0 ,s0 f isCU on (-c0,0) and CD on (0,00) . Thereisan inflection

: 1
point at <O,2> :

(e)

51.(a) lim eﬁl/(Xﬂ):l since-1/(x+1)— 0, so y=1isaHA. lim eﬁU(Xﬂ) =0 since -1/(x+1)— —oo ,
X— t oo X—>*1+

lim eﬁl/(Xﬂ):oo since-1/(x+1)— oo ,so x=—1isaVA.

X—>717

b) 1 (X):e—:lj(x+1)

=t '(x)=e VP [—(—1) 1 a } [Reciprocal Rule] =e = Dyx+1)° = £ ' (x)>0
(x+1)

for all x except -1, so f isincreasing on (oo ,-1) and (-1,00) .

() Noloca maximum or minimum

d - _
(d) R 1)2e 1/(x+1)[ Uix+ 1)2] . JJ(x+1)[ 2%+ 1)]

fo~ 212

[6er1)’]
_e Ve e MY .
(x+1)’ (x+1)’
1 1 _ 1
f  (X>0e2x+1<0ex<-Z ,s0 fisCUon (-o0,-1) and | -1,- 5 ) »andCD on

1 1 2
<2,oo> .f hasanIP at <2,e ) .

(€)
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52. (a) f isperiodic with period 7 , so we consider only — E <x<§ dim In (tan 2X)=foo :
X—0

lim In (tanzx):oo ,and lim In (tanzx):oo , S0 X=0, X== = aeVA.

_ N 2
X— (7r/2) X—> (77r/2)
2 / 2tan xsec 2x Sec 2x
(b) f(x)=In (tan x) =f (X)= > =2 >0<tan x>0<:>0<x< — , S0 f isincreasing on
tan °x tan x 2

7T . T
<0, 5 ) and decreasing on < > ,0) )

(c) No maximum or minimum
/ 2 4 —-8cos 2x
(d) f (X)_sinxcosx_sinZX ( )=

<0

) e (+50).

sin 2x

7T
& 0S8 2X>04— 4<x<4 ,90 f iIsCD on <— 2

wd (0 ) macven (55 ) o (5.

I\)Iﬁ

(€)

53. (@)

From the graph, we get an estimate of f(1)~1.41 asaloca maximum value, and no local minimum

value.
x+1
\f x2+1

f(x)= = f (%)=
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2
f /(x):O@le : f(l):E =\ 2 isthe exact value.

1 1
(b) From the graph in part (a), f increases most rapidly somewhere between x=— > and x=— 2 To

find the exact value, we need to find the maximum value of f / , which we can do by finding the

/11 +41 +y 1
critical numbersof f ' . f (x)= M i i corresponds to the

(x2+1) 52~

-1
minimumvalue of f . The maximum valueof f ' isat < 31 '\/ —(73 > (-0.28,0.69) .

54. (a)
Tracing the graph gives us estimates of f(0)=0 for alocal minimum value and f(2)=0.54 for alocal
maximum value.

F()=xe = f '(x)=xe (2-%) . f (=0 x=00r 2 . £(0)=0 and f(2)=4e ° are the exact values.

3
(b) From the graph in part (a), f increases most rapidly around x= 2 To find the exact value, we

need to find the maximum value of f / , which we can do by finding the critical numbers of f /
/ /(x):e_x (x2—4x+2) =0= x=2+4/2 . Xx=2+4/2 corresponds to the minimumvalue of f / . The

maximum value of f ' isat (Z\IE,(Zﬁ)2e2+ﬁ)z(0.59,0.19) .

1 / : . /1
55. f(X)=cosx+ - cos2x=-f (X)=—sinx-sin2x=-f (X)=—C0S x-2C0s 2X

2

(@)
From the graph of f , it seemsthat f isCD on (0,1) , CU on (1,2.5) , CD on (2.5,3.7) , CU on
(3.7,5.3) , and CD on (5.3,27) . The points of inflection appear to be at (1,0.4) , (2.5,-0.6) ,
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(3.7,-0.6) , and (5.3,0.4) .

(b)

From the graph of f M (and zooming in near the zeros), it seemsthat f isCD on (0,0.94) , CU on
(0.94,257) , CD on (2.57,3.71) , CU on (3.71,5.35) , and CD on (5.35,27) . Refined estimates of
the inflection points are (0.94,0.44) , (2.57,-0.63) , (3.71,-0.63) , and (5.35,0.44) .

56. F(X)=x (x-2) = f /(=X 4(x-2) #(x-2)" 3 =x(x-2) TAx+3(x-2)] =X (x-2) (7%-6) =
£ (%) 22002 (7x-6)+C 3(x-2)(7%-6)+x (x-2)(7)
=x(x-2) T20¢-2) (7%-6)+3X(7X-6) + TX(x-2)]

:x(x—2)2[ 42x2772x+24] :6x(x72)2 ( 7x- 12x+4)

(a)
From the graph of f , it seemsthat f isCD on (-o0,0) , CU on (0,0.5) , CD on (0.5,1.3) , and CU on
(1.3,00) . The points of inflection appear to be at (0,0) , (0.5,0.5) , and (1.3,0.6) .

(b)

From the graph of f M (and zooming in near the zeros), it seemsthat f isCD on (-c0,0) , CU on
(0,0.45) , CD on (0.45,1.26) , and CU on (1.26,00) . Refined estimates of the inflection points are
(0,0) , (0.45,0.53) , and (1.26,0.60) .

57. In Maple, we define f and then use the command plot (diff (diff (f, x), X), x=-3..3);. In
Mathematica, we define f and then use Plot [Dt [Dt [f, X], X], {x, -3, 3}]. We seethat f ' />0 for
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I :
x>0.1and f * <0 for x<0.1. So f isconcave up on (0.1,c0) and concave down on (-c0,0.1) .

58. It appearsthat f s positive (and thus f is concave up) on (-1.8,0.3) and (1.5,00) and negative
(so f isconcave down) on (-c0,~1.8) and (0.3,1.5) .

59. Most students learn more in the third hour of studying than in the eighth hour, so K(3)-K(2) is
larger than K(8)-K(7) . In other words, as you begin studying for atest, the rate of knowledge gainis

large and then starts to taper off, so K /(t) decreases and the graph of K is concave downward.

60. At first the depth increases slowly because the base of the mug is wide. But as the mug narrows,
the coffee rises more quickly. Thus, the depth d increases at an increasing rate and its graph is
concave upward. The rate of increase of d has a maximum where the mug is narrowest; that is, when
the mug is half full. It is there that the inflection point (IP) occurs. Then the rate of increase of d starts
to decrease as the mug widens and the graph becomes concave down.
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61.

From the graph, we estimate that the most rapid increase in the percentage of households in the
United States with at least one VCR occurs at about t=8. To maximize the first derivative, we need to

determine the values for which the second derivativeis 0. We'll useV (t)=

, and substitute

Ci
1+be
a=85, b=53, and c=-0.5 | ater.

ct
Vv /(t):— ﬂbc_etlz [ by the Reciprocal Rule] and
(1+bec)

1+be ) e e 2( 1+beCt)- bee”

[ (1+beCt) 2]2
_ —abc ceCt(1+beCt) [ (1+beCt) 72beCt] _ fabczeCt(lfbeCt)
(1+beCt) ) (1+beCt) ’

I (t) =-abc-

0. 1 ,
/ /(t):O@ 1:beCt<:>eCt:1/b . Now graph y=e 03 and y= 53 These graphsintersect at tx~7.94
years, which corresponds to roughly midyear 1988.

62. (a) As | x| -» o ,t:—x2/(202)—>—oo , and et—>0 . The HA isy=0. Sincet takes on its maximum
2 2
: : . o X/
value at x=0, so does et . Showing this result using derivatives, we have f(x)=e § (20 ) =

2 2
f /(x):efx (20 ) (—x/az) f /(x):O@x:O . Because f /changesfrom positive to negative at x=0,
f(O):l Isalocal maximum. For inflection points, we find

2 2 2 2 2
(x)— [ X /( )-1+xex /(20 ) (—x/az)]:% & * /(20 ) (1—x2/02) .
U o
¢/ /(x):0<:>x2:a axzto /(x)<0<:>x2<o ?-o<x<o . S0 f isCD on (~o,0) and CU on

-1
(o0 -0') and (000) . 1Pat (10,6 ”?) |
(b) Since we have IP at x=+0¢ , the inflection points move away from the y —axisaso increases.
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(©)
From the graph, we see that as o increases, the graph tends to spread out and there is more area
between the curve and the x —axis.

63. f(x)=ax +bx +ox+d= f ' (x)=3ax +2bx+c . We are given that f(1)=0 and f(-2)=3 , S0
f(1)=atbrc+d=0 and f(-2)=—8a+4b-2c+d=3 . Also f '(1)=3a+2b+c=0and f '(-2)=12a-4b+c=0 by

. . 2 1 4 7 :
Fermat’ s Theorem. Solving these four equations, we get a= 9 b= 33 d= 9 the function

1
IS f(x):?9 (2x3+3x2—12x+7) :

2 2 2 2
b / b b b .
64. f(x)=axe ot (x):a[xe X 2bx+e - 1] =ae (2bx2+1) . For f(2)=1 to be a maximum value,

1
wemust have f '(2)=0 . f(2)=1= 1=2ae " and f '(2)=0= 0=(8b+1)ae " . So 8b+1=0= b= 5 and

now 1=2ae = a=|e[2.

- . : / .
65. Suppose that f isdifferentiable on aninterval | and f (X)>0for all x in| except x=c . To show
that f isincreasingon| , let X0 X%, be two numbersin | with X <X, .

(23358 X <X,<C. Let J betheinterval {xc | [x<c} . By applying the Increasing/Decreasing Test to f
onJ,weseethat f isincreasingonJ, so f(x1)<f(x2) .

Case
2

Case X <X,=C. Apply the proof of the Increasing/Decreasing Test, using the Mean Value Theorem
(MVT) on theinterval [xl,xz] and noting that the MV T does not require f to be

C<X <X, . Apply the Increasing/Decreasing Test to f on K={xe I |x>c} .

differentiable at the endpoints of [ X1’X2] )
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Case C=X <X, . Same proof asin Case 3.

Case x <c<x,.By Cases3and 4, f isincreasing on [xl,c] and on [c,xz] 90 f(x)<f(O)<f(x) .

In all cases, we have shown that f(x1)<f(x2) . Since X, . X, wereany numbersin | with X <X,

, we have shown that f isincreasingon| .

66. (a) We will make use of the converse of the Concavity Test (along with the stated assumptions);
that is, if f isconcaveupwardonl ,then f ! />0 onl .If fandgareCUonl ,then f / />0 and

/ /:f / /+g/ />O onl= f+gisCUonl .

(b) Since f ispositiveand CU on 1 , f>0 and f ' >0 0n . So g(x)=[f (x)]'= g '=2ff '=

2
o' =0t 't 1ot ' '=2( 1 /) %2t ' >0- giscu on' .

g/ '>00n| , 50 (f+g)

67. () Since f and g are positive, increasing, and CU on | with f M and g/ / never equa to 0, we
have >0, f /20, f / />O,g>0,g/20,g/ />Oonl . Then (fg) /:f /g+fg/:>

(fg) ' "=t grof 'g+tg’ > 1 'grtg’ Sooni= fgiscuont .

(b) Inpart (@), if f and g are both decreasing instead of increasing, then f /§Oandg /SOonI , SO

westill have 2f 'g'>00n1 . Thus, (fg) ' =t ' 'g+2f 'g'+1g’ > £ 'g+ig’ 'S0 0n1= fgiscu
onl asin part (a).

(c) Suppose f isincreasing and g isdecreasing . Then f /2 Oandg /g Oonl , so2f /g /g Oonl and
the argument in parts (a) and (b) fails.
Example 1.

1=(0,00) , F(X)=X", g(¥)=Lix . Then (fg)(x)=x, 50 (fg) '()=2x and (fg) ' '(x)=2>0 on . Thus, fgis
CUonl .

Example 2.

1=(0,00) , F(X)=4xyX , G(¥)=V/x . Then (fg)(x)=4{X . 50 (fg) '(x)=2/y/x and (fg) /(x):—ll\/E<0
onl . Thus, fgisCDonl .

Example 3.

1=(0,00) , f(x):x2 , 9(X)=1/x . Thus, (fg)(x)=x, so fgislinearon| .

68. Since f and g are CU on (-0 ,00) , f 50 andg/ '>00n (~00,00) .
h(x)=f(g(9)=h'(9=f '(a0)a =
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o=t a0)a g 00+ "@ong’ '0=F Lo 0]+ g’ >0t £ >0
SohisCU if f isincreasing.

69. f(x)=tan x-x= f /(x):sec 2x—1>O for O<x< = since sec *x>1 for O<x< = .So f isincreas ng on

2 2
7T 7T 7T
(O, > ) . Thus, f(x)>f(0)=0 for O<x< > = tan x-x>0=-tan x>x for O<x< 5 -

70. (a) Let f(x):ex—l—x . Now f(O):eO—lzo , and for x>0, we have f /(x):exflz 0 . Now, since
f(0)=0 and f isincreasing on [0,00) , f(X)>0 for x> 0= e-1-x> 0= 6> 1+X.

1
(b) Let f(x):ex—l—xf = x2 . Thus, f /(x):ex—l—x , Which is positive for x> 0 by part (a). Thus, f(X) is

2
. : : X 12 x 12
increasing on (0,00) , so on that interval, 0=f(0)< f(X)=e -1-x- SX=ex 1o X
2 X
(c) By part (a), the result holds for n=1 . Suppose that exz 1+x+ 5 +.. -+ E for x>0. Let
2 Xk Xk+1 ) k
X
f(x)=€ -1-x- 2, W D) .Then f (x)=e-1-X%--- - kl > 0 by assumption. Hence, f(x)
Xk k+1

isincreasing on (0,00) . So 0< x impliesthat 0=f(0)< f(x):eX71—x ..... K e and hence

k+1 2 - n '
€ Thx+ - - + i . for x> 0. Therefore, for x>0, e > 1+x+ U S for ever

= (k+1)! 2l ! y

positive integer n, by mathematical induction.

71. Let the cubic function be f(x):ax3+bx2+cx+d:> f /(x):3ax2+2bx+c:> f / /(x):6ax+2b .Sofis
CU when 6ax+2b>0«< x>-b/(3a) , CD when x<-b/(3a) , and so the only point of inflection occurs
when x=-b/(3a) . If the graph has three x —intercepts X0 X%, and Xg then the expression for f(X) must

factor as f(x):a(xxl) (xxz) (xxg) . Multiplying these factors together gives us

f(x):a[ : (xl+x +X ) 2 (x X X X_+X_X ) X=X, X_X ] .\ Equating the coefficients of thex2 —terms

2" %3 152 %% %) XX %%
for the two forms of f gives usb=- a(x1+x2+x3) . Hence, the x- coordinate of the point of inflection
b a(x1+x2+x3) XXX,
3a 3a -3 '
3

72. P(x):x4+cx3+x2:> P /(x):4x 30x2+2x:> P (x):12x2+6cx+2 . The graph of P / /(x) isa

/1 . : : . : : .
parabola. \ If P (x) has two roots, then it changes sign twice and so has two inflection points. This




Sewart Calculus ET 5e 0534393217;4. Applications of Differentiation; 4.3 How Derivatives Affect the Shape of a Graph

happens when the discriminant of P’ (x) is positive, that is, (6¢)4- 12- 250 36¢ 9650

246 246 I, .. . N : :
|c|> 43[ ~1.63. If 36c279620®c:i 43[ , P (X) is0 at one point, but there is still no inflection

—_ /1 : : 2 ZJE /1
point since P (x) never changes sign, and if 36¢c —96<0< |c| < 3 then P (X) never changes

sign, and so there is no inflection point.

c=6 c=3 c=1.8

c= ZJ:? c=0 c=-2

For large positive ¢ , the graph of f has two inflection points and alarge dip to the left of the y- axis.
As c decreases, the graph of f becomes flatter for x<0 , and eventually the dip rises above the x- axis,
and then disappears entirely, along with the inflection points. As c continues to decrease, the dip and
the inflection points reappear, to the right of the origin.

73. By hypothesisg=f " is differentiable on an open interval containing c . Since (c,f(c)) isapoint of
. : . /1 . :
inflection, the concavity changesat x=c ,so f  (X) changes signs at x=c . Hence, by the First
Derivative Tedt, f / has alocal extremum at x=c . Thus, by Fermat’s Theorem f / /(c):O :

74 f()=x = f '(=ax = f ' '(0=12X=t ' [(0)=0 . Forx<0, f ' (x>0, 50 f isCU on (-00,0) ;

for x>0, f / /(x)>0 ,s0 f isalso CU on (0,00) . Since f does not change concavity at 0, (0,0) isnot
an inflection point.

75 Usmgthefactthat |x| \/_ Wehavethat a(x)= x\/_:>g (X)= \/_ \/_—2\/_ =2|x| =

(x) 2x( ) m <0 for x<0 and g (x)>0 for x>0, so (0,0) isan inflection point. But
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g / /(O) does not exist.

. : - : 111, . : 1, .. .
76. There must exist some interval containing ¢ on which f IS positive, since f (c) ispositive
111, . _ 1. . . . 111, . 11, 11
and f iscontinuous. Onthisinterval, f  isincreasing (since f ispositive),so f  =(f )
changes from negative to positive at ¢ . So by the First Derivative Test, f  hasaloca minimum at

: : . _ /1

x=c and thus cannot change sign there, so f has no maximum or minimum at ¢ . But since f

changes from negative to positive at ¢, f hasapoint of inflection at c (it changes from concave down
to concave up).
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. f(x) . . . 0
1. (a) lim —= isanindeterminate form of type = .
@, 509 YPe g
. f . :
(b) lim p%; =0 because the numerator approaches 0 while the denominator becomes large.
X—a
h
(©) lim p((—))g =0 because the numerator approaches afinite number while the denominator becomes
X—a
large.
(d) If lim p(X)=c0 and f(x)— O through positive values, then lim % =00 . If f(X)— 0 through
X—a X—a
negative values, then lim % =00 . If f(X)— O through both positive and negative values, then the
X—a
[imit might not exist.
. p(x) . . . 00
e) lim ——= isanindeterminate form of type — .
(€) iM% ype —
2.(a) lim [f(X)p(X)] isan indeterminate form of type 0- co .
X—a
(b) When x isnear a, p(X) islargeand h(x) isnear 1, so h(x) p(X) islarge. Thus, lim [h(X)p(x)]=co .
X—a
(c) When x isnear a, p(X) and q(x) are both large, so p(X)q(x) islarge. Thus, lim [ p(X)q(X)]=oo .
X—a

3. (@) When x isnear a, f(x) isnear 0 and p(x) islarge, so f(X)-p(X) islarge negative. Thus,
lim [ f(X)-p(X)]=-c0 .
X—a

(b) lim [ p(X)-q(xX)] isan indeterminate form of type co oo .

X—a
(c) When x isnear a, p(x) and g(x) are both large, so p(x)+q(x) islarge. Thus, lim [ p(xX)+q(x)]=co .

X—a

4.(a) lim [f(x)]g(x) is an indeterminate form of typeOO.
X—a

(b) If y=[ f(X)] P(x) , thenIn y=p(x)In f(x) . When x isnear a, p(X)— oo and In f(X)— - , SO
Iny——co . Therefore, lim [£(9]"™=lim y=lim €™=0 , provided f" is defined.

X—a X—a X—a

(€) lim [h(X)] P(x) is an indeterminate form of type 1™ .
X—a

(d) lim [p(x)]f(x) is an indeterminate form of type 0.
X—a

© 11 y=[ p09]°)  then In y=q(x)In p(x) . When x isnear a , g(x)— 0o and In p(x)— o , SO
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Iny— oo . Therefore, lim [p(x)]q(x):lim y=lim elny:oo :
X—a X—a X—a

() lim % =lim [ pe)] " ) is an indeterminate form of type oo

X—a X—a

5. Thislimit hastheform = . We can simply factor the numerator to evaluate this limit.

0
2
+1)(x-1
im Xd iy SEDOD) =0
X— -1 X+1 X— -1 X 1 X——1
X+2 1
6. lim =lim ————— I|m — =1
X—>-2 X +3x+2 X— 2( +1)( +2) X— x+1
9 8
o o . Xx-1 . 9 9
7. Thislimit hastheform = .lim —— =lim 9—X:— 4:—(1)——
0 x->1x -1 x>1 5X4 5 S
-1
X -1 2 a
8.lim — =lim ==
X—1 X _l X—1 bxt}l b
o 0 ) COS X ) -sin X )
9. Thislimit hastheform = . Ilim — = |im ——=Ilim tanx=o0 .
0 ; 1-sinx + —COS X +
X—)( /2) X—>( /2) X—)( /2)
2 2
X+tan X . 1+sec x 1+1
10. i =lim = =2
X—0 X X—0 COS X 1
0 e 1 et
11. Thislimit hastheform = .lim — =lim — =0 smcee—>1and3t—>0 ast—0.
0 t—0 t3 t—=0 3tz
3t
e -1 3e
12. [im — =i =3
t>0 U 50 1
0 tan px 2 X 12
13. Thislimit hasthe form = . lim SPX i, PSC PX_p(l) _ P

O . X—0 tan X X—0 qsec qu q(1)2 q
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1-sin!
csc!

14. lim

0
=1 =0 . L’ Hospital’ s Rule does not apply.
L [2

15, This limit has the form % Jim X im 2o

X— 00 X— 0

e e
16.lim — =lim = =lim =00

X— 00 X— 00 X— 00
17. lim [(In X)/X]=-0c0 sinceIn x— -oco asx—0 and dividing by small values of x just increases the

X—0

magnitude of the quotient (In x)/x . L’ Hospital’ s Rule does not apply.

11
18, im NX o Inx x Lo
X— 00 X— 00 1 X— 00 XlnX
t t

o 0 53 _ 5In53In3 5
19. Thislimit hastheform = .lim — =lim ——— =In5-In3=In %
O t—0 t t—-0 1 3

20. lim ——= = Ux 1 _ 1

X—1 X—1 Cos X (_1)

21. Thislimit hasthe form 0 Jlim

ex—l—x_. e-1_. gx
O Xx—0 2

X X X

o ) ) ) e . e

23. Thislimit has the form 2 . lim E:Ilm i:Ilm — =lim — =
00 2 6X 6

X— 00 X X— 00 3X X— 00 X— 00

Sjim 22X 1
sinhx ,_ gcoshx 1

24. lim

X—0
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sn 'x 14 1x . 1

25. Thislimit hasthe form 9 Jlim
O X—0 X—0

) SN XX .. cosx-1 .. -sinx . —COS X
26.lim =lim =lim 6x =

X—0 X Xx—0 3X Xx—0

1-cosx ,. SinX .  COSX

Xx—0 X2 Xx—0

27. Thislimit hasthe form g lim

2
28, 1im 10X i 2('”XT)(lh():znm X _lim %(:2(0):0

X— 00 X— 00 X— 00 X— 00

xtsinx 0+0 O
29. I): | Xroos X =01 =0 . L' Hospital’ s Rule does not apply.

) ) 2 2
) COSMX-CosnNX .. —-Mmsinmx+nsinnx .. —-mMcosmx+n cosnx 1 2
30. lim > =lim > =lim 5 :é n -m

X—0 X X—0 X X—0

X X
31 Thislimit hastheform = . lim ——2—— =lim ——~ =jim %€ ji;m 28 1

X=>00 |n (1+28X) X— 00 —.Zex X— 00 2ex X—> 00 2ex
X
1+2e

1+16x 1
4 "4

. X . 1 )
32.lim ——— =lim 1—:I|m
X—0 tan (4)() Xx—0 2.4 X—0
1+(4X)

o 0 1-x+HInx . -1+1/x . ~-1/X -1
33. Thislimit hastheform = .lim ——— =lim ————— =lim = :—i
0 ,,11#cos x ;- sin X 2 2

2

’ 1

34. lim £—|I lim 1+2/X2 NE
X— 00 2X +1 2X +l X—00 2X +1 X—>00 2417/X
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0 1 a La a(afl)xa*2 a(a-1)
35. This limit hasthe form = . lim X" axra 1 —lim £—==im -
0 X—1 (X—1)2 X—1 2( 1) X—1 2 2
-2X
) 1-e 1-1 )
36. lim "1 =0. L"Hospital’ s Rule does not apply.
X—0

37. Thislimit hasthe form O- (—oc0) . We need to write this product as a quotient, but keep in mind

1
that we will have to differentiate both the numerator and the denominator. If we differentiate nx '

we get a complicated expression that results in a more difficult limit. Instead we write the quotient as
In x

~12 "
X
32
1/x —2
lim \/7( Inxalim 12X =fim .= =lim (-2x)=0
-1/2 + 1 32
X—>0 X X0 —= X - X—>0
2
2 x2 2X 2
. X . . . . X
38. Iim xe=lim —=lim —=lim — =Ilim 2e=0
X—> 00 X—> 00 éx X—> 00 ,éx X—>—00 éx X—>—00

39. Thislimit hasthe form oo - 0 . We'll change it to the form 0

0
neéx . 6C0s 6X
lim cot 2xsin 6x=lim =lim > 6(1)
x—0 X—)Ot an 2x X—0 2sec 2X 2(1)
40.
lim sinxlnx:”m M:”m sznm <ﬂ<_tanx>
ws 0 + CSC X + —CSC Xcot X . X
X—0 X—0 x—0
) sin X )
= <I|m ~ > <I|m tanx>:—l- 0=0
X—>O+ X—>O+
2 3 2
. X 3 -x .. ) ) )
41. Thislimit hastheform oco-0. Iim xelelm Lz:hm 3X2:hm 3—X2:I|m 32:0
X— 0 X—=0o0 X X— 0 X X— 00 X X— 0 X
xe e 4xe

42.
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lim (1-tan x)sec x=(1-1) ﬁ:o . L’ Hospital’ s Rule does not apply.
X— 14

43. Thislimit hasthe form 0. (-c0) .

lim Inxtan ( x/2)=lim #);/z):lim ”XZ -1 2:_3
xo 1 x> 1 x»>1 (= 12)ese ( X2) (- 12)(2)

tan (1) | sec 2 (-1¢)

44. lim xtan (Ux)=lim =lim sec (1/x)=1=1

X— 00 X— 00 1/X X— 00 _1/)(2 X— 00
45.
) 1 ) 1 1 . SinXx-X
l[im - -—cscX )] =lim - —— J=lim .
X—0 X X—0 X Sin X X—0 Xsin X
cosx-1 . -sin X

=lim —/—/—/———

0
+ =lm 2—.2520
0 XCOSXFSINX ' o 2C0SX-XSiN X

. . 1 COS X . l-cosx .. sin X
46. lim (csc x-cot x)=lim (.——.— =lim — =lim —— =0
s 0 w0 \ SINX sinx w,0 SINX 5 COSX

47. We will multiply and divide by the conjugate of the expression to change the form of the
expression.

2 2 2 2
. 2 ) X +X—X X +X+X ) X +X]-X
[im X +X-XJ) =lim . =lim

1 2 2
X— 00 X— 0 X +X+X X— 00 X +X+X

) X . 1 1
=lim —— =lim

[ F1UX+1 A1+

X 50 x2+x+x oo Y 1FL/x+1 1+1
. ) / 2 / 2 , 2 / 2 .

As an dternate solution, write || X +x-xas\/ X +x-\/ X , factor out \| X , rewrite as

(\I 1+1/x—1) /(1/x) , and apply I'"Hospital’s Rule.

_1
=3

48.

lim (i—i> Sim XXy LI X

w1 \ InXx x-1 w1 CDInX L (x-1)(Ux)+HInx X
=lim ——— =fim —— == 1
w1 X1¥xinx 5 I+l+lnx 240 2
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49. The limit has the form co —co and we will change the form to a product by factoring out X .

. . In x Inx 1/x
l[im (x-Inx)=lim x<17> =oo sincelim — =lim —/ =

X— 00 X— 00 X— 00 X— 00 1

Y o .
50. Asx—o00 ,1/x—-0,ande *_, 1. Sothe limit has the form co —co and we will change the form to
aproduct by factoring out x .
i
. 1Ux . Ux . e 1 . el/x f]JXZ . Ux 0
[im (xe —x)=lim x\e -1)=lim Tx =lim > =lim e =e=1

X— o0 X— o0 X— o0 X— 00 *1/X X— 00

2

In X 1/x 12
51. y—x :>Iny—xlnx so lim Iny=lim xInx—Ilm ——Im —— =lim —5X =0=
X—>0+ X—)O+ X—>O ]-/X X—0 2/X X—>O
2

. X .. In 0
lim x =lim e y:e =1.

+ +
X—0 X—0

52. y=(tan 2x)X:s Iny=x-Intan 2x , sO
lim Iny In tan 2x

[im x-Intan 2x=lim e

X= O X— O X— 0+

2
(Utan 2x)(2sec 22x) . —2X COS2X . 2X
=lim ———————=lim = lim

= 1im Sin 2x COS 2x =1-0=0=

x>0 ~1/X x-0 SIN2XCoS 2X x_. 0" x>0

[im (tan 2x)X=Iim elnyzeozl :

X—>O+ X—>O+

1-2 -2/(1-2
53, y=(1-2%)" = Iny== In(l 2%, solim Iny=lim &2 229,
X—0 X—0 X—0 1

lim (1-2x)"=lim e" y:e’2 .
X—0 X—0

a | bx a
54.y:<1+;(> = In y=bxIn < +;(> , SO

2

, . bin(1+a/x) _ . Y ab
[im Iny=lim X =lim > =lim 1+a/x_ab$

X— o0 X— 00 X— 00 *:I./X X— o0
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bx
) a Iny ab
[im <1+;(> =lim e y—

X— 0 X— 0

3 5 \* 3 5
55.y=<1+;(+—2> =Iny=xIn <1+;( —2>
X X
X 2 2 3 X 2 3+ —
X X L X

[im Iny=lim =lim =lim — =3,
X— 00 y—X o0 1/X X— 0 2 X 5
X
) 3 5 \* . In 3
0 lim 1+—+—2 =lim e"=¢"
X— 00 X X X— 00
In2)/(1+Inx) In2
56. —x( =Ilny= In Xx=
y= y_1+Inx
. . In2)(Inx) . In2)(/x) .
l[im Iny=lim %():hm %():Ilm In2=In2,
X— 00 X— 00 nx X— 00 X X— 00
. In2)/(1+Inx) . In In2
0 lim x( ) ):Ilm e V=g =2 .
X— 00 X— 00
x . . Inx 1/x ) Iny 0
57.y=x =Iny=(Ux)Inx=lim Iny=lim — =lim T—O:> lim x Zlim e =e =1
X— 00 X— 00 X— 00 X— 00 X— 00
x \Ux 1 X
58. y=\e +x :>Iny:;(ln e+Xx) ,s0
X X X
. . Inle+x] .. e+l . . e . x \Ux Iny 1
[im Iny=lim =lim — =lim =lim —=1=1lim \e+x] =lim e "=e=e.
X— 00 X— 00 X=>00 @ 4+X X200 @4] X—=>© eX X— 00 X— 00

X \* X
59.y=<m> =|n y=xIn <m>:>

lim Iny =lim xin (L )znm InxcIn(c+1) . 1x-2/(0c1)

X+1 X— 00 1/X X— 00 _1/X2

2
) X ) -X
=lim <X+T1>=|Im le—l
X— 0 X X— 0 X

X— 00 X— 00
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X— 00 X— 00
_ X +1\ 1| N
Or: lim <i> =lim |:<X—> i| :|:I|m <1+—> i| :el
X— 00 X+l X— 00 X X— 00 X
/ 5 . . In(cos3x) _. —3tan3x
60. y=(cos 3™ = Iny="> In (cos 3x) lim Iny=giim (€053 _ -0,
X X—0 X—0 X—0 1
. /x_ 0
so lim (cos 3x)5 —e=1.
Xx—0
2 2
1x 1 : . Incosx ,. -tanx .. =~ -sec X
61. y=(cos x) :>Iny:—2Incosx:>I|m Iny=lim > =lim o =lim >
X X— O+ X— 0+ X X— 0+ X— 0+
2
: uUx . | -1/2
lim (cosx)  =lim e '=e  =1ye
X—>0+ X—>0+
2x-3 | 21 2%-3
62.y:< 74—5) = Iny=(2x+1)In (ﬁ)j
2
lim Iny:lim In (2x-3)-In (2x+5) —lim 2/(2x-3)-2/(2x+5) —lim -8(2x+1)
X— 00 s 00 1/(2x+1) s 00 72/(2)(_'_1)2 s oo (2X-3)(2%x+5)

i g2+Ux) ol <2x3 >2X+1_ 8
=M o 3eesx ~ M\ 2x5 —©

X— 00 X— 00

63.

From the graph, it appearsthat lim x[In (x+5)-In x]=5 .
X— 00

To prove this, we first note that

X+5 5
In (x+5)-In x=In ~ =In <1+;( >—>In 1=0 as Xx— oo . Thus,
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1 1
lim x[In(x+5)-Inx] ~ In(x+5)-Inx . X+5 X
Yo 00 =lim —=——— =lim ———=
X— 00 1/x X— 00 —1/X2
: X—(x+5) X . 5x2
=lim | — = - |Flim & — =
X—s 00 X(X+5) 1 X—00 X +5x

64.

From the graph, it appearsthat lim (tan x)tan sz 0.368 .
X— /4
The limit has the form 1° . Now y=(tan x)tan 2X:>

In y=tan 2xIn (tan x) , sO

| _In(tanx) . secxitanx 2/
lim Iny=lim ——— =Ilim > = =1=
xo 14 xo 14 COU2X s oegn Py 2D
lim (tan )" > lim €"'=e '=1/e~0.3679 .
xo> 14 xo 14
65.
f(_. 1’
From the graph, it appearsthat lim ——= =lim —— =0.25. We calculate

X—0 a(x) x—0 g /(x)
X X

f -1

jim 2 gim L i

x>0 a(x) x>0 x +4x X-0 3x +4

M

66.
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: . f(x f
From the graph, it appears that lim 1) =lim () =4 . We calculate
Xx—0 g(X) X—0 g (X)
f(X) 2Xxsinx . 2(Xcos x+sin x)
[im —= =lim ——— =lim
X—)O ( ) Xx—0 SeCX—l Xx—0 SeCXtanX
2(—Xsin x+cos Xx+Cos X) 4
=lim :1:4
x>0 secx(sec x)+tan X(Sec xtan X)
eX X eX eX
67. lim —n:Iim — =lim —W:---:Iim — =00
X— 00 X X— 00 nx X— 00 n(ml)x X— 00
68. lim In—X:Iim ﬂ:Iim i:Osincep>0.

X— 00 Xp X— 00 pxFF X— 00 px

H nt i nt
69. First we will find lim <1+|F1> ,which is of the form 1 .y=<1+%]>

nN— oo

In y=ntIn <1+rl1> , SO

. ., 2
lim Iny=lim ntln <1+%] >—t|| mlJ’_'/”l =tlim (*l/n) _t|lm

e e oo AN o0 (1+i/n) (—1/n2)
i\ it

. Thus, asn— oo , A= < F\) —>A0e _

70. (a)

lim V jig =Y (1— 7Ct/m):n—]g lim (1—e7Ct/m)

t=o0 t— o0 ¢ t—> o0

-Jao="2.
C C

o 1t

/

it
=ti=lim y=e

N— o0

which is the speed the object approaches as time goes on, the so-called limiting velocity.

(b) lim v

mM— oo
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=lim
M— o0

ot/ _

mg ( fct/m)_ g .. Ledm g.. -e Ct/m(ct/mz)
9 (1 =9 \im g

C C C

:g(ct)lim e gt(1)

mM— oo

The speed of avery heavy falling object is approximately proportional to the elapsed timet , provided
it can fall for timet in an environment where the given model continuesto hold. .

71. We see that both numerator and denominator approach 0 , so we can use I’ Hospital’ s Rule:
1 3 4\V2({_3 3 1 23 2
- ,2a3x—x4—a§\la_ax . 5 (Za x—x) (Za —4x )—a( §> (aax) " a
- -3/4
() ™ (3a¢)

X—a 4 3 X— a
a \}ax -
1 3( 2 \-23
4a a\aa

—; (2a &a)_ﬂ (2 -3

( aa3) N ( 3aa2)

Dy BIP

1
3
) -3/4 3
4

72. Let theradius of thecircleber . We seethat A ) isthe area of the whole figure (a sector of the
circle with

1
radius 1), minusthe areaof A OPR . But the area of the sector of the circleis > rz! (see Reference

: 1 1 : 1 2.
Page 1), and the area of the triangleis érIPQI:Er(rsm! ):érzsm! . So we have

1 1 1
Al ):érz! érzsin! :érz(! -sin! ) . Now by elementary trigonometry,

1 1 1 1
Bl )=5 |QR| |PQ|=§ (r—IOQI)IPQI:E(r—rcos! )(rsin! ):érz(l—cos! )sin! .
So the limit we want is

[EEN

Al) 2 (! -sint) 1-cos!

LBl) ~ lim =lim 1-cos! )cos! +sin! (sin!
1-0 | -0 =r (1-cos! )sin! !_>0+( ' )eos! ' (sint)

N

lim

I\JII—\
Y
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) 1-cos! ) sin!
= I|m+ 2 dni :|'m+—sin! —-2cos! (-sin! )+2sin! (cos! )
| .0 Cos! —cos ! +sin'! |
X sin! i 1 1 1
— lim - - =lim = ==
L -sin! +4sin! cos! . + —1+4cos! -1+4cos0 3
. —> . —>

73. Since f(2)=0 , the given limit has the form g .
f@39+1(2¢5%) . '0+3%). 3+1 '(245%)- 5

X 1 =t '(2)-3+f '(2)- 5=81 '(2)=8 7=56

lim

x—0 X—0

2
+a+ — lim .Asx—»0,3x -0, and
2 2
X X—)O 3X

(2cos 2x+3ax2+b) — b+2, sothelast limit existsonly if b+2=0 , that is, b=-2 . Thus,

74. L=lim

X—0

sin 2x b im sin 2x+ax3+bx .. 2cos 2x+3ax2+b
X X X—0
2cos2x+3ax-2 . 4sin2x+6ax . 8cos2x+6a_ 6a 8

lim lim ———— =lim = , whichisequal to 0 if and
X—0 3X2 X—0 6X X—0 6 6

4 4
only if a= 3 Hence, L=0 if and only if b=-2 and a= 3

75. Since lim [ f(x+h)-f(x-h)]=f(X)-f(x)=0 ( f isdifferentiable and hence continuous) and lim 2h=0
h—0 h—0
, we use I’ Hospital’ s Rule:

o foeh) foch) ‘o)) f D) fogrt 0 2f ) 9
h-0 2h h-0 2 2 2
f (X+h)2_hf N 5 the slope of the secant line between (x-hi(x-h)) and (x+hf(x+h)) . Ash 0., this

line gets closer to the tangent line and its slope approaches f /(x) .

76. Since lim [ f(x+h)-2f(X)+f(x-h)]=f(x)-2f (X)+f(X)=0 ( f isdifferentiable and hence continuous)
h—0
and
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lim h2:O , we can apply I'Hospital’ s Rule:
h—0

/ /
lim f(X+h)72f (2X)+ f (th) —lim f (X+h)2hf (X*h) —f / /(X)
h—0 h h—0

At the last step, we have applied the result of Exerciseto f /(x) :

77. (a) We show that lim 1 =0 for every integer n>0 . Let y:i2 . Then

x>0 X
—1/x2 n n-1
im S gim & oim Loim Y= oiim Moo
x>0 x>0 (Xz)n yooo @ yooo g y—>oo o
tim T im T i im0 2o Thus, £ /(0)=lim 1O, 5
X—0 Xn x—0 Xn x-»0 x-0 Xn X—0 x-0 x—0

(b) Using the Chain Rule and the Quotient Rule we see that f (n) (X) existsfor x#0 . In fact, we prove
by induction that for each n> 0, there is a polynomial P, and a non-negative integer kn with
k
f (n) (x):pn(x) f(x)/x " for x2£0 . Thisistruefor n=0 ; supposeit is true for the n th derivative. Then
t 0=t (@), s0

n+1) k k

0= | x"[ B 09f+p,0 09| K x

( 1 i| 2k
f pn(x) f(x) | x

k 3 k-1 2
= | x"p00+p,00 (26%) kX" P00 | T
[ k+3 k +2 —(
= | x" p (9+2p )k x" p (¥ | F(xx
which has the desired form.

Now we show by induction that £ (™ (0)=0 for all n . By part (a), f '(0)=0 . Suppose that " (0)=0 .
Then

2 +3)

n

k
(Mg ROIFRXT  p(f()
=lim ———— =lim
Xx—0 X X—0 kn+1
X

(n) (n)
frrx)-f 7(0) ..
0 =lim

X—0

™) = 1im "

-0
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_ lim p (X)lim %zpﬂ(O)-O:O

~ x50 " x50
X

78. (a) For f to be continuous, we need lim f(x)=f(0)=1 . We note that for x+£0,

X—0
X . . . In|x|
In f(X)=In [x| =xIn |x| . Solim In f(x)=lim xIn |x|=lim

—= 4im ﬂ =0 . Therefore,
X—0 Xx—0 Xx—0 Ux 2
f(x)

X—0 ,1/X

. . 0 : :
l[im f(xX)=lim e =e=1.Sof iscontinuousat 0 .
X—0 X—0

(b) From the graphs, it appearsthat f isdifferentiableat O .

(c) Tofind f / , we use logarithmic differentiation: In f(X)=xIn | x| = ffTE())() :x< ;1( >+In | x| =

f /(x):f(x) (1+In | x]| ):lex(1+ln Ix|]) , x#0. Now f /(x)—>—oo as x— 0, so the curve has a vertical
tangent at (0,1) and is therefore not differentiable there. The fact cannot be seen in the graphsiin part
(b) because In | x| - -oc0 very slowly as x— 0.
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1. y:f(x):x3+x:x(x2+1) A. fisapolynomial, so D=R.B. x -intercept =0, y- intercept =f(0)=0
C. f(-x)=—f(x) , so f isodd; the curve is symmetric about the origin. D. f isapolynomial, so thereis

/ 2 . . : i
no asymptote. E. f (x)=3x +1>0, so f isincreasing on (-co,00) . F. Thereisno critical number and

hence, no local maximum or minimum value. G. f / /(x):6x>0 on (0,00) and f ! /(x)<0 on (-00,0) ,
so f isCU on (0,00) and CD on (-0 ,0) . Since the concavity changes at x=0, there is an inflection
point at (0,0) .

H.

2. y=f () =X +6X +9x=x(x+3)° A. D=RB. X —interceptsare-3 and 0 , y —intercept =0 C. No

symmetry D. No asymptote E. f /(x):3x2+12x+9:3(x+1)(x+3)<0<:>—3<x<71 , S0 f isdecreasing on
(-3,-1) and increasing on (-o0,-3) and (-1,00) . F. Local maximum value f(-3)=0, local minimum
value f(1)=4G. f ' (x)=6x+12=6(x+2)>0x> 2 , 0 f isCU on (-2,00) and CD on (~o0,-2) .
IPat (-2,-2)

H.

3. y= ()=2-15x+9¢x=(x-2) (X2-7x+1) A. D=RB. y -intercept: £(0)=2; x- intercepts: f(x)=0

7++45
= x=2 or (by the quadratic formula) x= JZE ~0.15,6.85

C. No symmetry D. No asymptote E. f '(x)=—15+18x-3x°=-3 (x*-6x+5) = 3(x1)(x_5)>0c> 1<x<5
so f isincreasing on (1,5) and decreasing on (-c0,1) and (5,00) . F. Local maximum value f(5)=27

local minimum value f(1)= 5G. f ' (=18 6x=6(x 3)>0x<3, 50 f isCU on (-0,3) and CD
on (3,00) . IPat (3,11)
H.
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4. y=f (x):8x2—x4:x2 (&xz) A. D=RB. y -intercept: f(0)=0 ; x- intercepts. f(x)=0=x=0, + Zﬁ (
~+2.83) C. f(-x)=f(X) , so f iseven and symmetric about the y —axis. D. No asymptote E.

f /(x)216x—4x3:4x(4—x2) =4x(2+X)(2-X)>0<x<-2 or 0<x<2, so f isincreasing on (-c0,~2) and
(0,2) and decreasing on (-2,0) and (2,00) . F. Local maximum value f(+2)=16, local minimum

2 2 2
value F(0)=0 G. T ' '(x)=16-12=4 (4-3:%) =06 x=t % ' (x>0e- =< o fiscu

on (—%% ) and CD on (—oo,—% ) and (%oo) .IPat (i%%) H.

5. y:f(x):x4+4x3:x3(x+4) A. D=RB. y-intercept: f(0)=0 ; x —intercepts. f(x)=0«<x=-4,0 C. No

symmetry D. No asymptote E. f /(x):4x3+12x2:4x2 (x+3)>0<x>-3, so f isincreasing on (-3,00)
and decreasing on (—oo ,-3) . F. Local minimum value f(-3)=-27 , no local maximum G.

£ (0=12x +24x=12x(x+2) <0 —2<x<0

so f isCD on (-2,0) and CU on (-c0,-2) and (0,00) .
IPat (0,0) and (-2,-16)

H.
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6. y:f(x):x(x+2)3 A.D=RB. y- intercept: f(0)=0 ; x —intercepts: f(x)=0< x=-2,0 C. No symmetry

1
D. No asymptote E. f '(x)=3x(x+2) +(x+2) *=(x+2) °[ 3x+(x+2) |=(x+2) (4x+2) . f '()>0x> = |
and f /(x)<0(:>x<—2 or —2<X<- 1 , so f isincreasing on (— % ,oo) and decreasing on (o0 ,-2) F.

Loca minimum value f (% )z i—g , ho local maximum
G.

100 =02 (@) +(ax+2)(2)(x+2)

=2(x+2) [ (x+2)(2)+4x+2]
=2(x+2)(6x+6)=12(x+1)(x+2)

£! /(x)<0<:>—2<x<71 ,s0 f isCD on (-2,-1) and CU on (-o0,-2) and (-1,00) . IPat (-2,0) and
(71’71)
H.

7. y:f(x):2x5—5x2+1 A. D=RB. y- intercept: f(0)=1 C. No symmetry D. No asymptote E.

f /(x)=10x4—10x=10x(x3—1)=1Ox(x—1)(x2+x+1) ,S0 f /(x)<0<:> O<x<land f /(x)>0<:> x<0or x>1.
Thus, f isincreasing on (-c0,0) and (1,00) and decreasing on (0,1) .

F. Local maximum value f(0)=1 , local minimum value f(1)=—2 G. f ' (x)=40x>-10=10(4x"-1) s0

t ' 0=0ex=V33 . ' (x>02x013E and t ' /(0<02x<3[3 , <0 f isCD on (oo, 13[4)
3 1 9

and CU on (1/—\/71,00) Pat ( —— 1 >z(o.630,o.786)

TREE
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20
y:f(x):ZOx?’—Sx5 A. D=RB. y- intercept: f(0)=0 ; x —intercepts: f(x):O<i>73x3 <x2 - )zO@ x=0

3
or i\[ 20/3~+2.582 C. f(-x)=—f(x), so f isodd;
the curve is symmetric about the origin. D. No asymptote E.
f/()=60x15x = 15X (X —4)=—15x (x+2)(x-2) , 90 f ' (X)>0c—2<x<0 or 0<x<2 and f '(x)<0<
x<-2 or x>2 . Thus, f isincreasing on (-2,0) and (0,2) and f isdecreasing on (—c0,-2) and (2,00) .
F. Local minimum value f(-2)=-64 , local maximum value f(2)=64 G.
f / /(x)=120x—60x3=—60x(x2—2) f / /(x)>0<:>x<—\ﬁ or O<x<\ﬁ ; f / /(x)<0<:>—ﬁ<x<0 or x>\[§ .
Thus, f isCU on (-o0,2)
and (02) ,and f isCD on (2,0) and ({2,00) . IPat (2,282 )~(-1.414,-39.598) , (0,0) ,

and (V2.28,2)
H.

9. y=f(X)=x/(x-1) A. D={ x|x# 1} =(-c0,1)U(1,00) B. x —intercept =0, y —intercept =f(0)=0 C. No

. X . . X . X .
symmetry D. Iim — =1,soy=1lisaHA.lim =00 ,lim — =00 ,s0x=1isaVA.E.
X +00 X - X= + %1

(X_l)_x _ _l X—1 X—1
(x1)°  (x1)

G.f' /(x): 2 3 >0<x>1, 50 fisCU on (L,00) andCD on (-c0,1) . No IP
(x-1)

f /(x): <0 for x#1, so f isdecreasing on (-0 ,1) and (1,00). F. No extreme values

H.

10. y:></(x—1)2A. D={x|x 1} =(-00,1)U(1,00) B. x- intercept =0, y -intercept =f(0)=0 C. No

symmetry D. lim =0,soy=0isaHA.Ilim =00 ,S0x=1lisaVA.E.

X— + 00 (Xfl) X—1 (Xfl)
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(DD XD _ —x1

4
(x-1) (x-1)
, S0 f(x) isdecreasing on (~c0,-1) and (1,00) and increasing on (-1,1).

f /(x): . Thisis negative on (—co ,~1) and (1,00) and positive on (-1,1)

1
F. Local minimum value f(-1)=- ALY local maximum. G.

(D EDHH)E)x D) _ 20x+2)

(x1)° (x-1)"
and (1,00) . So f isCD on (-o00,~2) and CU on (-2,1) and (1,00) . IPat <—2,—229 )
H.

¢! /(x):

. Thisis negative on (-c0 ,~2) , and positive on (-2,1)

11. y:f(x)zl/(xz,g) A. D={x|x#+3} =(-00 ,-3)U(-3,3)U(3,00) B. yintercept:f(0)=§1) , N0 X

. . . : : : 1
—intercept C. f(—x)=f(x)= f iseven; the curveis symmetric about the y- axis. D. lim — =0,s0
X—>Foo x -9

. . 1 . 1
y=0isaHA. lim - = ,lim — %0,
X—>3 X -9 X—>3+ X -9

1 1
lim —— =00, lim —— =0 ,s0x=3and x=-3aeVA.E. f ‘()=
x>-3 X9 x—»-3 X9 X -9
so f isincreasing on (—o0,~3) and (-3,0) and decreasing on (0,3) and (3,00). F. Loca maximum

2 )2 2 2
1 _ ~ ~
vaIuef(O)=—$—9 .G.y/ = 2(X 9) +(2X)2(X 9) (2x) =6(X +3) >0<:>x2>9<:>x>3 or x<-3,s0 f

2 \4 2 \3
(x —9) (x —9)
isCU on (-c0,-3) and (3,00) and CD on (-3,3) . No IP
H.

5 >0 x<0 (x£-3)
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12. y:f(x):x/(xz—g) A. D={ x|x#+ 3} =(-00,-3)U(-3,3)U(3,00) B. x —intercept =0, y- intercept

=£(0)=0. C. f(-x)=—f(x) , s0 f is odd; the curve is symmetric about the origin. D. lim —— =0, 0
X—>+oo x -9

. _ X ) X ) X ) X
y=0isaHA. lim — =00 ,lim - =, lim - T, [im - = , S0 x=3 and x=-3
X— 3+ X -9 x—3 X -9 X— 73+ X -9 x—-3 X -9

(x2—9) —X(2x) _ X +9
(x2—9) ’ (x2—9)

and (3,00). F. No extreme values G. f / /(x):— 2

aeVA.E. f '(x)=

5 <0(x#+3)s0 f isdecreasing on (-0 ,-3) , (-3,3),

x(-9) " (P+0)- 2(x-9) (2x) _ 2x(xP+27)

(x-9)* (x2923

when -3<x<0 or x>3, so f isCU on (-3,0) and (3,00) ; CD on (-o0,-3) and (0,3) > IP at (0,0)
H.

>0

13. y=f(X)=x/ (x2+9) A. D=RB. y -intercept: f(0)=0 ; x —intercept: f(X)=0<=x=0C. f(-x)=—f(x),
so f isodd and the curve is symmetric about the origin. D. lim [x/ (x2+9) ]:O ,S0y=0isaHA;

X— + 00

(x2+9) (1)-x(23 _ 9 x _ (393

(%) (&e)" (eo)”
(-3,3) and decreasing on (-0 ,-3) and (3,00) .

noVAE. f /(x)= >0<-3<x<3, s0 f isincreasing on

1 1
F. Local minimum value f(-3)=- 6 local maximum value f(3)= 6 G.f / /(x)

(o) (29 (9¢)-2(Pre) @0 _ 29 (Ero) [ (re) 2(9F)] _ax(Par)
272 - ) \4 = > \3 < x=0,
[(¢+9)°] (x+9) (x'+9)
£ 27=4+3y3 1 ' /(x>0 -3{3<x<0 0o x>3y3 , 50 f isCU on (~3y3,0) and (3y3.00) , and CD
on (—oo ,—3\/5) and (0,3\/5) . There are three inflection points: (0,0) and (iBﬁ,i 1—12 ﬁ) .
H.
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14.y=1()=x2 (x2+9) A.D=RB. y -intercept: f(0)=0 : x -intercept: f()=04x=0C. f(-x)=F(x) ,
so f iseven and symmetric about the y —axis. D. lim [XZ/ (x2+9) ]:1 ,soy=1lisaHA; noVAE.

X— £ 00

(x2+9) (2x) —x2(2x) _ 18x

(2)* (49)
(~00,0) . F. Local minimum value f(0)=0 ; no local maximum G. f / /(x)
(x+0) (18 18%- 2 (x+9)- 2 _ 18(+0) [ (+0)-4x] _ 18(9-3¢)
[ (x2+9) 2] ’ (x2+9) ’ (x2+9) >

= M(XEEL)(;(\E’) >0&—3<x<y3 so0 f isCU on (—{3,/3) and CD on (o0, 3 and

(\I?Boo) . There are two inflection points: (iﬁ%) :
H.

£ /(=

5 >0 x>0, s0 f isincreasing on (0,00) and decreasing on

15. y=f(x)= X—21 A. D={x|x0} =(-00,0)U(0,00) B. Noy —intercept; x —intercept: f(x)=0< x=1 C.

X
No symmetry D. lim x1 =0,soy=0isaHA.lim x1 =00 ,s0x=0isaVA.E.
X— +00 X2 X—0 X2
2 2
f =X 1(’;12)' X _ X ZZX = (X32) 10 f ()0 0<x<2 and f '(x)<0 x<0 or x>2 . Thus, f
X X X

isincreasing on (0,2) and decreasing on (-c0,0) and (2,00) . F. No local minimum, local maximum
X (-1)-[-(x-2)]- 3 _ 6% _ 2(x-3)

; I, .. A
( 3)2 5 IR (X) isnegative on
X X X

value f(2):211 Gt =
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(~00,0) and (0,3) and positiveon (3,00) , so f isCD on (-o0,0) and (0,3) and CU on (3,00) . IPat

@

2
16. y=f (x)= X—;Z A. D={x|x#0} =(-00,0)U(0,00) B. Noy —intercept; x —intercepts: f(X)=0<

X
2

xziﬁ C. f(-x)=f(x) , so f iseven; the curve is symmetric about the y —axis. D. lim X—42 =0, s0
X— t oo X
x2—2
y=0isaHA.Ilim — =% ,S0x=0isaVA.E.
X—0 X

l, x4- 2x—(x2—2) (4x3) _ —2x5+8x3 _ —2(x2—4) _2(x+2)(x-2)
f (x)= = = =
4\ 2 8 5 5
X X X X

(2,00) and positive on (-0 ,-2) and (0,2) , so f isdecreasing on (-2,0) and (2,00) and increasing

.t '(x) isnegative on (-2,0) and

: 1 .
on (-o0,-2) and (0,2) . F. Local maximum value f(+2)= g o local minimum. G.

¢ ()= X (4X)+25(X224)- Bx _ 2x4|:2x24i(5;>(x2 )] _ 2(3x2620) ¢ (x) is positive on
X X X

(<) (=) e () v (T o
D e (T ey e

20 21
3 1300 |~ (£2:5820,0.105)
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2 (%3)s 3 | |
17. y=f(x)= > = =1-—— A.D=RB. y- intercept: f(0)=0 ; x —intercepts: f(x)=0<

X +3 X +3 X +3

x=0C. f(—x)=f(x) , so f iseven; the graph is symmetric about the y —axis. D. lim ;(— =1,s0
X— oo x +3

y=1lisaHA. No VA. E. Using the Reciprocal Rule, f /(x):—3- X __ OX .f /(x)>0<:>x>0

(¥ea)” ()’
and f /(x)<0<:>x<0 , S0 f isdecreasing on (-o0,0) and increasing on (0,00) . F. Local minimum
(x%+3)% 6-6x 2(x%+3)- 2x
[ ()T’
6(x+3) [ (X+3)-4X] _6(3-3¢) _ -180ee1)00)
(¥+3)” () ()
£! /(x) isnegative on (-oo,-1) and (1,00) and positiveon (-1,1) , so f isCD on (-o0,-1) and

(100) and CU on (-1.1) . IPat <i1,i>

value £(0)=0 , no local maximum. G. f ' '(x)=

3
-1
18. y:f(x):xg— A. D={x|x#-1} =(-00,-1)U(-1,00) B. x -intercept =1, y —intercept =f(0)=—1 C.
X +1

3 3

,1 _
No symmetry D. lim X3— = lim L1x
X—>Foo x +] X—>*oo 1+1/x

=1,soy=lisaHA.
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ngl x3—
lim 3 T and lim =3 = ,s0x=1 iIsaVA.E.
X—>717 X +1 X—>71+ X +1
3 2\ (3 2 2
f /(x): (X +1) (3X )7()( 71) (3X ) - X >0 (x#-1) so f isincreasing on (-co0 ,~1) and
3 2 3 2
(x +1) (x +1)
3.\2 .2 3 2 3
(-1,00). F. No extreme values G. y/ /= 12X(X +1) ox 24(X +1)' X - 12)((12)(3) >0&x<-1 or
(x3+1) (x3+1
O<x<3i ,<so f isCU on (-o0,-1) and <03i > and CD on (-1,0) and 3i ,oo> IPat
i 2 2

o4 (323)

19. y:f(x):x\[ 5-x A. Thedomainis {x|5-x> 0} =(-c0,5] B. y- intercept: f(0)=0 ; x —intercepts:
f(X)=0<x=0, 5 C. No symmetry D. No asymptote E.

¢! ()=x: % (&X)—sz (-1)+ (&X)l/z_ 1= % (&X)-yz[ier 2(5-%)]= 10-3x

>0<:>x<1—0 so fis
21I5—x 3

1 1
increasing on <—oo,30 ) and decreasing on ( —:S ,5) . F. Local maximum value

10 10 - 11
f< 3 )- 5 y15~4.3; noloca minimum G. f * '(x)

2(5-%)" (~3)~(10-3)- 2 ( %

-1/2
) (&X) (*1) _ (5X)71/2[*6(5X)+(1&3X)] _ 3x-20 ¢ /|

4(5-x) 4 (5)()3/2

> (x)<0
(Z\I&x)

for x<5,s0 f isCD on (-00,5) . No IP

H.
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20. y:f(x):ZWIx—x A. D=[0,00)] B. y- intercept: f(0)=0 ; x —intercepts. f(xX)=0= 2\’x:x:> 4x:x2:>
1 1

4x-X'=0= x(4-%)=0= x=0 , 4 C. No symmetry D. No asymptote E. f '(x)= = 1= —= (1+x) .
X X

Thisis positive for x<1 and negative for x>1 , so f isincreasing on (0,1) and decreasing on (1,00) .
- 1
F. Local maximum vaue f(1)=1, noloca minimum. G. f / /(x):(x 1/271) =5X 32 —;L/Z <0 for
2X

x>0,s0 f isCD on (0,00) . NOIP
H.

21. y=1(x)= x2+1—x A. D=R B. No x —intercept, y —intercept =1 C. No symmetry

2

: : : X+1+x 1
D. lim (\/x2+1—x):oo and lim (\/x2+1—x):llm (\/ x2+1—x) lL:Ilm —— =0,

X— —00 X— 00 X— 00 1’X2+1+X X— 00 -\/X2+1+X

{ 2

X X\ X +1
2 - / 2
X+1 X+1

1

extreme values G. f / /(X):(z—)3/2 >0,s0 fisCUonR.NolIP
X +1

soy=0OisaHA.E. f /(x): = f /(x)<0 , S0 f isdecreasingon R F. No

H.

22. y=f(x)= \[x/(x 5) A.D= {x|x/(x 5)> 0} =(-00,0]U(5,00) . B. Interceptsare 0 . C. No symmetry

’ ’ / X
D. lim — =1lim =1, soy—llsaHA I|m — =00 ,0x=5isaVA.E.
X— + o0 X— + o0 1 5/X 75

i (X):é ( X—X5> e ()((_Z))Z =2 [x(x 5) ] ]J2<O ,so0 f isdecreasing on (-c0,0) and (5,00). F.

2
/1 -3/2 2 1
No extremevalues G. f (x)— [ ] (x-5) (4x-5)>0for x>5,and f  (X)<O for x<0, so f
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isCU on (5,00) and CD on (-c0,0) . No IP
H.

23. y=f(X)=x/ x2+1 A. D=RB. y -intercept: f(0)=0 ; x —intercepts. f(x)=0=x=0C. f(-x)=—1(X),
so f isodd; the graph is symmetric about the origin. D. lim f(X)

X— 00
=lim =lim =lim =lim lim f(x)
X— 00 "/X+ X—> 00 "/X+1/X x->oo."x+l/\/_ X— 00 ." 2X—>oo
=lim =lim lim =lim
X—>OO-"X+ X—>OO-"X+1/X X—>OO-"X+1/(\/_) X— —00 1’1+1/X d
2X
x+1 —X- -
2 2
y=+1are HA. No VA. E.f/(x): 2yx+l _ x+x __ 1 >0 forall x,so f is
2 ]./ﬁz 2 3/2 2 3/2
[(<+1) (31)* ()
. : 2 \-52 -3X /1 /1
increasing onR.f (x)— - \x+1)  -2x= o f (X>0forx<Oand f (x)<O for
(x +1)

x>0 . Thus, f isCU on (-0 ,0) and CD on (0,00) . IPat (0,0) H.

24, y=f(x)=x\/ 25 A, D=[-y2,{2] B. y -intercept: f(0)=0 ; x -intercepts: f(x)=0=
x=0, iﬁ .C. f(-X)=f(X) , so f isodd; the graph is symmetric about the origin. D. No asymptote

2 2
X, 27)(2_—x +2-x _ 2(1+x)(1-X)

\/ 2—x2 \f 2—x2 \f 2—x2

1<x<y2 , and positive for -1<x<1, so f isdecreasing on (—2,-1) and (1,J2) and increasing on
(-1,1) . F. Local minimum vaue f(-1)=-1, local maximum value f(1)=1. G f / /(x)

E. f /(x):x- .f /(x) IS negative for —ﬁ<x<—1 and
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\/2 X (4x%)-(2-2X) —
\f (2 xz)( 4x)+(2- 2x2)x 2x3 6X 2x(x -3) Smcex
[(2—x2)ﬂ2] (2-x 2)3/2 (2-x 2)3/2 (2-x 2)3/2

in[y242] . ' (>0 for y2<x<0 and ' '(x)<0 for 0<x<{Z . Thus, f isCU on (—Z.0) and
CD on (042) . Theonly IPis (0,0) .
n

-3<0 for x

25. y:f(x):\f 15 X A. D={x]| x|< 1,x£0}=[-1,0)U(0,1] B. x- intercepts +1, no y —intercept C.

2 / 2
1-x 1-x
f(-x)=—f(X) , so the curve is symmetric about (0,0). D. lim AXE =00 , lim =, 0

X—0 X—>07
x=0isaVA.E. f '(x)= ( X/\ll X ) S -1

(0,1) . F. No extreme values G. f / /( X)= (2 3X) >0&-1<x<- -\/ = or 0<x<-\/ ,0 f is
x 1-X

ovm (17 ) ou (7 ) mcoen (3) (7).

<O so f isdecreasing on (-1,0) and

wIin

26. y="f(x)=x/ X1 A. D=(-c0,~1)U(1,00) B. Nointercepts C. f(-x)=—f(x) , so f isodd; the graph
IS symmetric about the origin. D.
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lim > =1 and lim =1,so0y=t1lareHA.Ilim f(X)=toco and lim f(X)=—c0 , SO
X— 00 X— —00 + _
1 x -1

X — X—1 X—-1
2
\f X -1-X-

x=t1aeVA.E. f '(x)= {7 1/%221 = ();211))(32’2: (Xzi) — <0, 50 f isdecreasing on
v ~ ~
(~00,-1) and (1,00). F. No extreme values G. f / /(x):(—l) (g ) ( 271) o2 2x= ()(23—55/2

f''x)<0 on (-o0,-1) and f ' '(x)>0 on (Loo) , 0 f isCD on (~o0,-1) and CU on (1,c0) . No IP
H.

27. y:f(x):x—ijj3 A. D=RB. y- intercept: f(0)=0 ; x —intercepts. f(x)=0= x:3xﬂ3:> x3:27x:>

x3—27x:0:> x(x2—27):0:> x=0, + 3\/73 C. f(-x)=—f(x) , so f isodd; the graph is symmetric about the
213_ 1 1 x2/3—1

origin. D. No asymptote E.  '(x)=1-x * =1 = =X—= . (x>0 when |x|>1 and f '(x)<0 when
X X

0<|x|<1, so f isincreasing on (-c0 ,~1) and (1,00) , and decreasing on (-1,0) and (0,1) . F. Loca

: . 2 -
maximum value f(-1)=2 , local minimum value f(1)=-2 G. f / /(x): 3 X 5/3<O when x<0 and

t ' /(x>0 when x>0, 50 f isCD on (~c0,0) and CU on (0,00) . IPat (0,0)
H.

/3 _ 23 2/ . :
28. y:f(x):x5 3—5x 3:x 3(x—5) A.D=RB. x -intercepts0, 5; y —intercept 0 C. No symmetry D.
: . 5 10 113 5 -

lim X2/3(X75)::too , S0 thereis no asymptote E. f /(x): 3 x2/3— 3 X 13 3 X US(X—2)>O<:> x<0 or
X— +00
x>2 ,s0 f isincreasing on (-o0,0) , (2,00) and decreasing on (0,2). F. Local maximum value

£(0)=0 , local minimum value f(2)=-33[4 G.
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10 13 10 43 10 -4
(X)_3 N 5 x 3 3 X x (x+1)>04x>-1 , 50 f isCU on (~1,0) and (0,00) , CD on

(foo ~1) .IPat (-1,-6) H.

29. y:f(x):x+\[ x| A.D=RB. x-intercepts0,-1;y -intercept 0 C. No symmetry D.
lim (x+\f X )=c0 , lim (x+wf [X| )=-co . No asymptote E. For x>0, f()=x+x=

X— 00 X— —00

/ 1 / 1
f (X)=1+ —= >0, so f increaseson (0, . For x<O,f(X)=x+y{-Xx = f (X)=1- >0 24-x>1
() T (0,00) (X)=x+-x = f (%) e VX

1 1 . 1 1 )
S-X> - &X<-- , 90 f increases on (—oo — 21 ) and decreases on (— 21’0> . F. Local maximum

4 4
1 1 1 -
value f ( 2 )ZZ , local minimum value f(0)=0 G. For x>0, f / /(x):— 2% 3/2:>f / /(x)<0 , S0 f

1 -
isCD on (0,00) . For x<0, f / /(x):— Z(—x) 2 ¢! /(x)<0 ,s0 f isCD on (-00,0) . NoIP
H.

3[{2 \2 (2 \283 _ .
30. y=f(x)= (x —1) :(x —1) A.D=RB. x-intercepts+1,y -intercept 1 C. f(-x)=f(X) , sO
2/3
the curve is symmetric about the y- axis. D. lim (x2—1) =00 , N0 asymptote E.

X— + o0
/ 4 (2 |13 / / _ .
f (x)= 3 XX -1 = f (X)>0ex>1 or -1<x<0, f (X)<O<x<-1 or O<x<1.So f isincreasing on
(-1,0) , (1,00) and decreasingon (-c0,-1) , (0,1) . F. Loca minimum values f(-1)=f(1)=0, local

-1/3 -4/3
maximum value f(0)=1 G. f ' '(x)= g (1) " g X (— % ) (1) “2v

:g (@ 3) (1) >0 1x1>y3 00 fisCU on (<00, y3) . (y3.e0) and CD on ({3, 1) ,
11, (143) .1psat (+43.32) H
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31 y=f(x)=3sin x-sin’x A. D=RB. y- intercept: f(0)=0 ; x -intercepts: f (x)=0— sin x(3-sin x)=0=

sinx=0 [ sincesinzxg 1<3] = x=nr , n aninteger.
C. f(-x)=f(X), so f isodd; the graph (shown for -2 < x< 27 ) is symmetric about the origin and
P . / . :
periodic with period 27 . D. No asymptote E. f (X)=3cos x-3si n2x COs X=3c0s x(l—su n2x) :30053x :
f /(x)>0<:>cos x>0& xe <2n7r% ,2n7r+% ) for each integer n, and f /(x)<O<:>
3 . _ .
cos X<0&xe <2n7r+% 2T+ —;T ) for each integer n. Thus, f isincreasing on
<2n7r% ,2n7r+% ) for each integer n, and f isdecreasing on <2n7r+% 2T+ 3—; ) for each

integer n. F. f haslocal maximum values f(2n7r+% )=2 and local minimum values
f(2nr+ 3—; )=2.

/1 . . : : . : /1 .
G.f (X=9sinx coszx:—93| nx(1-s n2x):—95| nx(1-snx)(1+sinx). f (X)<O0«<sin x>0 and

Sin X#£ +1&Xxe <2n7r,2n7r+ i )U <2n7r+ z 2n7r+7r> for someinteger n. f / /(x)>0(:>sin x<0 and

2 2’

Sin X#£ +1&Xxe (2rr1)7r,(2rr1)7r+% U (2m1)n+% ,2n7r> for someinteger n. Thus, f isCD
1 1

on the intervals <2n7r,<2n+§ ) 7r> and ( <2n+§ ) 77,(2n+1)7r> for eachinteger n, and f is

CU ontheintervas ((2n—1)7r,<2n—% ) n) and ( (2&—; ) 71,2n7r> for eachinteger n. f has

inflection points at (nr,0) for each integer n .
H.

: : sin .
32. y=f(x)=sin x-tan x A. D:{ X|x#£ (2n+1) %} B. y=0<sin x=tan X:Fs); <sin x=0 or cos x=1
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&x=nr ( x- intercepts), y —intercept =f(0)=0 C. f(-x)=—f(X) , so the curve is symmetric about (0,0)
. Also periodic with period 27 D. lim (sinx-tanX)=-co and lim (sin x-tan X)=co , SO

X (112) X (112)"
T

2

/1 : .
((Zml)% ,(2n+1)% ) F. No extremevaluesG. f =~ (X)=-sin x—29ec2x tan x=sin x(1+299c3x) .

/ 2 : . . .
x=nt+ = areVA.E. f (X)=cosx-sec x< 0, so f decreases on each interval in its domain, that is, on

. 1 /1 3 .
Note that 1+Zse03x;é0 since sech;é— = . (x>0 for - L «x<0and = <x<21 ,s0 fisCUon

2 2 2
1 1
((I’Fé >7T,|’17T> and CD on (nn,(n+§ )n) . f hasIPsat (nr,0) . Note also that f /(O):O,
but f /()=—2 .

H.

33. y=f(X)=xtanx , - Zex<Z A D:<— ZZ ) B. Interceptsare 0 C. f(-x)=f(X) , so the curve

2 2 2'2
issymmetric about the y- axis. D. lim xtanx=co and lim Xxtan x=co ,sox=% and x=—%
X (712) x> (112)"
/ 2 .
areVA.E. f (X)=tan x+x sec x>0<:>0<x<% , S0 f increaseson (O% ) and decreases on

(39)

. /1
F. Absolute and local minimum value f(0)=0.G.y =29eczx+2x tan x sec2x>0 for - % <x< % , SO

. 7T 7T
f isCU on (2,2>.N0IP
H.

N

7T 7T 7T
34. y=f(X)=2x-tan x , — > <X< > A. D= ( >0

) B. y- intercept: f(0)=0 ; x —intercepts. f(0)=0
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&2x=tan x&x=0or x~+1.17 C. f(-X)=-f(X) , so f isodd; the graph is symmetric about the origin.

D. lim (2xtan X)=co and lim (2x-tan x)=-co , SO X=+ ~ areVA.NoHA. E.

. . 2

X— (771/2) X— (7r/2)

/ 2 / . . T
f (X)=2-sec x<0& |sec X| >ﬁ and f (xX)>0< |sec X <\I§ , S0 f isdecreasing on ( > 2 ) :
. . 7T . . 7T .
increasing on (Z ' ) , and decreasing again on ( 13 ) F. Loca maximum value

7T 7T . T \_ 7T /1
f ( 2 )- 2—1,Ioca| minimum value f ( 4 )- > +1G. f (X
/1

=-2SeC X- SeC X tan x=—2tan x seczx:—ztan x(tan2x+1) sof (X)>0&tan x<0&- % <x<0, and
f (<0 tan x>0 0<x< 5 . Thus, f isCU on (—% ,o) and CD on (0,% ) fhasanIPat

(0,0) . H.

(A : : :
35. y=f(x)= 5> X sinx, 0<x<37 A. D=(0,37) B. Noy -intercept. The x —intercept, approximately 1.9
1
, can be found using Newton’s Method. C. No symmetry D. No asymptote E. f /(x): > —Cos\;,x>0<

2T e o I oyiezr o fisincreas <5@> d<E3> d
COS X 2<:>3 X 3 or 3 X<or ,S0 T ISINCreasing on 3’3 an 3,7'[ an

. T 5t Tn . T\ E
decreasing on <0,3>and< 33 ).F. Locd mlnlmumvaluef<3>—6 5 , locd

3 7 7 3
maximum value f ( 5—:7; >=5—g +3g , local minimum value f ( Eﬂ )=%—3g G.

I :
f (X)=sin x>0 0<x<m or 27<x<37 ,so0 f isCU on (0,7) and (27,37) and CD on (7,27) .
IPsat <7r% ) and (27,7) . H.
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36. y=1f(x)=cos 2x—23in x A. D=RB. y- intercept: f(0)=1 C. No symmetry, but f has period 2 . D.
/ . . / .
No asymptote E. y =2c0s X(-Sin X)-2c0s Xx=-2cos X(sin x+1) . y =0<cos x=0 or sin x=-1&

x=(2n+1) % Ly />O when cos x<0 sincesin x+1>0foral x.Soy />O and f isincreasing on
((4n+1)% ,(4n+3)% ) Y /<O and f isdecreasing on ((4rr1)% ,(4n+l)% ) . F. Loca maximum
values f ((4n+3)% >:2 , local minimum values f ((4n+1)% >:—2 G.

y /:—Zcos X(sin x+1)=-Sin 2x-2C0S X=y / /:—Zcos 2X+2sin Xx=-2 ( 1-2sin 2x) +2sin X
. : . . : 1 5t
=4sin 2x+23|n x-2=2(2sin x-1)(sin x+1)y / /:0<:>S| nx=35 or 1= x= % +2nr 5 +2nr , or

3 _ 571
—;T+2n7r.y//>0andf|sCUon(E5 +2nr, — +2 ),y <O0and f isCD on

(5—g+2n7r,%+2(n+1)7r> |Psat< - ) ( 211)

.H.

37. y=f(X)=sin 2x-2sin x A. D=R B. y —-intercept =f(0)=0 . y=0< 2sin x=sin 2X=2sIN XCOS X<
sin x=0 or cos x=1< x=n7 ( x- intercepts) C. f(-x)=—f(X) , so the curve is symmetric about (0,0) .
Note: f isperiodic with period 27 , so we determine E— G for -7 < x<m. D. No asymptotes E.

1 2
f /(x):2cos 2X-2C0S X=2 (2003 2xfl—cos x) =2(2c0s x+1)(cos x-1)>0« cos x<- 5 &KX -5 o

2 o o fisincreas ( %)(E)dd - (%E)F

3 x<7 ,s0 f isincreasingon { —r,— 3 , 3 7 and decreasingon | — 33 . F.
3 3

Loca maximum vaue f (2—; )zizi , local minimum value f ( % )zizi G.

/11 . . . 1 11 .
f(X)=-4sin 2x+2sin x=2sin x(1-4cos x)=0 when x=0, =77 or cos x= 2 If « =cos 2 then f is

CUon (-«,0) and («,7) and CD on (-7,~« ) and (O, ) . IPsat (0,0) , (+7,0) , (a,—ﬁg ) :




Sewart Calculus ET 5e 0534393217;4. Applications of Differentiation; 4.5 Summary of Curve Sketching

38. f(X)=sin x-x A. D=RB. x- intercept =0=y- intercept C. f(-x)=sin (-X)—(-X)=—(sin x-X)=—1(X) ,
so f isodd. D. No asymptote E. f /(x):cosx—lg O for all x, so f isdecreasing on (-c0,00). F. No

I : /1 : :
extremevauesG. f  (X)=sinx=f (X)>0&snx<0< (2n-1)7r<x<2nr ,so f isCU on
((2n-1)7,2n7) and CD on (2n7,(2n+1)7) , n aninteger. Points of inflection occur when x=nr .
H.

when
sin X cosx# 1 gnx 1-cosx _sinx(l-cosx) 1-cosx

+ - + 1- N . 2 '
1+cos x 1+cosx 1-cosXx sin 2x sin X

39. y=f(x)= =cscx-cotx | A.

The domain of f isthe set of al real numbers except odd integer multiples of 7 . B. y —intercept:
f(0)=0 ; x —intercepts. x=nr , n an even integer. C. f(-x)=—f(X) , so f isan odd function; the graph
IS symmetric about the origin and has period 27 . D. When nisan odd integer, lim f(X)=co and

x— ()
lim f(x)=—c0 , SO x=nr isaVA for each odd integer n. No HA. E.

X—>(n7r)+
f/(x)— (1+cosx)- cosx-sinx(-sinx) _ 1+cosx _ _ 1

2 1+cos X

> .f /(x)>0 for all x except odd multiples
(1+cos x) (1+cos x)
of 7 , so f isincreasing on ((2k-1)r,(2k+1)7) for each integer k . F. No extreme values G.

£ 9= —1X— 50 sin x>0 xe (2kr (2k+1)7) and f (<0 on ((2k-1)w.2kx) for each
(1+cos x)

integer k. f isCU on (2kr,(2k+1)7) and CD on ((2k-1)7,2kr) for eachinteger k . f hasIPsat

(2k7,0) for each integer k .

H
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40. y=f(X)=cos x/(2+sin x) A. D=R Note: f isperiodic with period 2 , so we determine B—G on

1
[0,27]. B. X —intercepts E 37 , 'y —intercept =f(0)= > C. No symmetry other than periodicity D.

2+sin X)(-sin X)-cos x(cosx) _  2sin x+1

No asymptote E. f '(x)= ¢  f (>00 2sin x+1<0

(2+sinx)° (2+sin )
sinx<—} E <x<& s0 f isincreasing on (7—7T & ) and decreasing on (O 7—” )
276 6 9 6' 6 9 "6 )

( 1n 27r> F. Loca minimum value f ( n )z—i , loca maximum value f ( %ﬂ )zi

6 6/ |3 V3

(2+sin X)2(2COS X)—(2sin x+1)2(2+sin X)cos X _ 2cos X(1-sin x)

G. ' = - >0 oS X<0&
(2+sin x) (2+sinx)
s 3t . 3t s 3t s
2<x< > ,s0 fisCUon ( 5 ) and CD on (0,2 ) and( > 27r> APat ( 2,0) ,
3t
( 2
H.

- 1
41. y=1/ (1+e X) A. D=R B. No x -intercept; y —intercept =f(0)= > C. No symmetry D.

_ 1 _
lim 1/(1+e )—— =1 and lim 1/(1+e ) =0 (since lim e =oo ), s0 f has horizontal asymptotes

X— 00 1 0 X— —00 X— —00

x\2( x|\ x -x) 2 . . :
y=0andy=1.E. f (x):—(1+e ) -e |J=e /\1+e . Thisispositivefor all x,so f is
increasing on R . F. No extreme values

() e () ()

¥ (1+67)"
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The second factor in the numerator is negative for x>0 and positive for x<0 , and the other factors are

1
aways positive, so f isCU on (-00,0) and CD on (0,00) . f hasan inflection point at <0’§ ) :
H.

42. y:f(x):ezx—eX A. D=RB. y- intercept: f(0)=0 ; x —intercepts. f(x)=0= eZX:eX:s e=1= x=0. C.
No symmetry D. lim ezxfeX:O ,s0y=0isaHA.NoVA.E. f /(x):ZeZXfeX:eX(ZeX—l) , S0 f /(x)>0

X— —00
1 . .
& x<In - ,so f isdecreasing on ( -o00,In 7 ) and

. : 1 . 1 1 2
increasing on (In E,oo) . F. Local minimum value f (In > )zezm(l/z) eln(l/z) ( > )

/1 /1l
(x):4e2X—eX:eX(4eXfl) ,0f  (X>0&

1 1 / 1
se> > s x>In > =In2and f (x)<0<:>ex< >

1_1
27 4

1 1 /1l 1
e€>> oxeln = and f ' (X)<0=x<In >

4 4 4
H.

1 1
ThusflsCDon< Z)andCUon( 2 ).fhasanIPat
CHEEIECHE]

"2\2) 1 47 16

43. y=f (x)=xInx A. D=(0,00) B. x- intercept when In x=0<x=1 , no y- intercept




Sewart Calculus ET 5e 0534393217;4. Applications of Differentiation; 4.5 Summary of Curve Sketching

C. No symmetry D. lim xIn x=co ,

X— 00
: . Inx . Ux _,. /
lim xinx=lim —= =lim —= =lim (-x)=0, no asymptote. E. f " (x)=In x+1=0 when Inx=-1&
X— 0+ X— 0+ X— 0+ _1/ X X— O+

x=e . f /(x)>0<:>ln x> lexse 50 f isincreasing on (1/e,c0) and decreasing on (0,1/e) . F.

f(1/e)=-Ve is an absolute and local minimum value. G. f / /(x):1/x>0 ,s0 f isCUon (0,00) . No
IP

H.
e e
44. y=f (x)=€ Ix A D={x|x0} B.Nointercept C. No symmetry D. lim = =lim 170
X— 00 X— 00

X X X
. e . . e . e .
lim —=0,so0y=0isaHA.\lim — =co0 ,lim — =00 ,s0x=0isaVA.
X— —00 + X - X

X—0 X—0
/ Xe €
— X

E.f ()= > >0< (x-1)e >0 x>1

X
so f isincreasing on (1,00) , and decreasing on (-c0,0) and (0,1). F. f(1)=eisalocal minimum
value.

2 X X X X[ 2
G f / /(x): X (xe )2:((xe —e) _e (x §x+2) >0

X X

&x>0since X 2x+2>0 for al x . So f isCU on (0,00) and CD on (-c0,0) . No IP
H.

45. y=f(x)=xe = A. D=R B. Intercepts are 0 C. No symmetry D. lim xe =lim X im X =0 , S0

X— 00 X— 00 eX X— 0 e

y=0isaHA.
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lim xe =0 E.f /(x):efx—xefxzefx(l—x)>0<:>x<1 ,s0 f isincreasing on (-o0,1) and decreasing
X— —00

on (1,00). F. Absolute and local maximum value f(1)=1/e.

H.

G. t ' x=e X(x-2)>0x52 , 0 f is CU on (2,00) and CD on (~o0,2) . IPat (2,21€°)

46, y=1 ()=In (xX*-3x+2) =In [ (- 1)(x-2)]
A. D:{ xinR:x2—3x+2>O} =(-00,1)U(2,00) .

3+45
B. y —intercept: f(0)=In 2 ; x —intercepts: f(X)=0< x2—3x+2:e0<:> x2—3x+1:0<i> X= i = x~0.38,

2
2.62 C. No symmetry D. lim f(x)=lim f(X)=—c0 , S0 x=1 and x=2 are VAs. NoHA. E.
X— 17 X— 2+
t /(= 22X3 2 2x32) ot <0 for x<1 and £ /()50
Kaxrz  CD0O2)

for x>2 . Thus, f isdecreasing on (-c0,1) and increasing on (2,00) . F. No extreme values
G.

2 2
o /(x) _ (x ZZX42-2)- 2()22x3)

X —3x+2

_ 2x2—6x+4—4x2+12x—9
2
(x2—3x+2)
_ _2X+6x5
B 2
(x2—3x+2)
: : : : . /1 :
The numerator is negative for al x and the denominator is positive, so f = (x)<O for al x inthe

domain of f . Thus, f isCD on (-c0,1) and (2,0). No IP
H.
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47. y=1(X)=In (sin x)
A.

D={x in Rlsinx>0} = U (2n7,(2n+1)7)

n=—co

= . U(-4r,-37)uU(-27,-7)u(07)u(27,37)U - - -
T
2
C. fisperiodicwithperiod27 .D. lim f(X)=c0 and lim f(X)=—o0 , so the lines x=nr

x> (2n7)" ¥ [(2n+1)7]

B. No y —intercept; x —intercepts. f(xX)=0<In (sin x)=0<sin x:e0:1<:> x=2nr+ - for each integer n.

. COS X
areVAsfor al integersn . E. f /(x): Snx =cot X, so f /(x)>0 when 2n7r<x<2n7r+% for each

integer n, and f /(x)<0 when 2n7r+% <x<(2n+1)7 . Thus, f isincreasing on <2n7r,2n7r+g ) and
decreasing on <2n7r+% ,(2n+l)7r> for each integer n . F. Local maximum values f <2n7r+% )zO

, no local minimum. G. f / /(x):—csc ?x<0 ,s0 f isCD on (2nvr,(2n+1)7) for each integer n. No IP
H.

48. y=f(xX)=x(In x)2 A.D=(0,00) B. x -intercept =1, no y —intercept C. No symmetry

2
(Inx) . 2(nx)(Ux) _,.  2nx . 2/x . B
Ux —I|m+—2 —I|m+—_1/X =lim — =lim 2x=0,

+

X—0 X—0 X—0 71/X X—0 X—>0+ 1/X X—0

no asymptote E. f /(x):(ln x)2+2In x=(In x)(In x+2)=0 when In x=0< x=1 and when In x=—2«< x:ef2 .
/ _

f (xX)>0 when O<x<e ? and when x>1 , so

: 2 : 2.
D. lim x(InX) =oco , lim x(InX) =lim
+ +

X— 00

f isincreasing on (O,eﬁz) and (1,c0) and decreasing on (eﬁz,l).
F. Local maximum value f (eﬁz) S
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local minimum value f(1)=0

£ (x)=20n x)(Wx)+2/x=(21%)(In x+1)=0 when In x=-1<x=e . f (>0 x>1/e , 0 f isCU
on (Yeo) , CD on (0,1/€) .
IPat (1/el/e)
H.

2
49. y=f(x)=xe = A.D=RB. Interceptsare 0 C. f(-x)=—f(x) , so the curve is symmetric
2

about the origin. D. lim xefX:Iim lzzlim 12:O,soy=0isaHA. E.
X— + 00 X—+oo X X— + 00 X
e 2xe
2 2

2
1 1 1 1
f (x) e’ 2xe =e (1 2x)>0<:>x2< & |xX|<—= ,so0 f isincreasing on —,—= ) ad
2 M NERE
1

decreasing on ( ,—ﬁ ) and ( \[15 ) F. Local maximum value f (— )-1/\[% , local

2 2

2
minimum value f ( ) =-1/y2e G. ' =2xe (1—2x )—4xe =2xe

.":-23 -,/ <x<0, soflsCUon< g,oo

N

><

es(15) o (52 Yo ()
IPare (0,0) and <i\/7 \/T;”e”).

H.

50. y=f(x)=e -3e —4x A. D=RB. y- intercept =2 : x —intercept ~2.22 C. No symmetry

X —X X X

, X o X . e e . . e . e

D. lim (e -3e —4x):I|m x( — -3 —4>:oo ,sincelim  — =lim 7
X— 00 X— 00 X X

Similarly,

X— 00 X X— 00
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lim (ex—3efx—4x) =00. NOHA; no VA
X——00

E. f'(x)=€+3e *4=¢ " (ezx—4ex+3) = (ex—3) (ex—l) >0 >3 0r e <1s

x>In3or x<0. So f isincreasing on (-o0,0) and (In 3,00) and decreasing on (0,In 3). F. Local
maximum value f(0)=-2,

i X - 1 .
local minimum value f(In 3)=2-4In3 G. f / /(x):eX—Se g (eZXfS) >O<:>e2X>3<:>x> > In3,s0fis

CUon (%InS,w) and CD on <—oo,—;|n3> APa ( %InB,—ZInS) )

51. y:f(x):e3X+e72X A. D=RB. y- intercept =f(0)=2 ; no x —intercept C. No symmetry D. No
asymptotes

1. 2 - / 1.2
x>éln - ~-0.081. Smilarly, f (X)<O=x<=-In 7

- - 2 2
E. f /(x):3e3x—2e > , S0 f /(x)>0<z>3e3X>2e > [ multiply by ezx] <:>e5x> - <5¢In <
3 57 3°
: . 1 2 : . 1
f isdecreasing on —oo,—5|n — ) andincreasing on %In

3 3
: )

1 2 2 3/5 2 -2/5
F. Loca minimumvaluef(z__)ln f-;):(é) +<§> ~1.96 ; no loca maximum.

G. f ' '9=0e>+ae > 50 f ' '(x)>0 forall x, and f isCU on (-00,00) . No IP
H.

wIinN

1/ x-1
52. y=f(x)=tan < ol ) A. D={ x|x#-1}
B. x —intercept =1, y —intercept
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=f(0)=tan 71(71):— % C. No symmetry D.

: 1/ x1 : -1/ 1-1x - .
lim tan 1()(T1>:I|m tan 1( )ztan 11=z ,soy=% isaHA. Also

X— +00 X— + 00 1+1/X 4
: 1/ x1\_7m : 1/ x1\_ 7
I|m+tan <x+1>_2 andl|m7tan <x+1>_2'E'
X—-1 X—-1
P 1 (x+1)—(x-1)

f(x) 2 2

1+ (x-1)/(x+1)] (x+1)

2 1

= = >0
2
(x+1)2+(x—1)2 X +1

so f isincreasing on (-co0 ,-1) and (-1,00). F. No extreme values
H.

2
G. 1 (=20 (x%+1) 06 x<0, 50  isCU on (~o0,-1) and (~1,0) , and CD on (O00) .

7T
IP at <0, y )
2
W WL WL W -W
4 3 2 2(5 2Lx+L%) = - P (x LyP=ex(x L)’ where

SB.Y=oam Xt 1oE X 2am X T 2am X AE|

W .
c= 5,5 isanegative constant and 0< x< L . We sketch f(X)=exX (x-L)° for c=—1 . f(0)=F(L)=0

£ /(020X [2(x-L)]+(x-L) (26x)=2ex(x- L) xH(x-L)] =2ex(x-L)(2x-L) . Sofor 0<x<L , f '(x)>0<
X(X-L)(2x-L)<0 (since c<0 ) < L/2<x<L and f /(x)<0<:>0<x<L/2 .So f isincreasing on (L/2,L) and
decreasing on (0,L/2) , and thereis alocal and absolute minimum at (L/2,f(L/2))=(L/2,cL4/16) :
Fg=2el X L)@xL)] = £ (00=20] 1x-L)(@x Ly +x(Q)@x-L)+x(x-L)@)]=2¢ ( 6x°-6Lx+L2) =06

oLiy12l’ 1 |3 | o
X= 12 =5 L+ 6 L , and these are the x —coordinates of the two inflection points.
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54. F(X)= 52 + 5 where k>0 and 0<x<2 . For O<x<2,x-2<0, soF /(x): Z—l; X 3 >0 and
X (x2) X (x2)
F isincreasing. lim F(X)=—oc0 and lim F(X)=co , S0 x=0 and x=2 are vertical asymptotes. Notice that

Xx—0 X—2
when the middle particleis at x=1 , the net force acting on it isO . When x>1 , the net forceis
positive, meaning that it actsto the right. And if the particle approaches x=2 , the force on it rapidly
becomes very large. When x<1 , the net force is negative, so it acts to the left. If the particle
approaches O , the force becomes very large to the | eft.

55.

X +1 L x-1

y=—— .Longdivison gives us: 2
x+1 x“+2x | X +1

x2+x

-x+1
-X+1
2
2

+1 2 2
Thus, y=1(x)= )>(<T1 =x-1+ 1 and f(X)-(x-1)= a1 il —0asx— too .Sotheliney=x-11is
1+ -

adlant asymptote (SA).

56.
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X X +x+3 L ona divison ai 2x 3
———— . Longdivision gives us:
d X +2x ’ ° X+ 2x 274X +x+3
2x3 + 4x2
- f:’»x2 + X
2
-3x -6x
7X+3
7 3
— + —
2x3+x2+x+3 7x+3 7x+3 x2
Thus, y=f(X)= ———— =2x-3+ > and f(X)-(2x-3)= > = > —0asx—+too .S0
X +2X X +2X X+2X 1+ -
X
theline y=2x-3 isa SA.
57.
4x3—2x2+5 L . 2x 2
= ———— . Longdivision gives us: ) 3 2
2X +x-3 2x“+x-3| X -2 +3
4x3 + 2x2 - B6X
4x°+6x+5
4x° 2x+6
8x-3
3.2
4x -2X +5 8x-1
Thus, y=1(x)= —y =22+ and
2X +x-3 2X +x-3
8 1
8x-1 X x2
f(X)-(2x-2)= > = 1 3 —0asx— too . Sotheliney=2x-2 isaSA.
2X +X-3 24 = - =
X X

58.
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BX 4X X L oX+2
=—3 , _ -Long division gives us: 3 2 4 2
X =X +2 X —-X +2 5x + X + X
5x*_5x  +10x
- 5x3 + x2 - 9x
5x°— 5x° +10
6x — 9x- 10
6 9 10
4 2 2 2 2 3
5x +X +x 6Xx —-9x-10 6Xx -9x-10
Thus, y=f(x)= 25— =5x+5+ ————— and f (x)-(5x+5)= — =X i( 2" S 0as
X=X +2 XX +2 XX +2 17_+_3
X X

X— too . Sotheline y=5x+5isaSA.

2
-2X +5x-1 1 1 1 1
59. y:f(x):% :fX+2+m A. D:{ Xe R|x=£ 5} :<oo,§ )U < > ,oo)

54417
B. y —intercept: f(0)=1 ; x —intercepts: f(x)=0= —2x2+5x—1:0:> X=—— =x~0.22,228.C.

4
: . 1.
Nosymmetry D. lim f(X)=—c0o and lim f(X)=c0 , SOX=35 isaVA.
X (12) xo (12)"

lim [f(X)-(-x+2)]=lim L =0, sotheliney=x+2isaSA.E. f /(x):—l—

) <0 for

X— +00 X— +00 (ZX*l)
1 _ ) 1 1
X > , S0 f isdecreasing on <oo,§ ) and < > ,oo) . F. No extreme values G.
/ -2 /1 -3 . 1 /1
f (X)=122x1) =f (X)=2-2(2x1) (2= 3 so f (x)>0 when x> > and f (X)<O
(2x-1)

Whenx<—; . Thus, f isCU on <—;oo> and CD on <—oo,%> .NoIP
H.
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2
+12 16 :
60. y=f(X)= sz =x+2+ = A, D={xe R|x#2} =(-00,2)U(2,00) B.y -intercept: f(0)=—6; nox -
intercepts. C. No symmetry D. lim f(X)=—co and lim f(X)=co , S0 x=2 isaVA.
X— 27 X— 2+

1
lim [f(X)-(x+2)]= lim 16 =0, so theline y=x+2 isa dant asymptote. E.
X— + 00 X— + o0 X=
16 _ x2—4x—12 _ (x-6)(x+2)

(x2)° (x2)°  (x2)°

—2<x<2 or 2<x<6. Thus, f isincreasing on (-co,~2) and (6,0c0) and decreasing on (-2,2) and (2,6) .
F. Local maximum value f(-2)=-4 , local minimum value f(6)=12 G.

f/(=1- 150 (x>0 when x<2 or x>6 and  '(x)<0 when

t 1 =16(-2)(x2) *= =2 ~ 5ot (>0 forx>2and ' '(x)<0 for x<2. f isCU on (2.00) and
(x-2)

CDon (-00,2) .NoIP

H.

61. y=f(x)=(x2+4) Ix=x+4/x A. D={x|x+ 0} =(-00,0)U(0,00) B. Nointercept C. f(-x)=—F(X)=
symmetry about the origin D. lim (x+4/x)=co but f(X)-x=4/X— 0 asx— o0 , SO y=x isadant

X— 0
: . : / 2 2
asymptote. lim (x+4/x)=co and lim (x+4/x)=-c0 , s0x=0isaVA.E. f (X)=1-4/Xx>0& X >4=x>2
X—>O+ X0

or x<-2 , so f isincreasing on (-c0,~2) and (2,00) and decreasing on (-2,0) and (0,2) . F. Local

maximum value f(-2)=—4 , local minimum value f(2)=4 G. f / /(x):8/x3>0(:>x>0 so fisCU on
(0,00) and CD on (-c0,0) . No IP
H.

62.
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y:f(x):exfx A. D=R B. No x- intercept; y —intercept =1 C. No symmetry D. lim (ex—x) =00 ,

X— —00
X X X
. X ] e ; ) e : e
lim \e —xJ=lim x ;71 =00 Sincelim —=lim — =0 .

X— 00 X— 00 X— 00 X X— 00 1

, : /
y=-X isadlant asymptote since (ex—x) —(—x):ex—> Oasx—-o0. E. f (x):ex—1>0<:> e>15 x>0 :
so f isincreasing on (0,00 ) and decreasing on (-0 ,0).
F. f(0)=1 isaloca and absolute minimum value.

/1 .
(x):ex>0forall x,s0fisCUonR.NolIP
H.

3 2
2X +X +1 A : :
63. y=1f(X)= % =2x+1+ 2—X A. D=R B. y -intercept: f(0)=1; x —intercept: f(x)=0=
X +1 X +1

3 2 2
0=2x +X +1=(x+1)(2x —x+1)= x=-1 C. No symmetry D. No VA

) _
lim [f(X)-(2x+1)]= lim 2_x: im 2/X2 =0, so theline y=2x+1 isasant asymptote. E.

X— £ 00 X—>Foo ¥ +] X—>*oo 1+1/x
/ (X)=2+ (x2+1) (—2)-(-2x)(2x) _ 2(x4+2x2+1) 2x2 2+4x2 _ 2x4+6x2 _ 2x2(x2+3) o f / (x>0 if
2 2,2
1) (x+ﬂ K+ (X+)
x#0. Thus, f isincreasing on (-c0,0) and ( . Since f iscontinuousat 0, f isincreasingon R.

(x +1)2 (8x +12x) (Zx +6X ) 2(x +1) (2x)
(/T

= 4X(X2+1) (x2+1) (2x2+3) —2x4f6xﬁ _ 4X(,X2+3

/1
F. No extremevaues f  (X)=

t '/(>0 for x<—3 and 0<x<{3 , and

(¥+)* (x4)°
t ' (%<0 for —{3<x<0 and x>3 . f isCU on ( ~3) and (0,{3) , and CD on (3,0) and
(Y3,00) . TherearethreeIPs: (0,1) (—\/3;,— > \[§+1>z(—1.73,—1.60) , and

<\[§, g’ \/§+1> ~(1.73,3.60) .
H.
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3 3_2
X +3X +3x+1 —
64. y=f(x)= (X+1)2 == x5+ 12X AZ' A. D={xe R|x#1} =(-00,1)U(1,00) B. y-
(x-1) X —2x+1 (x-1)
intercept: f(0)=1 ; x —intercept: f(x)=0=x=—-1 C. No symmetry D. lim f(x)=c0 , SO x=1isaVA.
X—1
12_4
2
: . 12x-4 : :
lim [f(X)-(x+5)]= lim X2 o im XX =0, sotheliney=x+5isaSA. f /(x)
X— + 00 X—>Eoo ¥ —2X+] X—>*oo 1_2 2+i
X 2

_ (D) 30+ ) 0ck1)* 206 1) _ e D)) T30 D)-20+D)] _ (rD) (x-5)
[oc27]° (1) xD°

~1<x<1, or x>5, and f /(x)<0 when 1<x<5 . f isincreasing on (-c0,1) and (5,00 ) and decreasing
on (1,5) .

sof /(x)>0 when x<-1 ,

F. Local minimum value f(5)= 21—166 = %7 , ho local maximum G. f / /(x)

_ o) 0P 065)- 20001) |- (1) (x-5) 30x-1)°
[

_ (x—1)2(x+1){ (x-D)[(x+1)+2(x-5)]-3(x+1)(x-5)} _ (x+1){ (xfl)[3x—9]—3(x274x—5)} _ (x+1)(24)
(x-1)° (x-1)' (x-1)"

<sof'>0if 1<x<ilorxel,and f ' '(x)<0if x<-1.Thus, f isCU on (-1,1) and (Loo) and
CDon (-00,-1) . IPat (-1,0)
H.
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2 2
-1 / _
65. y=f()=x-tan X, f '(9)=1- —— =X 1_ X
2 2 2
1+x 1+x 1+x

1+x2) (2x)—x2(2x) _ 2x(1+x2—x2) 2X

(12 (0D ()

i T —[i T oo L\ T L
lim [f(x)—(x—2>]—llm (2 tan x) 55 0, so y=x > isaSA. Also,

X— 0 X— 0

im [re-(3) | =pm (5 ™)

isalsoaSA. f (x>0 forall x, with equality <x=0, so f isincreasingon R. f ' /()

11

f (x= (

N R

T
2
has the same signasx , so f isCD on (-0 ,0) and CU on (0,00) . f(-X)=—f(X) , so f isan odd

function; its graph is symmetric about the origin. f has no local extreme values. Itsonly IPisat (0,0)

SO y=x+

66, y=1 (x1= X+ Ax={X(5+2) . X(x+4)2 0 X< -4 0r X2 0, 50 D={-00,-4][000) . y -intercept
f(0)=0 ; x —intercepts: f(x)=0=x=-4,0. \/ X2+4X¥ (x+2)

_ \/ x2+4X$ (x+2) \/ X +Ax + (x+2) (x2+4x)f(x2+4x+4) B 4 ©

1
\/ X +Ax - (x+2) \f XC+ax + (x+2) \/ X HAX -+ (x+2)

lim [ f(X)T (x+2)]=0 . Thus, the graph of f approaches the dant asymptote y=x+2 as x— oo and it

X— +00

X+2

\/ x2+4x

f /(x)>0 for x>0 ; that iss, f isdecreasing on (-oo ,~4) and increasing on (0,00) . There are no local

, S0 f /(x)<0 for x<-4 and

approaches the slant asymptote y=—(x+2) as x——oo . f /(x):

extreme values. f /(x):(x+2)(x2+4x)71/2¢
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f / /(X):(X+2)- (% ) (x2+4x)73/2- (2x+4)+(x2+4x)71/2:(x2+4x)73/2[f(x+2)2+(x2+4x)]:f4(X2+4X) _3/2<0

onD so f isCD on (o0 ,-4) and (0,00) . No IP

x2 2 b_ [2 2
67. ——l:1:>y=i—\/x—a . Now
a2 b2 a

{2 2 2

) b 2 2 b b . 2 2 X-a+x b . -a

[im 5 x—a—ax :a-hm X —a —X :5-I|m — =0,
N / 2 2 / 2 2

X— 00 X— 00 X —a +X X— 00 X —a +X

which shows that y= g X isaslant asymptote. Similarly,
2

[im [9 xz— 2<px>]—9 [im L—O —pxi dant asymptot
a\/ a 2 =3 =0,s0y= = sadant asymptote.
X

X— 00

3 3 3
+1 +1- 1
68. f(x)—xZ: X —x2: X ™ X ;and lim = =0. Therefore, lim [f(x)—xz] =0, and so the

X— t oo X— £ o0

1
X
graph of f is asymptotic to that of y=x . For purposes of differentiation, we will use f (x)=x +L/x.
A.D={x|x0} B.No y- intercept; to find the x —intercept, we set y=0& x=-1.

: x3+1 : x3+1 : .
C. No symmetry D. lim > % and [im > @ , S0 x=0 isavertical asymptote. Also, the

+
X—0 X—0

1
graph is asymptotic to the parabolay:x2 , as shown above. E. f /(x):2x—1/x2>0<:> x> ? , S0 fis
2

1 1
increasing on < -— ,oo> and decreasing on (—oo ,0) and <0, 3= > F. Loca minimum value

: T

_\IE

3

1 3

f < §J_ >: 3{ , no local maximum G. f / /(x):2+2x3>0<:>x<—1 orx>0,so0 f isCU on
2

(~00,-1) and (0,00) , and CD on (-1,0) . IPat (-1,0)

H.
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. : +1 . 1 . :

69. lim [f(x)—xg]: lim 222 X lim = =0, sothegraphof f isasymptotic to that of y:x3.
X— +00 X— +00 X X X— + 00 X
: : . - . 1
A. D={x|x0} B.NointerceptC. f issymmetric about the origin. D. lim <x3+;( )Zoo and
X— 3

: 1 . : . :
lim <x3+ M )200 , S0 X=0 is a vertical asymptote, and as shown above, the graph of f isasymptotic

X—0

1 1 1
to that of y:x3. E.f /(x):3x2—1/x2>0<:>x4> = &|x|>=— ,sofisincreasingon ( -co,-=— ) and
3 4 4
T2 e
1 1 1
7= ™ and decreasingon ( - =0 and | O, = |-F Local maximum value
I T2 Bk

f(- L = 4.3 . local minimum value f L —4.3°
4 4
—\I:_B —\I:_S

G. f ' '(x)=6x+2/x>02x>0 , 50 f isCU on (0,c0) and CD on (~o0,0) . No IP
H.

70. lim [f(X)-cos x]=lim 1/X°=0 , o the graph of f isasymptotic to that of cos x . The

X— +00 X— +00
intercepts can only be found approximately. f(x)=f(-x) , so f iseven. lim (cos x+i2 >=oo , SO
X—)O X

x=0 isavertical asymptote. We don’t need to calculate the derivatives, since we know the asymptotic
behavior of the curve.
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1. F(X)=4X 32X +89X—95x+29 = f ' (x)=16X 96X +178% 95—
t ' (x)=48-192x+178 . £()=05x~05, 1.60; f ()=0=x~0.92 , 2.5, 258 and
' (%=0e x~146,254 .

From the graphs of f / , we estimate that f '<0 and that f is decreas ng on (-00,0.92) and (2.5,2.58)
, and that f '>0and f isincreasing on (0.92,2.5) and (2.58,00) with local minimum values

f(0.92)~-5.12 and f(2.58)~ 3.998 and local maximum value f(2.5)=4 . The graphs of f / make it
clear that f has a maximum and a minimum near x=2.5 , shown more clearly in the fourth graph.

From the graph of f M , we estimate that f "'>0 and that f isCU on (-00,1.46) and (2.54,00) , and

that f ' ‘<0 and f isCD on (1.46,2.54) . There areinflection points at about (1.46,-1.40) and
(2.54,3.999) .

2. f(x):x6715x5+75x4—125x3—x:> f /(x):6x5—75x4+300x37375x271:$

[/ /
£ (x)=30x 300X +900x"-750x . f(X)=0<>x=0 or x~:5.33 ; f ' (X)=0c>x~2.50 , 4.95 , or 5.05;
t ' (=02x=0, 50r x~1.38, 362 .
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From the graphs of f " Weestimatethat f is decreas ng on (-c0,2.50) , increasing on (2.50,4.95) ,
decreasing on (4.95,5.05) , and increasing on (5.05,00 ) , with local minimum values
f(2.50)~-246.6 and f(5.05)~-5.03, and local maximum value f(4.95)~-4.965 (notice the second

graph of f ). From the graph of f M , we estimate that f is CU on (-o0,0) , CD on (0,1.38) , CU on
(1.38,3.62) , CD on (3.62,5) , and CU on (5,00) . There areinflection pointsat (0,0) and (5,-5) ,
and at about (1.38,-126.38) and (3.62,-128.62) .

x2—3x+24
(x2—3x—5) o

2%x-3

3 1 2
3. f(=\ X-3x5= f '(x)= 3 — =t o= :

(x —3x—5)

XB5 |2, B

2
|x —3x—5|
since the CAS does not compute real cube roots of negative numbers. We estimate from the graph of

Note: With some CAS's, including Maple, it is necessary to define f(X)=

t ' that f isincreasing on (1.5,00) , and decreasing on (-c0,1.5) . f has no maximum. Minimum
value: f(1.5)~-1.9.

From the graph of f M , we estimate that f isCU on (-1.2,4.2) and CD on (-0 ,-1.2) and (4.2,00) .
IPat (-1.2,0) and (4.2,0) .

4 3 2
X +X -2X +2 / x5+2x4—3x3—4x2+2x71
— =1 (X)=2

4. f(x)= 2 (x2+X—2) 2
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¢ 11, 5 x6+3x5—3x4711x3+12x2+18x—2
(X)_ 2 3
(x +x—2)

We estimate from the graph of f ' that f isincreasing on (-2.4,-2) , (-2,-1.5) and (1.5,00) and
decreasing on (-o0,-2.4) , (-1.5,1) and (1,1.5) . Local maximum value: f(-1.5)~0.7 .

Local minimum values. f(-2.4)~7.2 , (1.5~ 3.4 . From the graph of f M , we estimate that f is

CUon(-0,2), (-1.1,0.1) and (1,00) and CD on (-2,-1.1) and (0.1,1) .
f hasIPat (-1.1,0.2) and (0.1,-1.1) .

3.2 5 4 3 _2
X / - /1 & a
5. f(X)= - = f (%)= 2X +x +1 i/ %)= 2 (3x 3x +5x —6x +3x+4)

X =X —4x+1 (ngx2—4x+1) 2 (x3fx2—4x+1) °

We estimate from the graph of f that y=0 is a horizontal asymptote, and that there are vertical

asymptotes at x=—1.7 , x=0.24 , and x=2.46 . From the graph of f / , We estimate that f isincreasing
on (-00,-1.7) , (-1.7,0.24) , and (0.24,1) , and that f isdecreasing on (1,2.46) and (2.46,00) .

, . 1 /1 : .
Thereisalocal maximum value at f(1)=— 3 - Fromthegraphof f ,weestimatethat f isCU on

(-00,-1.7) , (-0.506,0.24) , and (2.46,00) , and that  isCD on (~1.7,-0.506) and (0.24,2.46) .
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Thereisan inflection point at (-0.506,-0.192) .
/ 2 : /1 2 . . .
6. f(X)=tan x+5cosx= f (X)=sec x-5sinx=f (X)=2sec x tan x-5cos x . Since f is periodic with

period 2 , and defined for all x except odd multiples of 5 we graph f and its derivatives on

[+%]

2 2 2
, and (2.93, 37 ) , and decreasing on (0.21,1.07) and (2.07,2.93) . Local minimum values:
f(1.07)~4.23, f(2.93)~-5.10 . Local maximum values: f(0.21)~5.10 , f(2.07)~-4.23.

. . 3
From the graph of f M , we estimate that f isCU on <0'76’§ ) and (2.38,7 ) , and CD on

(5 ,O.76> and (5 ,2.38) f hasIPat (0.76,457) and (2.38,-457)

7. f(x):x274x+7005x ,A<x<4 . f /(x):2x—4—7sin x= f / /(x):2—7cosx. f(X)=0<x~1.10;
a2

f(0=0ox~-1.49,-1.07,0r 289 f ' ' (x)=0<x=+ cos 1( ° )wil.28

We estimate from the graph of f /that f isincreasing on (— = ,O.21> : (1.07, = ) , ( = ,2.07)

From the graphs of f / , We estimate that f isdecreasing (f /<0) on (-4,-1.49) , increasing on
(-1.49,-1.07) , decreasing on (-1.07,2.89) , and increasing on (2.89,4) , with local minimum values
f(-1.49)~8.75 and f(2.89)~-9.99 and local maximum value f(-1.07)~ 8.79 (notice the second

graph of f ). From the graph of f M , we estimate that f isCU ( f / />O) on (-4,-1.28) ,CD on
(-1.28,1.28) , and CU on (1.28,4) . There areinflection points at about (~1.28,8.77) and
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(1.28,-1.48) .

& &9 L1, S ax 12X +36x+99)
8BfX=7—=f W=—7""7T5"=f (0=
2 )2 2 \3
X -9 X -9 (x 79)
There are vertical asymptotes at x=+ 3. It isdifficult to show all the pertinent featuresin one viewing

rectangle, sowe'll show f , f / ,and f M for x<3 and also for x>3..

For x<3

For x>3

We estimate from the graphs of f "and f that f isincreas ngon (-o0,-3) , (-3,-2.16) , and
(4.16,00) and decreasing on (-2.16,3) and (3,4.16) . Thereisalocal maximum value of

f(-2.16)~-0.03 and alocal minimum value of f(4.16)~7.71 . From the graphs of f M , we see that
f isCU on (-00,-3) and (3,00) and CD on (-3,3) . Thereisno inflection point.

9. f(X)=8x"-3X-10= f '(x)=24x"—6x= f | ' (x)=48x6

From the graphs, it appears that f(x):8x373x2710 increases on (—o0,0) and (0.25,00) and decreases
on (0,0.25) ; that f hasalocal maximum value of f(0)=-10.0 and alocal minimum value of
f(0.25)~-10.1 ; that f isCU on (0.1,00) and CD on (-c0,0.1) ; and that f hasanIP at (0.1,-10) .

To find the exact values, note that f /(x):24x2—6x:6x(4x—1) , Which is positive ( f isincreasing) for
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1 1
(-00,0) and ( Z,oo) , and negative ( f is decreasing) on (O Z) . By the FDT, f hasalocal

1 1 1 3 161
4 f(z) 8 16 9% 16 -

,oo) and negative ( f isCD) on

maximum at x=0: f(0)=-10; and f has alocal minimum

t ' (x)=48x-6=6(8x-1) , which is positive ( f is CU) on

1 1 1 1 321
(—oo,8> .fhasaanat(S,f<8>>_<8, eV

10.

\_//‘\ Q
I

From the graphs, it appearsthat f increases on (0,3.6) and decreases on (-o0,0) and (3.6,00) ; that f
has alocal maximum of f(3.6)~ 2.5 and no local minima; that f isCU on (5.5,00) and CD on

11
(-00,0) and (0,5.5) ; and that f hasan IPat (5.5,2.3) . f(X )_w s =D

X 2
X X

i /(x):—11x72+40x73:—x73(11x—40) , which is positive ( f isincreasing) on (O 411—(1) ) , and negative (

40 40
f isdecreasing) on (—oo ,0) and on ( 1 ) By the FDT, f hasalocal maximum at x= — 11

40 1 1 40 20
¢ ( 40 )_ 11 11 ) “° _1600+11-11-40-20-121 201
1 /) 40 - 1600 ~ 80
( 11 )
- / -2 -3 . -3 4 _ 4 _ . :
minimum. f (X)=—11x +40x =f (X)=22x -120x =2x (11x-60), whichispositive ( f is CU)

on (Q oo) and negative ( f isCD) on (-o0,0) and (O @> . f hasanIPat

»and f hasno local

11° 11
(24(2))(2%)
11 "\ 11’ 9 '
11. From the graph, it appearsthat f increaseson (-2.1,2.1) and decreaseson (-3,-2.1) and (2.1,3) ;
that f hasalocal maximum of f(2.1)~4.5and alocal minimum of f(-2.1)~-4.5; that f isCU on
(-3.0,0) and CD on (0,3.0) , and that f hasan IPat (0,0) . f(x)=x| 9-X =
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32 32
f (x)—\/_ 9 x = \72_ ,which is positive ( f isincreasing) on (—3‘2[,52[>and

-3y2 2
negative ( f isdecreasing) on ( i ) and ( EZE ,3) . By the FDT, f hasaloca maximum

2
valueof f ( 3\1_ \/ 52) - and f hasaloca minimum value of

2
-3y 2 9 _
f ( i )Z_é (since f isan odd function). f /(x): X+ &xzzm‘ / /(x)
2
9-x

1 12
et ()00 e ilo )

&xz \/;
—3X x3 X (2x2—27)

= = - T T which is positive ( f is CU) on (-3,0) and negative ( f isCD)
\/ 9-x (9—X ) (&x )
on (0,3) . f hasanIPat (0,0) .

12. From the graph, it appearsthat f increaseson (-5.2,-1.0) and (1.0,5.2) and decreases on

(-2 -5.2),(-1.0,1.0) ,and (5.2,2 ) ;that f haslocal maximum values of f(-1.0)~0.7 and
f(5.2)~ 7.0 and local minimum values of f(-5.2)~-7.0 and f(1.0)~-0.7 ; that f isCU on

(-2 ~3.1) and (0,3.1) and CD on (-3.1,0) and (3.1,2 ), and that f hasIPat (0,0) , (-3.1,-3.1)

1
and (3.1,3.1) . f(X)=x-2sin x= f /(X):l—ZCOSX , which ispositive ( f isincreasing) when cos x< >

: 5 5 . . . 5
that is, on (— 3 3> and ( 33 ) , and negative ( f isdecreasing) on (—2 3 ) :

5 _ o
’3) d( 3 2 ) . By the FDT, f haslocal maX|mumva|uesoff<—3>_3+\[§

N
|

5 5 5
3 +\/§ and local minimum values of f ( ):? fﬁ and




Sewart Calculus ET 5e 0534393217;4. Applications of Differentiation; 4.6 Graphing with Calculus and Calculators

and (0, ) and negative ( f isCD)on (- ,0)and( ,2 ). f hasIPat (00),(- ,~ Jand( , ).

13. (@) f(x)=X1nx. Thedomain of f is (0,00) .

2
. 2 . . . .
() tim xInxlim 2% =lim 22X Zjim (—5 >:O.There|saholeat(0,0).
+ + 2 + 3 + 2
X—0 X—0 1/X Xx—0 _Z/X X—0

(c) It appears that thereis an IP at about (0.2,-0.06) and alocal minimum at (0.6,-0.18) . f(x):len X
1 )

= 1 (0= (W) +(In X)(20)=x(2IN x+1)>0 In x> S e Y2 s f isincreasing on (1/ye,c0) |

decreasing on (0,1/{e) . By the FDT, f (1/ye)=-1/(2¢) isalocal minimum value. This point is

approximately (0.6065,-0.1839) , which agrees with our estimate.

/1 3 - : .
f o ()=x(2/X)+(2In x+1)=2In x+3>0<1n x>- > &xce 32 ,s0 fisCUon (e 3/2,00) and CD on

(0e¥?) .1pis (e **-3/(26%) )~ (0.2231,-0.0747) .

14. (a) f(x):xeyx . The domain of f is (-c0,0)U(0,00) .

i eﬂx eﬂx 1/x2 i
. X . . - . X .
(b) lim xe =lim —— =lim =lim e =00 ,s0x=0isaVA.
+ + :I-/X + 2 +
X—0 Xx—0 X—0 71/X X—0

Also
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; 1/x . 1x
[im xe =0sincel/x—-oco=€e —0.

X—>07
(c) It appears that thereisalocal minimum at (1,2.7) . Thereareno IPand f isCD on (-c,0) and
CU on (0,00) .

1 1
f(X)=XeﬂX:> f /(X)=Xe1/X (— 12 >+eﬂx:eﬂX (1— M ) >0 > <lex<0orx>1, so f isincreasing on
X

(~00,0) and (1,00) , and decreasing on (0,1) . By the FDT, f(1)=eisaloca minimum value, which
agrees with our estimate.

i 9= (1) +@-10e™ ((1®) =) (1-1+ =6 x>0 x50 , 0 T is CU on (0,00)
and CD on (-c0,0) . No IP.

15.
(x+4)(x 3)°
f(X)= - hasVA at x=0and at x=1 sincelim f(x)=—c0 , lim f(X)=—c0 and lim f(x)=co .
X (X_l) x>0 X—1 X— 1+
x+4 (x3)
X 2
fX)=—F— [dividing numerator and denominator by x> ]
X
—3 . (X—l)
X
2
1+4/x)(1-3/ . . . . . :
= ( x)((l(—l) X —0asx—+oo ,s0 f isasymptotic to the x —axis. Since f isundefined at x=0, it

has no y — intercept. f(xX)=0= (x+4)(x—3)2:0:> x=4 or x=3, s0 f has x —intercepts—4 and 3 . Note,
however, that the graph of f isonly tangent to the x- axis and does not crossit at x=3, since f is

positiveasx—3 andasx— 3 .
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From these graphs, it appearsthat f has three maximum values and one minimum value. The
maximum values are approximately f(-5.6)=0.0182 , f(0.82)=-281.5 and f(5.2)=0.0145 and we
know (since the graph is tangent to the x- axis at x=3) that the minimum valueis f(3)=0 .

16.
10x(x-1 !
f(x):# hasVA at x=-1 and at x=2 since lim f(X)=co0 , lim f(X)=—c0 and lim f(X)=co .
(X_2) (X+1) x->-1 X—2 X— 2+
4
f(x)= 101 1/ — 10 asx— + o0 , S0 f isasymptotic to theline y=10 . f(0)=0,so f hasay -

(1-21%)(1+1/%)

intercept at 0 . f(x)=0= 10x(x—1)4:0:> x=0or x=1.So f has x —intercepts 0 and 1 . Note, however,
that f does not change sign at x=1 , so the graph is tangent to the x- axis and does not crossit. We
know (since the graph is tangent to the x- axis at x=1 ) that the maximum valueis f(1)=0 . From the
graphs it appears that the minimum value is about f(0.2)=-0.1.

2 3 2( 3 2
X (X+1) Ny / ()= X(x+1) (x +18x —44x—16)

17. f(X)= 3 z
(x-2) (x-4) (x-2) (x-4)

(from CAS).

From the graphsof f | it seemsthat the critical points which indicate extrema occur at x~-20 , -0.3
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,and 2.5, as estimated in Example 3. (There is another critical point at x=-1 , but thesignof f does
not change there.) We differentiate again, obtaining

(1) (x+36x°+6x* 628: 684X+ 672x+64)
(x2)(x-4)

' =2

From the graphs of f Tt appearsthat f isCU on (-35.3,-5.0) , (-1,-0.5) , (-0.1,2) , (2,4) and
(4,00) and CD on (-00,-35.3) , (-5.0,-1) and (-0.5,-0.1) . We check back on the graphs of f to find
the y- coordinates of the inflection points, and find that these points are approximately

(-35.3,-0.015) , (-5.0,-0.005) , (~1,0) , (~0.5,0.00001) , and (~0.1,0.0000066) .

4 3
18. 1= 22 /(=20 CRD (110m cag).
(%-2) (x+1) (x-2) (x+1)

From the graphs of f " weestimatethat f isincreas ng on (-oo,-1) and (0.2,1) and decreasing on
( 5x3—8x2+ 17x—6)
(<2 (x+1)"

2
(-1,0.2) , (1,2) and (2,00) . Differentiating f ‘() , weget f ' ‘(=60 &L
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Fromthe graphsof f ' it seemsthat f isCU on (-c0,-1.0) , (-1.0,0.4) and (2.0,00) , and CD on
(0.4,2) . Thereisan inflection point at about (0.4,-0.06) .

2

. : 2 :
19. y=f()= == With0<x<3 .FromaCAS,y =3 {2(x1) o el 3 and
X +1 (x2+1)
I_ (4x4+6x2+5) COS °x_4x (x2+1) Sin xcos x—2x4—2x2—3
(X2+1) 5/2

From the graph of f / and the formulafor y/ , we determine that y /:O whenx= ,2 ,3 ,or
x~13,4.6,0r7.8.%0 f isincreasingon (0,1.3) , ( ,4.6) ,and (2 ,7.8) . f isdecreasing on
(13, ), (46,2 ),and (7.8,3 ) . Loca maximum values: f(1.3)~0.6 , f(4.6)~0.21, and

f(7.8)~0.13 . Local minimum values: f( )=f(2 )=0. From the graph of f M , we see that y/ /:0
&x~06,21,38,54,7.0,0r86.S0 f isCUon (0,0.6) ,(21,3.8) , (54,7.0) ,and (86,3 ) .
f isCDon (0.6,2.1) , (3.8,5.4) ,and (7.0,8.6) . Thereare IP at (0.6,0.25) , (2.1,0.31) , (3.8,0.10) ,
(5.4,0.11) , (7.0,0.061) , and (8.6,0.065) .

2x-1
20. f(X)= —=— —
4/ 4
X +x+1
3
I, «_ 4X+6x+9
f (X)= 2 i
4(x +x+1)
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11 32X+06X +152% 48X +6x+21
F(= ) o4

16 (x*xe1

From the graph of f / , f appearsto be decreasing on (—c0 ,-0.94) and increasing on (-0.94,00) .

Thereisalocal minimum vaue of f(-0.94)~-3.01 . From the graph of f M , T appearsto be CU on
(-1.25,-0.44) and CD on (-o0,-1.25) and (-0.44,00) . There are inflection points at (-1.25,-2.87)
and (-0.44,-2.14) .

1/x 1/x 1/x 1/x 1/x
— / Il - —
l-e From aCAS, y :2e— andy’ = 2e (1 e +2x+2xe )

1+eJJX ' X2(1+el/x) 2 X4( 1+el/x) 3

21. y=f(x)=

f isan odd function defined on (-c0,0)U(0,00) . Itsgraph hasno x - or y -intercepts. Since
lim f(x)=0,thex -axisisaHA. f /(x)>0 for x+£0, so f isincreasing on (-00,0) and (0,00) . It
X— +00

hasno local extreme values. f ' /(x):O for x~4+0.417 , so f isCU on (-00,-0.417) , CD on
(-0.417,0) , CU on (0,0.417) , and CD on (0.417,00) . f has|Psat (-0.417,0.834) and
(0.417,-0.834) .

. FromaCAS,

22. y=1(x)= o—
1+e
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tan x tan x| tanx . .
/I_ e [ e (2sin xcos x-1)+2sin xcos x+1] : -
. T isaperiodic

I_ e and I_
y = 2 tan x\ 2 y = 4 tan x\ 3
cos x\1l+e cos Xx\1l+e

that has positive values throughout its domain, which consists of all real

function with period
3 5 .
,+ — ,andsoon). f hasy —intercept

numbers except odd multiples of > (thatis, + = , £ 5 >

1
> , but no x —intercepts. Wegraph f , f /,andf //on one period, <§ > ) :

Since f /(x)<0 for all x inthedomain of f , f isdecreasing on the intervals between odd multiples of

5 - f / /(x):O for x=0+n andfor x~+1.124+n ,so f isCD on < > ,1.124) , CUon

(-1.124,0) , CD on (0,1.124) , and CU on (1.124, > ) . Since f isperiodic, this behavior repeats
1

on every interval of length . f hasIPsat (-1.124+n ,0.890) , (n ,§> ,and (1.124+n ,0.110) .

23.(a) F(X)=x""

b bl . Ux . /x)1 In x Ux  (UX) )
(b) Recall that =" . lim x"*=lim /"™ Asxo 0", — &0, 0X = 0 This

X—0 X—0
indicates that thereisahole at (0,0) . Asx— co , we have the indeterminate form oo
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1x)1 . Inx . 1X . 1Ux_0 :
( X)nx,butllm — =lim —/— =0,s0lim X X:ezl.Th|S|nd|catesthaty=1|sa

. /x ..
lim x =lim e 1

X— 00 X— 00 X— 00 X— 00

HA.
(c) Estimated maximum: (2.72,1.45) . No estimated minimum. We use logarithmic differentiation to

/
= ;1(+(Inx) (—iz>:>

1
find any critical numbers. y:xﬂX:> Iny:;( InXx=- y7 =
I_ A — / / 1e .
y =X X( Linx >:O:s Inx=1= x=e.For O<x<e,y >0andfor x>e,y <0, so f(e)=e ®isa

X— 00

x|

2
X

local maximum value. This point is approximately (2.7183,1.4447) , which agrees with our estimate.

(d)

/1 . /1 :
From the graph, weseethat f  (x)=0 at x~0.58 and x~4.37 . Since f =~ changes sign at these
values, they are x —coordinates of inflection points.

24. () f(X)=(snx) iscontinuouswheresin x>0, that is, on intervals of the form (2n ,(2n+1) )
, S0 we have graphed f on (0, ) .

. sin x . .
(b) y=(sinx) = Iny=sinxilnsinx, so
: o . _ nx . cot X _ _ . 0
l[im Iny=lim sinxInsin x=lim =lim ————— =lim (-sinx)=0= lim y=e =1.
+ + + C&:X +7C$XCOtX + +
X—0 X—0 Xx—0 X—0 X—0 x—0

(c) It appears that we have alocal maximum at (1.57,1) and local minimaat (0.38,0.69) and

(2.76,0.69) . y=(sin x)sjn “~ Iny=sinxinsin x=
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/

: COS X . : |, . _d : /
y7 =(sin x) ( Snx ) +(Insin x)cos x=cos x(1+Insin x)=y =(sin x)SJIn X(cos X)(I+Insinx) .y =0=
cosx=0 or Insin x=-1=x,= - orsin x=e -.0n (0, ), snx=e = x,=sin - (eﬁ ) and

.1 1 _— o
X,;= —sin (e ) . Approximating these points gives us

Q

(xl,f(xl))z(0.3767,0.6922) , (xz,f(xz))z(1.5708,1) , and (xg,f(xs)) (2.7649,0.6922) . The

approximations confirm our estimates.

(d)

/1 . /1 :
From the graph, weseethat f  (x)=0 at x~0.94 and x~2.20 . Since f =~ changes sign a these
values, they are x —coordinates of inflection points.

25.

From the graph of f(x)=sin (x+sin 3x) in the viewing rectangle [0, ] by [-1.2,1.2] , it lookslike f

has two maxima and two minima. If we calculate and graph f /(x):[ cos (x+sin 3x)] (1+3cos 3x) on
[02 ],

we see that the graph of f / appears to be aimost tangent to the x- axis at about x=0.7 . The graph of

/1 : . . : . . : .
f  =-[sin(x+sin 3x)](1+3cos 3x)2+cos (x+sin 3x)(—-9sin 3x) is even more interesting near this x-
value: it seemsto just touch the x— axis.
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. . /1 /1 L
If wezoom inonthisplaceonthegraphof f  ,weseethat f  actually does cross the axis twice

near x=0.65 , indicating a change in concavity for avery short interval. If welook at the graph of f /
on the same interval, we see that it changes sign three times near x=0.65 , indicating that what we had
thought was a broad extremum at about x=0.7 actually consists of three extrema (two maximaand a
minimum). These maximum values are roughly f(0.59)=1 and f(0.68)=1 , and the minimum valueis
roughly f(0.64)=0.99996 . There are also a maximum value of about f(1.96)=1 and minimum values
of about f(1.46)=0.49 and f(2.73)=-0.51 . The points of inflection on (0, ) are about (0.61,0.99998)
, (0.66,0.99998) , (1.17,0.72) , (1.75,0.77) , and (2.28,0.34) .On( ,2 ) , they are about
(4.01,-0.34) , (4.54,-0.77) , (5.11,-0.72) , (5.62,-0.99998) , and (5.67,-0.99998) . There are also
IPat (0,0) and ( ,0) . Note that the function is odd and periodic with period 2 , and it isalso
rotationally symmetric about all points of the form ((2n+1) ,0) , naninteger.

26. f(x):x3+cx:x(x2+c) = f /(x):3x2+c¢ f / /(x):6x

c=6 c=0 c=6

x ~intercepts: When ¢> 0, 0 isthe only x -intercept. When c<0 , the x -intercepts are 0 and £ .
y —intercept =f(0)=0 . f isodd, so the graph is symmetric with respect to the origin. f / /(x)<0 for

x<0and f ' /(x)>0 for x>0, so f isCD on (-00,0) and CU on (0,00). The originisthe only
inflection point.

/ _ . . -
If c>0,then f (X)>0for all x, so f isincreasing and has no local maximum or minimum.

If c=0, then f /(x)z 0 with equality at x=0, so again f isincreasing and has no local maximum or
minimum.

If c<0 , then f /(=313 (-c/3)]=3(x+{</3) (x{c/3) 50t '(x)>00n (o0, {c/3) and

( —0/3,oo) , f /(x)<Oon (f -c/3, —c/3) . It follows that f (— c/3):§c -c/3 isalocal

. 2 . .
maximum value and f ( 70/3)::—30\[70/3 isalocal minimum value. As c decreases (toward more

negative values), the local maximum and minimum move further apart. There is no absolute
maximum or minimum value. The only transitional value of ¢ corresponding to a change in character
of thegraphisc=0.




4 2 22 . : : :
27. f(X)=x +cx =X (x +c) . Note that f isan even function. For c> 0, the only x —intercept isthe

) 1 .
point (0,0) . We calculate f /(x):4x3+2c:x:4x <x2+ > c) ~t/ /(x):12x2+20 .If c>0, x=0isthe

only critical point and there is no inflection point. As we can see from the examples, thereis no
change in the basic shape of the graph for c> 0 ; it merely becomes steeper as ¢ increases. For c=0 ,
the graph is the simple curve

4
culate Y=X.  ¢<0 X 0 +ffc ,  isthe (0,0)

and there is no inflection pmé Wéqgn sEec?rim the gxamp) es, there isno
shape of the graph for t mgrel¢ becofnes fteeper as  increases. For

ple curve

f 1 5 2 .

- Af , isthe o
<j: 6 C,~ 36 > C— -0
int. As we cah see from the examples, thereis no

; it merely becomes steeper as  increases. For :
f , isthe

> examples, thereis no
¥ as increases. For ,

[-c.c] f y-

2\ 3 3x (x 2 c2>
i /(x):2x \/ ol —2X —2x\/ X ZX(C X ) 3
2 2 , , 2 2 , 2 2
2\ c X C X

X— +C

c>0
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So we try d=6 (see the first figure) and we see that the minimum value still occurs at x=5. Next, we
let d=8 (see the second figure) and we see that the minimum value occurs at the endpoints. It appears
that for some value of d between 6 and 8 , we must have minima at both the midpoint and the
endpoints, that is, I (5) must equal 1(0) . To find thisvalue of d , we solve | (0)=I(5) (withk=1):
Lot oo b o 2 (254df) (1004d) +d” (25+d7) =20 (100+0°) -
d 100+d 25+d 25+d 25+d

2 4 2 4 2 4 2 2
2500+125d +d +25d +d =200d +2d = 2500=50d = d =50= d:S\ﬁz 7.071 (for 0<d<10).The
third figure, agraph of 1(0)-I(5) with d independent, confirmsthat | (0)-1(5)=0, that is, I(0)=I(5) ,
when d:5\[§ . Thus, the point of minimal illumination changes abruptly from the midpoint to the

endpoints when d=5y2 .
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1. (a) C(0) representsthe fixed costs of production, such as rent, utilities, machinery etc., which are
incurred even when nothing is produced.

: . o . . /1 . . .
(b) Theinflection point isthe point at whichC = (x) changes from negative to positive; that is, the

marginal cost C /(x) changes from decreasing to increasing. Thus, the marginal cost is minimized at
the inflection point.

(c) The marginal cost functionisC /(x) . Wegraph it asin Example 1 in Section.

2. (a) WegraphC / asin Example 1 in Section.

(b) By reading values of C(x) from its graph, we can plot c(x)=C(X)/x .

(c) Since the graph in part (b) is decreasing, we estimate that the minimum value of ¢(x) occurs at x=7
. The average cost and the marginal cost are equal at that value. See the box preceding Example 1.

/
3. ¢(x)=21.4-0.002x and c(X)=C(x)/x= C(x)=21.4x 0.002X" . C '(x)=21.4-0.004x and
C /(1000):17.4 . This means that the cost of producing the 1001 st unit is about $17.40 .

4. (a) Profit is maximized when the marginal revenue is equal to the marginal cost; that is, when R
and C have equal slopes. See the box preceding Example 2.
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(b) P(X)=R(X)-C(X) is sketched.

(c) The marginal profit function is defined as P /(x) :

5. (a) The cost function isC(x)=40 , 000+300x+x2 , SO0 the cost at a production level of 1000 is
C(x) 40,000
+300+x and

C(1000)=$%$1 , 340, 000 . The average cost function is c(x)=

¢(1000)=%$1340/ unit. The marginal cost functionisC (x):300+2x andC (1000):$2300/ unit.
4

(b) See the box preceding Example 1. We must have C /(x) =C(x) < 300+2x= O’)(()OO +300+X<

40,000

= x2:40 , 000= x:\I 40,000=200 . This gives a minimum value of the average cost
(=290,

X
(c) The minimum average cost is ¢(200)=$700/ unit.

xX=
I

function c(x) sincec

C(x) 25,000

6. (2) C(X)=25, 000+120x+0.1X, C(1000)=$245 , 000 . c(X)= +120+0.1X ,

¢(1000)=%$245/ unit.C (x):120+0.2x ,C (1000):$320/ unit.

25,000 25,000
(b) We must haveC /(x):c(x)@ 120+0.2x= +120+0.1x<0.1x=

. 0.1X’=25, 000=
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50,000

3
X

o i . /1
xzwf 250,000=500 . Thisgivesaminimumsincec (X)= >0 .

(c) The minimum average cost is ¢(500)=$220.00/ unit.

7.(3) C(X)=16 , 000+200x+4x_ > , C(1000)=16 , 000+200 , 000+40 , 000y 10~ 216 , 000+126 , 491
16,000 Y .
, S0 C(1000)~ $342 , 491 . c(X)=C(X)/x= +200+4x"° , c(1000)~ $342.49/unit .

/ 1 / .
c 'x=200+6x"* ,C (1000)=200+60y 10~ $389.74/unit .

16,000
(b) We must have C ' (x)=c(x) < 200+6x" = == +200+4x- 2 2% °=16 , 000 X=(8 , 000) =400
. _ - / - 2 32 _
units. To check that thisis a minimum, we calculate c (X)= 16’200 + T = 22 (x -8000) . Thisis
X
X X

: 2 » : :
negative for x<(8000) *=400 , zero at x=400 , and positive for x>400, so ¢ is decreasing on (0,400)
and increasing on (400,00 ) . Thus, ¢ has an absolute minimum at x=400 .
(¢) The minimum average cost is ¢(400)=40+200+80=%$320/ unit.

8. (3) C(x)=10 , 000+340x-0.3x+0.0001x" , C(1000)=$150 , 000 .

10,000 :
c(X)=C(X)/x=——— +340-0.3x+0. 0001x , ¢(1000)=$150/unit . C /(x):34(}0.6x+0.0003x2 ,

c’ (1000)—$40/un|t
10,000
(b) We must have C ' (x)=c(x) <> 340-0.6x+0.0003X = °
2_ 10,000

+340-0.3x+0.0001% <

+0.3x 0.0002X-0.3X—10 , 000=04> X—1500%°-50 , 000 , 000=0=>
20, ooo

0.0002x

+0.0002>0.

. . . . /1
X~ 1521.60~ 1522 units. Thisgivesaminimum sincec (X)=

X
(¢) The minimum average cost is about ¢(1521.60)~ $121.62/ unit.

9. (8) C(x)=3700+5x-0.04x+0.0003X = C ' (x)=5-0.08x+0.0009x" (marginal cost).

C 3700
c(X)=—" (X) +5-0.04x+0.0003%" (average cost).

(b)
The graphsintersect at (208.51,27.45) , so the production level that minimizes average cost is about
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209 units
3700

© ¢ (=222 _004+0.0006x=0-> 3700+0.04x°~0.0006x =0=> X~ 208.51 . c( ) ~$27.45/ unit.
X

(d) The marginal costisgiven by C /(x) , S0 to find its minimum value we' Il find the derivative of

| 800 |
c';thaisc’’.c ' (x=008+0.0018x=0= x ==~ 5 =M.44.C ( ):$3.22/ unit.
/

/ /(x) =0.0018>0 for aII X , S0 thisis the minimum marginal cost. C T isthe second derivative

ofC .costisgivenby C (x).

10. (a) C(X)=339+25x-0.09%+0.0004x = C ' (x)=25-0.18x+0.0012X (marginal cost).

c(x)= = C(X) 339 125 0,00%+0.0004x (average cost).

(b)
The graphs intersect at (135.56,22.65) , so the production level that minimizes average cost is about
136 units.

(©) c (x)—f @ -0.09+0.0008x=0= X~ 135.56 . c ( )N $22.65/ unit.

X

1800
d) C " (0=-0.18+0.0024x=0=> x= —— o
/ I

(x)=0.0024>0 for al x , so thisis the minimum marginal cost.

=75 .C (75)=$18.25/ unit.

11. C(x)=680+4x+0.01x2 , P(X)=12= R(X)=xp(x)=12x . If the profit is maximum, then R /(x)=C /(x)
. 12=4+0.02x= 0.02x=8= x=400 . The profit is maximized if P /(<0 , but since

/ /(x):R/ /(x)£ / /(x) , We can just check the condition R/ /(x)<C / /(x) . Now
R/ /(x):0<0.02:C / /(x) , SO X=400 gives a maximum.

12. C(x)—680+4x+0 le2 , P(X)=12-x/500 . Then R(X)=xp(x)=12x- x2/500 . If the profit is maximum,

1000
then R/ (%)=C '(x)> 12-x/250=4+0.02x < 8=0.024x = x=8/0.024= —— 2

<0, butsince P 'x)=R’ "-c /(%) , we can just check the condition R’ '(x)<c ' '(x) .

. The profit is maximized if
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1 1000
Now R/ /(x):f 250 <0.02=C / /(x) , SO X= 3 gives a maximum.

13. C(X)=1450+36x-X +0.001x" , p(X)=60-0.01x . Then R(X)=xp(X)=60x-0.01x" . If the profit is
maximum, then R (x)=C ()< 60-0.02x=36-2x+0.003x" = 0.003x"—1.98x-24=0 . By the quadratic

1.98i\/ (-1.98) +4(0.003)(24) _ 1.98+14.2084
2(0.003) - 0.006

X~ (1.98+2.05)/0.006~672 . Now R’ ()=-0.02 andC ' ()=—2+0.006x=C ' '(672)=2.032~
R’ (672)<C ' (672)= thereisamaximum at x=672 .

formula, x= . Since x>0,

14. C(X)=16 , 000+500%-1.6X +0.004x" , p(x)=1700-7x . Then R(X)=xp(X)=1700x-7X . If the profit
is maximum, then R’ (x)=C () & 1700-14x=500-3.2x+0.012x" <> 0.012x +10.8x-1200=0
x2+900x7100 , 000=0< (x+1000)(x-100)=0<x=100 (since x>0 ). The profit is maximized if

P’ <0, butsinceP’ /=R’ '0-c ' '(%) , we canjust check the condition R’ '()<C ' (%) .
Now R/ /(x):fl4<—3.2+0.024x:C / /(x) for x>0, so thereisamaximum at x=100 .

. . /
15. C(X)=0.001x -0.3x +6x+900 . The marginal cost isC ' (x)=0.003X"-0.6x+6 .

C /(x) isincreasing when C / /(x)>0<:>0.006x70.6>0<:>x>0.6/0.006:lOO .S0C /(x) starts to increase
when x=100 .

16. C(x)=0.0002x"-0.25x +4x+1500 . The marginal cost isC '(x)=0.0006x—0.50x+4 .

I, . . . /1 /
C (X)isincreasingwhenC (X)>0<0.0012x-0.5>0< x>0.5/0.0012~417 . S0C (X) startsto
increase when x=417 .

17. (a) C(x):1200+12x—0.1x2+0.0005x3 : R(x):xp(x):29x—0.00021x2 . Since the profit is maximized

/ / . : . : :
when R (X)=C (X) , we examine the curves R and C in the figure, looking for x- values at which the
slopes of the tangent lines are equal. It appears that x=200 is a good estimate.
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() R'(0=C /()= 29-0.00042x=12-0.2x+0.0015x = 0.0015x ~0.19958x17=0= X~ 192.06 (for

: . /1 /1
x>0). AsinExercise11, R (X)<C = (X)= -0.00042<-0.2+0.003x«>0.003x>0.19958 < x>66.5 . Our
value of 192 isin thisrange, so we have a maximum profit when we produce 192 yards of fabric.

18. (a) Cost=setupcost+manufacturingcost=- C(x):500+m(x):500+20x—5x3/“'+0.le2 . We can solve
X( p):32C%7.7 pfor pintermsof x tofi nd the demand (or price) function. x=320-7.7 p=- 7.7 p=320-X

20x x

= 9= 222 RX)=xp(9=
320-2x

15 s
(b) C (x):R (x):> 20~ 7 X +0.02x: S XN 81.53 planes, and p(x)=$30.97 million. The

maximum profit associated with these values is about $463.59 million.

19. (a) We are given that the demand function p islinear and p(27 , 000)=10, p(33, 000)=8, so the

10-8 1
27,000-33,000 3000 ) (x-27,000) =

1
y=p(X)=- 3000 x+19=19-(x/3000) .

dopeis and an equation of thelineisy-10=

1
- 3000

(b) Therevenueis R(x):xp(x):19x—(x2/3000): R /(x):l&(x/1500)20 when x=28 , 500 . Since
R / /(x):—JJ1500<O , the maximum revenue occurs when x=28 , 500=- the priceis p(28 , 500)=$9.50

20. (a) Let p(x) be the demand function. Then p(x) islinear and y=p(x) passes through (20,10) and

1 1 1
(18,11) , sothe dopeis- 5 and an equation of the lineis y-10=- > (x-20)& y=— > x+20 . Thus, the

1 1
demand is p(X)=— > x+20 and the revenue is R(X)=xp(X)=— > x2+20x :

1
(b) The cost isC(x)=6x , so the profit is P(X)=R(x)-C(X)=— > x2+14x . Then 0=P /(x):—x+14:> x=14 .

Since P / /(x):—1<0 , the selling price for maximum profit is p(14)=- —; (14)+20=%$13.

21. (a) Asin Example 3, we see that the demand function pislinear. We are given that p(1000)=450
and deduce that p(1100)=440, since a $10 reduction in price increases sales by 100 per week. The
440-450 1

: 1 . 3 B i
dlopefor pis 1100-1000 ~ 10 '@ equation is p-450=- (x 1000) or p(X)=— 7= x+550 .

1 1
(b) R=XP(9=— 75 X 2+550x . R (X)=— £ X+550=0 when x=5(550)=2750 .

p(2750)=275 , so the rebate should be 450-275=$175 .
(c) C(X)=68 , 000+150x=>
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1 1 1
PO)=R0)-C()=- 15 X ?+550x 68 , 000- 150x=" Tk 2+400%-68 , 000, P ()= = £ X+400=0 when

x=2000 . p(2000)=350 . Therefore, the rebate to maximize profits should be 45(}350 $100 .

22. Let x denote the number of $10 increasesin rent. Then the price is p(x)=800+10x , and the
number of units occupied is 100-x . Now the revenueis

R(X) = (rental price per unit)x (number of unit srented)
= (800+10x)(10&x):flox2+200x+80,000f0r0§ x< 100 =

R /(x):—20x+200:0<:> x=10 . Thisisamaximum since R / /(x)2720<0 for al x . Now we must check
the value of R(x)=(800+10x) (100-x) at x=10 and at the endpoints of the domain to see which value
of x gives the maximum value of R . R(0)=80, 000 , R(10)=(900)(20)=81 , 000 , and
R(100)=(1800)(0)=0 . Thus, the maximum revenue of $81 , 000/ week occurs when 90 units are
occupied at arent of $900/ week.

o 800
23. If the reorder quantity is x , then the manager places ~ orders per year. Storage costs for the

1 800 80,000
year are 7 X- 4=2x dollars. Handling costs are $100 per delivery, for atotal of ~ 100=—"

2
80,000 N
dollars. The total costsfor the year are C(x)=2x+ — To minimize C(x) , we calculate

80, OOO -2 ( —40 000) . Thisis negative when x<200 , zero when x=200 , and positive
X X

when x>200, so C is decreasing on (0,200) and increasing on (200,00) , reaching its absolute

minimum when x=200 . Thus, the optimal reorder quantity is 200 cases. The manager will place 4

orders per year for atotal cost of C(200)=$800 .

c =2

24. She will have A/n dollars after each withdrawal and O dollars just before the next withdrawal, so

1
her average cash balance at any giventimeis > (A/n+0)=A/(2n) . The transaction costsfor n
withdrawals are nT . Thelost interest cost on the average cash balanceis [ A/(2n)]- R . Thus, the total

AR AR
cost for n transactionsisC(n)=nT+—= .Now C (n)—T—ﬂ? andC (n) 0= E—Tj n2:—
2n 2 2 2T
2n 2n
/ AR
=\ 57 o the value of n that minimizestotal costssinceC / /(n):— ﬂ: <0 . Thus, the optimal
n
A Af2T _yAT _

aver ecashbalancels—
X 2n 2\[ AR

"R
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1. (a)

The tangent line at x=1 intersectsthe x —axisat x~2.3, sO X 2.3. Thetangent line at x=2.3

intersectsthe x —axisat x~3, S0 X 30.

(b) x1:5 would not be a better first approximation than X1:1 since the tangent lineis nearly

horizontal. In fact, the second approximation for x1:5 appears to beto the left of x=1 .

2.

The tangent line at x=9 intersectsthe x —axisat x~6.0 , sO X 6.0 . Thetangent line at x=6.0
intersectsthe x —axisat x~8.0 , s0 X 8.0.
3. Since x1:3 and y=5x-4 istangent to y=f(x) at x=3, we ssimply need to find where the tangent line

intersects the x- axis. y=0= 5x2—4:0:s X =% -

4. (a)
If x1:0 , then X, IS negative, and X, IS even more negative. The sequence of approximations does not
converge, that is, Newton’s method fails.

(b)
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If x1:1 , the tangent line is horizontal and Newton’s method fails.

(©)

If x1:3 , then x2:1 and we have the same situation as in part (b). Newton’s method fails again.

(d)
If x1:4 , the tangent line is horizontal and Newton’s method fails.
x3+2x 4
/ } 1+2-4 -1
5. f(x):x3+2x—4:> f (x):3x2+2 ,SOX =X - % . Now x1:1:> x2:1— > =1 = =1.2=
3xn+2 31+2

(1.2)%2(1.2)-4
3(1.2)°+2

3 2
f(x X X -1
6. F()=X X 1= f ' (0=3X-2X , 0 X :XJ_”l_ nn T
n+l " n / n 2
f (xn) 3xn—2xn

X =1.2- ~1.1797 .

3

3.2
1-1-1 2-2-1
Now x1:1:> x2:1— E =2= x3:2— — =1.625.
3.2-2.2
f (xn) x —20

7. f(x)=x4—20:> f /(x)=4x3 ,SOX =X -

4 4
Now X1:2j )(2:27 ﬂ) =2 125= x =2.125- (2125) -20

~2.1148.
3
42)° 4(2.125)°

8. f(x)=x+2= f [()=5x", 0
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5
X +2 5 5

B n B B (-1)+2 _ 1_ B (-1.2) +2

xn+ 1—xn— — Now xl——1:> x2——1— — =1- £ =12= x3——1.2— —

= ~-1.1529.
BX_ 5. (-1) 5(-1.2)

3
X +X +3
n n

9. f(x):x3+x+3¢ f /(x):3x2+1 ,SOX =X -

! . Now xl——1:>

3x+1
n

(D143 1143 1

R T Y= R

3(-1) +1

(-1,1) down to itsintersection with the x —axis at (-1.25,0) , giving the second approximation

X=125.

2

X

. =-1.25 . Newton’s method follows the tangent line at

4
X-X-1 4
/ 3 1-1-1 -1 4
10. f(x):x4—x—1é f (X)=4x -1, s0 X X k 3n . Now x1:1:s x2:1— 3 =1- 373
4xn—1 4-1-1

, o . . : 4
Newton’s method follows the tangent line at (1,-1) up to itsintersection with the x —axis at < 3 ,O)

. N 4
, giving the second approximation X,= 3

11. To approximate x:—\3[ 30 (sothat x3:30 ), we can take f(x):x3730 .o f /(x):3x2 , and thus,
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X-30
n

> - Since —\Sf 27=3 and 27 iscloseto 30 , we'll use X1:3 . We need to find
3xn
approximations until they agree to eight decimal places. x1:3:> X 311111111, X £ 3.10723734

X 3.10723251~ X - So %z 3.10723251 , to eight decimal places. Hereis a quick and easy
method for finding the iterations for Newton’s method on a programmable calculator. (The screens
shown are from the T1-83 Plus, but the method is similar on other calculators.) Assign f(x):x3—30 to
Y L and f /(x):3x2 to Y2 . Now store x1:3 in X and then enter X-Y 1/Y2—> X to get x2:3.1 . By

successively pressing the ENTER key, you get the approximations Xy Xy ooe

In Derive, load the utility file NEWTON (x*3-30,x,3) and then APPROXIMATE to get . You can
request a specific iteration by adding a fourth argument. For example, NEWTON (x*3-30,x,3, 2)
gives[3,3.11111111,3.10723733] .

In Maple, make the assignments f:=x— x*3-30; , g:=x— x-f(X)/D(f)(x); , and x:=3.; . Repeatedly
execute the command x:=g(X); to generate successive approximations.

In Mathematica, make the assignments f[x]:=x"3-30 , g[X]:=x-f[X]/f /[x] , and x=3. Repeatedly
execute the command x=g[X] to generate successive approximations.

x ~1000
n

/
12. f()=x"-1000= f '()=7x", 0% __ =X -

! . We need to find approximations until they

X

n

agree to eight decimal places. x 1:3:s X 2.76739173, X i 2.69008741 , x o 2.68275645 ,
XA 2.68269580~ Xs - So £[1000~ 2.68269580 , to eight decimal places.

13. f(x):2x3—6x2+3x+1:>f /(x):6x2—12x+3:>
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3 2
2xn—6xn+3xn+1
X X > . We need to find approximations until they agree to six decimal places.
6xn—12xn+3

X, =2.5= X 2.285714 , X 2 2.228824 , X 2 2.224765 , X~ 2.224745~ X . SO theroot is 2.224745 ,
to six decimal places.

4
X +X -4
n n

14, 1(0=x +x 4= 1 '(0=ax+1>x__=x - X =15= X ~1.323276 , x ~1.285346

ax+1
X 1.283784 , X 1.283782~ Xs - So theroot is1.283782 , to six decimal places.

) 2
. 2 . 2 / SN Xnixn )
15.sinx=x , s0 f(X)=sinx-x = f (X)=cos x-2Xx= X . .=x - — . From thefigure, the
1l N cos X 2%

positive root of sin x:x2 isnear 1. x1:1:> X 0.891396 , X 0.876985 , x o 0.876726~ X, - So the
positive root is 0.876726 , to six decimal places.

4
4 4 / 3 2c0s Xn_xn
16. 2cos x=x , S0 f(X)=2cosx-Xx = f (X)=-2sin x-4x = XX 3 From the figure,
-2sin xn—4xn

the positive root of 2cos x=x" IS near 1x=1=x~ 1.014184 , X 1.013958~ x " So the positive root
1$1.013958 , to six decimal places.

17.
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From the graph, we see that there appear to be points of intersection near x=-0.7 and x=1.2 . Solving

4
X X -1
n n

4 . . /

X =1+x isthe same as solving f(x):x4—x—1:0 . f(x):x4—x—l:s f (x):4x3—l ,SOX =X -
4x -1
n

X 1:—0.7 X 1:1.2
X 7~-0.725253 X7 1.221380
X -0.724493 X 1.220745

X R -0.724492~ X X 1.220744~ X

To six decimal places, the roots of the equation are -0.724492 and 1.220744 .

18.

From the graph, we see that reasonable first approximations are x=0.5 and x=+1.5 . f(x):x5—5x+2:>
x5—5x +2
/ 4 n n
f (X)=5x -5,s0X =X -——""""
n+ n

1 5x 5
n
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x,=15 x,=05 X, =15
X ~~1.593846 x,=0.4 X7~ 1.396923
X -1.582241 X 0.402102~ X, X~ 1.373078
X ~—1.582036~ X X ~1.371885
XA 1.371882~ Xq

To six decimal places, the roots are -1.582036 , 0.402102 , and 1.371882 .

19.

From the graph, we see that there appear to be points of intersection near x=-0.5 and x=1.5 . Solving

3=_2 .. . _3 2 . 3z 2 I 1 23
—\/;—x -1 isthe same as solving f(x)——\ﬁ(—x +1=0. f(x)——\F( X+1l=f (X)= 3 X -2X,S0

2
23!xx+1
n n
X =X- .

Ml n -2/3

1
§ X —2xn
X 1:—0.5 X 1:1.5
xzz -0.471421 X i 1.461653
X e -0.471074~x 4 X n 1.461070~ x 4

To six decimal places, the roots are -0.471074 and 1.461070 .

20.

From the graph, we see that there appear to be points of intersection near x=-1.2 and x=1.5 . Solving
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\I x+3:x2 Isthe same as solving f (x):xz—\[ x+3=0. f (x):xz—\f x+3=f /(x):2x—

2
X—.‘/X+3
n n

X =X -
Lo n 2x1/(2 x+3)
n n

1
o3

x1:—1.2 x1:1.5
Xzz -1.164526 X i 1.453449
X £ -1.164035~ x 4 X £ 1.452627~ x 4

To six decimal places, the roots of the equation are -1.164035 and 1.452627 .

21. From the graph, there appears to be a point of intersection near x=0.6 . Solving cos x:\/; Isthe
. / .
same as solving f(x)=cos x{x=0 . f(x)=cosx—{x = f "(x)=-sinx-1/(2{x) , so0
COS X —+| X
= - i Now x.=0.6=
X =X - : =0.
1 _§nx — 1
mtlon sinx_ 1/(2\/;)

X 0.641928 , X 0.641714~ x 4+ 10 six decimal places, the root of the equation is 0.641714 .

22. From the graph, there appears to be a point of intersection near x=0.7 . Solving tan x:\/ 1—x2 IS
the same as solving f(x)=tan x- 1—x2 =0 . f(x)=tan x- l—x2 = f /(x):sec 2x+x/ 1—x2 , SO

tan xn— 1—xr2]
X =X - . X.=0.7= X ~0.652356 , X ~0.649895 , X ~0.649889~ x_. To SiX
ntl n 5 5 1 2 3 4 5
SeC xn+xn/ 1—xn

decimal places, the root of the equation is 0.649889 .
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23.

5 4 _ 3
X —X —5X —X +4x +3
n n n

N

f(x):x5—x4—5x3—x2+4x+3:> f /(x):5x4—4x3—15x2—2x+4:> X =X "1 3 - r; . From the
5X —4x —15X -2X +4
n n n n
graph of f , there appear to berootsnear -1.4,1.1 ,and 2.7 .
x1:—1.4 X 1:1.1 X 1:2.7
X -1.39210970 X 1.07780402 XA 2.72046250
X -1.39194698 X 1.07739442 X 2.71987870
X -1.39194691~ X, X 1.07739428~ X X 2.71987822~ X

To eight decimal places, the roots of the equation are -1.39194691 , 1.07739428 , and 2.71987822 .

24,

4 4
Solving x2 (4—x2): S Is the same as solving f(x):4x2—x4— - =0.f /(x):8xf4x3+ 8 > =
X +1 X +1 x2+1
4xi—x;174/ (xi+1>
X 5 From the graph of f(x) , there appear to be roots near x=+1.9 and

8x —4x3+8x / <x2+1>
n n n n
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x=+0.8 . Since f iseven, we only need to find the positive roots.

X 1:0.8 X 1:1.9

XA 0.84287645 XA 1.94689103

X i 0.84310820 X n 1.94383891

X 0.84310821~ x5 X 1.94382538~ x5

To eight decimal places, the roots of the equation are +0.84310821 and + 1.94382538 .

25.

From the graph, yzxz\f 2—x—x2 and y=1 intersect twice, at x~-2 and at x~-1 . f(x):xz\/ 2—x—x2 -1
=

f /(x) =X2- % (2—X—X2) 7u2(—1—2x)+(2—x—x2) 1/2- 2X

= % X(2—x—x2) 71/2[ X(—1—2X)+4(2—X‘X2) ]

B x(&5x76x2)
A

2 f 2
XAl2 - X =X - 1 /
SOX =X - . Trying X, =2 won't work because f (-2) isundefined, so
ntl n 2 1
X (8 - 95X - 6bX )
n n n
2\/2(2 +x)(1 - x)
we'll try x1:—1.95 :
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X 1:—1. 95

X~ ~1.98580357

X ~-1.97899778

X ~-1.97807848

x ~-1.97806682
x~-1.97806681~Xx,

X 1:—0.8

XA -0.82674444

X -0.82646236

X -0.82646233~ X,

To eight decimal places, the roots of the equation are -1.97806681 and -0.82646233 .

26.

From the equations y=3sin (xz) and y=2x and the graph, we deduce that one root of the equation

3sin (xz):2x ISx=0 . We also see that the graphs intersect at approximately x=0.7 and x=1.4 .

f(X)=3sin (x2)—2x:& f /(X):SCOS (x2)~ 2X-2, %0 X,

X 1:0.7
XA 0.69303689
X 0.69299996~- X 4

=X - :
6xncos (x)-2

3sin(x —2xn

X 1:1.4

X 1.39530295
X 1.39525078
X 1.39525077~ X,

To eight decimal places, the roots of the equation are 0.69299996 and 1.39525077 .

27.
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2
- 2 . . . N
From the graph, we see that y=e * and y=X —X intersect twice. Good first approximations are x=—0.5
2

-X

oo / 2 e rLxi+xn
and x=1.1. f(x)=e X +x=f (X):fzxe —2x+1, 0 Xn+1:Xn7 -
—X
2x e “-2x +1
n n
xlz—0.5 x1:1.1
xzz -0.51036446 X2% 1.20139754
X 72-0.51031156~X,, x~1.19844118
X £~ 1.19843871~ X5

To eight decimal places, the roots of the equation are -0.51031156 and 1.19843871 .

28.

From the graph, y=In (4—x2) and y=x intersect twice, at x~-2 and at x~1 . f(X)=In (4—x2) -X=

2
5 In (4xm)xn

X 4 ,SOX =X - . Trying X, =—2 won’'t work becauseit’s not in the
2 n+l " n 2 1
[ZXn / (4xn> ]1

t /(0=
4-X

domain of y=In 4—x2 . Trying x1:—1.9 also fails after one iteration because the approximation x_ is

2
lessthan -2 . Wetry x1:—1.99 :

X1271.99 Xlzl.l

X -1.97753026 XA 1.05864851

X -1.96741777 X 1.05800655

X -1.96475281 X 1.05800640~ X

XA -1.96463580
X & -1.96463560~ X7
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To eight decimal places, the roots of the equation are -1.96463560 and 1.05800640 .

29. (a) f(x):xz—a:> f /(x):2x , S0 Newton’s method gives
2

=y oo l,alio a1/ a
1 N 2X_n2n2X 2n2x_2 n '
n n n
(b) Using (a) with a=1000 and Xlz\f 900=30, we get X 31.666667 , X 31.622807 , and
X 31.622777~ X - So /1000~ 31.622777 .

llxn—a )
=X +X —ax =2X —ax
n n n n

30.@ (=7 L s ‘=% sox =%
X —1/xn

. : 1
(b) Using (a) with a=1.6894 and X=5 =0.5, we get x2:0.5754 P X 0.588485 , and

X 0.588789~ X, - So 1/1.6984~0.588789 .

31 f(x):x373x+6:> f /(x):3x2—3. If x1:1 , then f / (xl) =0 and the tangent line used for

approximating X, is horizontal. Attempting to find X, results in trying to divide by zero.

3
X -x-1
n n

32. x3—x:1<:>x3—x—120. f(x):x3—x71:>f /(x):3x271 ,SOX =X -
n+tl n 2

3xn—1

(@) x1:1 : x2:1.5 P X P 1.347826 , x o 1.325200, X 1.324718~ Xs

(b) x1:0.6 , x2:17.9 ) X 11.946802 , x o 7.985520 , X 5.356909 , x o 3.624996 , X 2.505589 ,

X 1.820129 , X 1.461044 | x W 1.339323, X~ 1.324913 X~ 1.324718~ X3

(c) x :O.57 , X z754.165455 , X z736.114293 , X m724.082094 , X z—16.063387 , x6m710.721483
, X Nf7 165534 , Xg ~-4.801704 , x N73 233425 , X ~-2.193674 , X\ ~-1.496867 ,

X 5 ~-0.997546 , X4 ~-0.496305 , X 4 ~-2.894162 , X, ~71.967962 : xl & -1.341355,

X, N—0.870187 X g ~-0.249949 , X ~-1.192219, Xo0 ~-0.731952, X, %0.355213 :

X, N—l 753322, X, ~-1.189420 , Xo4 ~-0.729123 , X, ~0 377844 Xos ~-1.937872,

X27~—1.320350 » Xog ~-0.851919 Xog ~-0.200959 , Xag ~-1.119386 , Xslz -0.654291
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X3 1.547010 , XS 1.360051 , X3P 1.325828 , Xy 1.324719, X3g™ 1.324718~ Xq,

(d)

From the figure, we see that the tangent line corresponding to x1:1 results in a sequence of
approximations that converges quite quickly ( XX ). The tangent line corresponding to x 1:0.6 IS
close to being horizontal, so X, Is quite far from the root. But the sequence still converges— just a
little more slowly ( X X ). Lastly, the tangent line corresponding to x1:O.57 Isvery nearly
horizontal, X, is farther away from the root, and the sequence takes more iterations to converge (

X367~ %37

1/3
f !x ’ X
3 1 23
33.For f(x)=x ,f (X)=7x andx  =Xx- W o=x - —0  =x 3x =2x . Therefore, each
3 ntl “n / n 1 23 n n n
F) 3
n 3 n
successive approximation becomes twice as large as the previous one in absolute value, so the

sequence of approximations fails to converge to the root, which is 0 . In the figure, we have x1:0.5 :
x2272(0.5):fl , and x3272(71):2 :

34. According to Newton's Method, for xn>0 ' X=X L =X 2x =X and for x <O

n 1 21/
A%
X =X - ] =X . S0 we can seethat after choosing any value x, the
n 1/(2 ’ X ) n 1
n
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subsequent values will alternate between X and X, and never approach the root.

35. (a) (X)=3X 28X +6x +24x= f ()=12x"-84x +12x+24— f ' '(x)=36x"-168x+12 . Now to

/

fx1

1
solve f /(x):O iy X, = > = X=X =
()

wIN

= xsz 0.6455= x ~ 0.6452= x5z 0.6452 . Now

try X 1:6:> x2:7.12:>
X 6.8353= x 7~ 6.8102= X~ 6.8100 . Finally try xlsz.S;» X -0.4571= X -0.4552=

X -0.4552 . Therefore, x=-0.455 , 6.810 and 0.645 are all critical numbers correct to three decimal

places.
(b) f(-1)=13, f(7)=-1939, f(6.810)~-1949.07, f(-0.455)~-6.912 , f(0.645)~ 10.982 .
Therefore, f(6.810)~—-1949.07 is the absolute minimum correct to two decimal places.

36. f(x)=x+sinx= f '()=2x+cosx . f ' (x) exists for al x , 50 to find the minimum of f , we can

examine the zeros of f / . From the graph of f / , We see that agood choice for X, IS xlz—0.5 .Use
g(X)=2x+cos x and g /(x):2—si n x to obtain x o -0.450627 , x F -0.450184~ x " Since

/1 . : -
f (X)=2-sinx>0 for al x, f(-0.450184)~-0.232466 is the absolute minimum.

37.
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From the figure, we see that y=f (x):ecosx Isperiodic with period 2 . To find the x —coordinates of
the IP, we only need to approximate the zeros of y M on[O, ].f /(x):—ecos “s§nx=

f / /(x):ecosx (si n 2x—cos x) .Sincee X;é 0, we will use Newton’s method with g(x)=sin 2x—cos X,
g /(x):Zsi nxcosx+sinx , and x =1 . x ~0.904173 , X ~0.904557~x, . Thus, (0.904557,1.855277)
istheIP.

38.

f(X)=—sinx=f /(x):—cos X . At x=a, the dope of the tangent lineis f /(a):—cos a . Theline through
-sina-0

theorigin and (af(a)) isy= x . If thislineisto betangent to f at x=a, then its Slope must

a0
/ -sina . : .
equal f (a) . Thus, =-cos a=-tan a=a . To solve this equation using Newton's method, let
g(x)=tan x—x,
/ 2 tan Xnixn

g (X)=sec x-1,and X X with X1:4'5 (estimated from the figure). XA 4.493614 ,

sec x -1
n

X 4.493410, x o 4.493409~ X - Thus, the slope of the line that has the largest slope is
/
f (x5) ~0.217234 .

39.

1 /4 2
The volume of the silo, interms of itsradius, isV(r)= r2(30)+§ (5 r3>:30 r2+§ r

Fromagraph of V , we seethat V(r)=15, 000 at r~ 11 ft. Now we use Newton’'s method to solve the

| v
equationV()-15,000=0 . —~ =60 r+2 0

3
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2
30 ri+ : 15,000
= — > . Taking r1:11 , We get r~ 11.2853 , r 11.2807mr4 . Soin order

r =
n+1 n
60 r +2 r
n n

for thesiloto hold 15, 000 ft 3 of grain, its radius must be about 11.2807 ft.

40. Let theradius of the circleber . Using s=r! , wehave 5=r! and sor=5! . From the Law of
Cosines we get A=’°2. 1t - cos! @16:2rz(1fcos! )=2 (5N )2(17003! ).
Multiplying by! ? gives 16 2:50(1—cos! ) , sowetake f(! )=16 2+50cos! -50 and

16 i+50cos! 50

/ . .
f ()=32 -50sin! . Theformulafor Newton's method is! = - . n . From the
mlono 32 n—50sm! .

graph of f , we can use! 1:2.2 , giving us! o 2.2662 ,! n 2.2622~! 4 So correct to four decimal

places, the angle is 2.2622 radians ~ 130 .

_ R -
41. Inthis case, A=18, 000 , R=375, and n=5(12)=60 . So the formula A= [1-+)™] becomes

375 : )
18, 000= = [1-1+%) ] < a8x=1-(14x) [ multiply each term by (14 ] <

48x(1+x) " —(1+%) +1=0 . Let the LHS be called f(x) , 0 that
£ /(0 = 48x(60)(1+%) +48(1+x) °-60(1+%)
= 12(1+x)" [ 4X(60)+4(1+X)-5] =12(1+x) (244x-1)

60 60
48xn ( 1+xn) - ( 1+xn) +1
X =5 . An interest rate of 1% per month seems like a reasonable
12 (1+xn) (244xn—1)

estimate for x=1 . So let xlzl%:0.0l , and we get X 0.0082202 , XF 0.0076802 , X 0.0076291 ,

XA 0.0076286~ Xs - Thus, the dealer is charging a monthly interest rate of 0.76286% (or 9.55% per
year, compounded monthly).
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42. (a) p(x):xs—(2+r)x4+(1+2r)x3—(1—r)x2+2(1—r)x+r—1:>
0 (0=5x"-4(2+1 )X +3(1+2r)X°-2(1-r)x+2(1-r) . So we use

X(2H )X HLH 20X (L1 +2(L )X 41 Py
X =X 2 3 > . We substitute in the valuer = 3.04042x 10
5xn—4(2+r )xn+3(1+2r )xn—2(1—r )xn+2(1—r)

in order to evaluate the approximations numerically. The libration point L 1 isslightly lessthan 1 AU

from the Sun, so we take x 120.95 as our first approximation, and get XA 0.96682 , X 0.97770 ,
X 0.98451 , X 0.98830 , X 0.98976 , X 0.98998 , X 0.98999~ Xg -

S0, to five decimal places, L . islocated 0.98999 AU from the Sun (or 0.01001 AU from Earth).
(b) In this case we use Newton’ s method with the function

p(x)—2rx2:x57(2+r)x4+(1+2r )x3—(1+r )x2+2(1—r)x+r—1:>

[ p(x)72rx2] /:5x4—4(2+r)x3+3(1+2r)x2—2(1+r)x+2(1—r) . S0

xi—(2+r)x:+(1+2r )x:—(1+r )xﬁ+2(1—r )xn+r—1 .
X =X 3 > . Again, we substituter ~3.04042x10 . L ) IS
5xn—4(2+r )xn+3(1+2r )xn—2(1+r )xn+2(1—r)

slightly more than 1 AU from the Sun and, judging from the result of part (a), probably less than 0.02
AU from Earth. So we take x1:1.02 and get X 1.01422 , X 1.01118 , X 1.01018 ,

XA 1.01008~ Xs - So, to five decimal places, L 5 islocated 1.01008 AU from the Sun (or 0.01008 AU
from Earth).
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1. (a) Since f isincreasing , we can obtain alower estimate by using left endpoints. We are instructed
to use five rectangles, so n=5.

L :Ziilf(xll)Ax
=f (xo)- 2+f (xl)- 2+f (xz)- 2+f (xs)- 2+f (x4)- 2

=2[ f(0)+f(2+f(4+f(6)+f(8)]
~ 2(1+3+4.3+5.4+6.3)=2(20)=40

Since f isincreasing , we can obtain an upper estimate by using right endpoints.
5
R :Zizlf (xl)Ax

:2[ f (x1)+f (x2)+f (x3)+f (x4)+f (Xs) ]
=2[ f(2)+f(4)+f(6)+f(8)+f(10)]
~ 2(3+4.3+5.4+6.3+7)=2(26)=52

Comparing R5 to L5 , We see that we have added the area of the rightmost upper rectangle, f(10)- 2,
to the sum and subtracted the area of the leftmost lower rectangle, f(0)- 2 , from the sum. aaaaa
(b)
10
“10 =2, f (X|1) Ax
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{1 (5] {s) 15
=f(0)+f(1)+ - - +f(9)
~1+2.1+3+3.7+4.3+4.9+5.4+5.8+6.3+6.7
=43.2

10
Ro=X_,f ()(I)Ax:f(1)+f(2)+- .. +f(10)
=L 1O+1- f(10)-1- 1(0) [add rightmost upper rectangle, subtract leftmost lower rectangle |
=43.2+7-1=49.2

2. (a)

0) A
6 :Zi=1f (X|1) Ax

=2[ f (Xo) +f (x1)+f (x2)+f (x3)+f (x4)+f (x5) ]
=2[ f(0)+f(2)+f(4)+f(6)+f(8)+f(10)]

~ 2(O+8.8+8.2+7.3+5.9+4.1)

~2(43.3)=86.6
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) R =L+2 (122 1(0)
~86.6+2(1) 2(9)=70.6

(i) :Zilf(X:)Ax

=2[f(1)+f(3)+f(5)+f(7)+f(9)+f(11)]
~2(8.9+8.5+7.8+6.6+5.1+2.8)
=2(39.7)=79.4

(b) Since f isdecreasing , we obtain an overestimate by using left endpoints; that is, L 6"
(c) Since f isdecreasing , we obtain an underestimate by using right endpoints; that is, R6 .
(d) M 6 gives the best estimate, since the area of each rectangle appearsto be closer to the true area

than the overestimates and underestimates in L6 and R6 )

3. (a)
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R, :Zitlf (xl) AX

:f(xl)-1+f(xz)-1+f(x3)-1+f(x4)-1
=f(2)+f(3)+f(4)+1(5)
1 1 1 1 77

2" 3t 3t 5 g 1283

Since f isdecreasing on [1,5] , an underestimate is obtained by using the right endpoint
approximation, R4 .

(b)
L, :Zi4=1f (X|—1) AX
—f(1)+f(2)+F(3)+F(4)

L 4 Isan overestimate. Alternatively, we could just add the area of the leftmost upper rectangle and

subtract the area of the rightmost lower rectangle; that is, L 4:R4+f(1)- 1-f(5)-1.

4. (a)

Ry =X f (xl) AX
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=f (xl)- 1+f (Xz)' 1+f (x3)- 1+f (x4)- 1+f (Xs)' 1
=f(1)+f(2)+f(3)+f(4)+f(5)
=24+21+16+9+0=70

Since f isdecreasingon [0,5] , R, isan underestimate.

(b)

L5 :Z i5:1f (Xll) AX
=f(0)+f(1)+f(2)+f(3)+f(4)
=25+24+21+16+9=95

L5 IS an overestimate.

2-(1)
3

5. (a) f(x)=1+X" and Ax=

2-(-1
AX= (—) =0.5=
Re

=1= R=1 f(0)+1 f(1)+1- f(2)=1 1+1. 2+1.5=8 .

6
=0.5[ f (-0.5)+ f (0)+ (0.5)+f (1)+f (1.5)+f(2)]

=0.5(1.25+1+1.25+2+3.25+5)
=0.5(13.75)=6.875
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(b)
L, =1 f(-1)+1 f(0)+1 f(1)=1 2+1 1+1.2=5
L, =0.5[ f (-1)+f(-0.5)+f (0)+f(0.5)+f (1)+f(1.5)]

=0.5(2+1.25+1+1.25+2+3.25)
=0.5(10.75)=5.375
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(c)

M, =1. f(-0.5)+1. f(0.5)+1. f(1.5)
=1.1.25+1- 1.25+1. 3.25=5.75

M =0.5[ f(-0.75)+f (-0.25)+f(0.25)]

+£(0.75)+f(1.25)+f(1.75)]
=0.5(1.5625+1.0625+1.0625+1.5625+2.5625+4.0625)
=0.5(11.875)=5.9375

(d) M ¢ appears to be the best estimate.

6. (a)

2
) 109=¢" and ax= 22 =1

O R =1 f(-)+L 1O+ 1 F(D+L F()=e +1+e “+e '~ 1754
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() m L FCLEHL f(05)+1 f(05)+1 f(LE)=e ~~+e ~+e  +e  ~1768

(©)
0 R,=0.5[f(-1.5)+f(-1)+f(-0.5)+f(0) |+f(0.5)+f()+f(15)+f(2)] —e “Pre e 011

025 -1 -225 -4
+e +e +e +e ~1.761

(i) Dueto the symmetry of the figure, we see that M ;=(0.5)(2[f(0.25)+(0.75)+f (1.25)+f (1.75)]

~0.0625 -05625 -15625 3.0625
=e +e +e +e ~1.766

7. Here is one possible algorithm (ordered sequence of operations) for calculating the sums:

(@) Let SUM =0, X _MIN =0, X _MAX =7, N =10 (or 30 or 50 , depending on which sum we are
calculating), DELTA_X =(XMAX-XMIN)/ N, and RIGHT_ENDPOINT = X_MIN + DELTA_X.
(b) Repeat steps 2a, 2b in sequence until RIGHT _ENDPOINT > X_MAX.

(c) Add sin (RIGHTENDPOINT) to SUM.

(d) Add DELTA_ X to RIGHT _ENDPOINT.

At the end of this procedure, (DELTAX)- (SUM) is equal to the answer we are looking for. We find

4 . s _T . s
that R~ 1—02 ( 10 >~19835 R~ 302 ( 30> 1.9982 , and
s

R B¢ s ' ( 5 >z1.9993. It appears that the exact areais?2 .

Shown beI ow is program SUMRIGHT and its output from a T1-83 Plus calculator. To generalize the
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program, we have input (rather than assigned) values for Xmin, Xmax, and N. Also, the function,
sinx , isassigned to Y1 , enabling us to evaluate any right sum merely by changing Y1 and running

the program.

8. We can use the algorithm from Exercise 7 with X_MIN =1, X_MAX =2, and

1/ (RIGHTENDPOI NT)2 instead of Sin (RIGHTENDPOINT) in step 2a. We find that
1 10 1 1

R =—>Y  ———~04640,R == E ——— ~0.4877, and
10101 44ir10)° 030715 40
1
R50 50 ;2 ~0.4926 . It appearsthat the exact areais >
(1+i/50)

9. In Maple, we have to perform a number of steps before getting a numerical answer. After loading
the student package we use the command sum: =leftsum(x*(1/2) , x=1..4,10 [ or 30, or 50]) ;
which gives us the expression in summation notation. To get a numerical approximation to the sum,
weuse evalf(left_sum);. Mathematica does not have a special command for these sums, so we must
type them in manually. For example, the first left sum is given by

(3/10)*Sum[Sart[1 + 3 (i — 1)/10] , {i, 1, 10}] , ], and we use the N command on the resulting
output to get a numerical approximation.

In Derive, we usethe LEFT_RIEMANN command to get the left sums, but must define the right
sums ourselves. (We can define anew function using LEFT_RIEMANN with k ranging from 1 to n
instead of fromOton-1.)

(&) With f(x)= \F( 1< x< 4, the left sums are of the form L == EI 1-\/ 3(In1) . Specifically,

3 3i

L, ~45148,L_~4.6165, and L_~4.6366 . Theright sumsare of theform R = - E.n_ 1+ 2

10 30 50 n n i=1 n
Specificaly, Rloz4.8148 , R30z4.7165 , and R50z4.6966 .

(b) In Maple, we use the leftbox and rightbox commands (with the same arguments as leftsum and
rightsum above) to generate the graphs.
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left endpoints, n=10

left endpoints, n=30

left endpoints, n=50

right endpoints, n=10
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right endpoints, n=30

right endpoints, n=50

(c) We know that since \/;( isan increasing function on (1,4) , al of the left sums are smaller than the
actual area, and all of the right sums are larger than the actual area. Since the left sum with n=50is

about 4.637>4.6 and the right sum with n=50 is about 4.697<4.7 , we conclude that 4.6<L50< exact

area<R50<4.7 , S0 the exact areais between 4.6 and 4.7 .

10.

(i-1)
(@) With f(x)=sin (sinx) , 0< x< Z , the left sums are of the form Ln:%]Einzlsin (sin - én ) :

In particular, L 1 0.8251 , L _ 0.8710, and L50% 0.8799 . Theright sums are of the form

T N . i .
Rn_ o Zizlsm (sm on ) . In particular, Rloz 0.9573, RSO% 0.9150 , and Rso% 0.9064 .

(b) In Maple, we use the leftbox and rightbox commands (with the same arguments as leftsum and
rightsum above) to generate the graphs.

left endpoints, n=10

left endpoints, n=30
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left endpoints, n=50

right endpoints, n=10

right endpoints, n=30

righnt endpoints, n=10
(c) We know that since sin (sin X) is an increasing function on <O, z ) , dl of the left sums are

2
smaller than the actual area, and all of the right sums are larger than the actual area. Since the left sum

with n=50 is about 0.8799>0.87 and the right sum with n=50 is about 0.9064<0.91 , we conclude that
O.87<L50< exact area<R50<O.91 , SO the exact areais between 0.87 and 0.91 .

11. Since v is an increasing function, L6 will give us alower estimate and R6 will give us an upper
estimate.

L, =(0ft/s) (0.5s)+(6.2) (0.5)+(10.8) (0.5)+(14.9) (0.5)+(18.1) (0.5)+(19.4) (0.5)
=0.5(69.4)=34.7 ft

R=0.5(6.2+10.8+14.9+18.1+19.4+20.2) =05 (89.6) =44.8 ft

























































































































































































































Sewart Calculus ET 5e 0534393217;6. Application of Integration; 6.1 Areas between Curves

20. A:Zi[sin <7X >X] dxzz[g cos <7X >X52}

21. Notice that cos x=sin 2x=2sin Xcos X<

2SN XC0S x—C0s Xx=0< cos X(2sin x-1)=0<

2sin x=1 or cos x=0< x= 5 or 5 -

6 2

(cos x-sin 2x) dx+ | (sin 2x-cos x) dx
/6

-~

A

1 /6 1 12
sinx+—cost] +[——c052x—sinx]
2 0 2 16

11 1 1 111 1
+§'§<°+z'1>+<51><5'55>-5

I
NI T 1 o—

) ) ) ) 1
22. Sin Xx=sn 2x=2sn xcos x when sin x=0 and when cosx= = ;

2

that is, when x=0 or § )

13 12
| (sin2x-sinx)dx+ | (sin x-sin 2x)dx
0

A
13

NI

/3 2
COS 2X+C0S X +| = COS2X-C0S X
0 2 /3

0
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23. From the graph, we see that the curves intersect at x=0, x= > and x= . By symmetry,

2 2

A= ‘COSX<12(> ‘ dx=2 | [cosx<1é(> dx=2 | <cosx1+2( >dx
0 - 0

0

) _
. 1 271 72 1
—2[smxx+ X]o —2|:<12+ " >0_ _2<12+4>_22

24, For x>0 , X=X 2= 0=x-x-2= 0=(x-2)(x+1)= x=2 . By symmetry,
2 2 2

| [ || —(x2—2) ] dx = 2/ [x—(x2—2) ]dx:2f (x—x2+2) dx=2 [ : X : x3+2x] 2:
0 0

‘2 2" 3
8 20
2 <2 3+4>— 3
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2 2 4 2 4 2 2 2 2
25. The curvesintersect when X = —— <X +X =26 X +X -2=0< (x +2) (x —1) =0ex=lex==+1.
X +1

2 2 101 i 1 2
A:ﬁl ( 2 ) dx—2f ( 2) dx=2 I:Ztan - 3 XS] =2 <2~ 173 > = - 3m247
X +1 X +]_ 0

26.
2

A i[sm x—(x x)]dx+f[( )—sin x]dx

1
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27.

From the graph, we see that the curves intersect at x=+a~ +1.02 , with

2008 X>X 0N (-a,a) . So the area of the region bounded by the
curvesis

a a
A= | (Zcos x—xz) dx=2] (Zcos x—xz) dx

-a 0

a
=2 [Zsin x——1 x3] ~2.70
3 0

28.
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A= <— g x+5> - <— —; x+5> ] dx+fj [ <— g x+5> —(x-4) ] dx

29.
1
A :f |x3—x| dx
-1
1

=2 f (x—x3) dx [ by symmetry]
0

N

11
N
~ AP
1
N T

11
N
7~ N\ 1

X
\

><-l>
|
o

NI NI
N
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30. The curves intersect when w’ X+2=X= x+2:x2:> xz—x—2:O:>
(X-2)(x+1)=0=x=1or 2.

4
A=[|{x+2-x| dx

0

2 4

=J (Yx+2-x) dx+[ (x—+x+2 ) dx

2 X . 2 X 10
= — )= — | y—= —
31. Let f(X)=cos <4>S|n <4>and.x 7
The shaded areais given by

A:{?f(x)dszLL:%r [f(é) f<:—§>+f<—g>+f<—;>]z0.6407

3
32. The curves intersect when 16—X3 =X=
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1&x3:x3:> 2x3:16:> x3:8:> X=2.

3 2-0
Let f(x)= 1&x3—x and! x=— .

4
The shaded areais given by
2
A=[ f(x)dx =M,
0

(212

.8144

N BIN
i

)+ (

i
—
I

Q

33.

From the graph, we see that the curvesintersect at x=+a~ +1.02 , with
2008 X>X 0N (-a,a) . So the area of the region bounded by the

CUrvesis
a

A= f (Zcos x—xz) dx=2/ (Zcos x—xz) dx
0

—-a

1 a
=2 [Zsin X = x3] ~2.70
3 0

34.
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From the graph, we see that the curves intersect at x=0 and at x=a~1.17 , with 3x x> on (0,a) . So
the area of the region bounded by the curvesis

A= z[ (3xfx3) fx4] dx= [ g X - %r X" -é x5] z
~ 1.15

35.

From the graph, we see that the curves intersect at x=+a~+0.86 .
So the area of the region bounded by the curvesis

A=2 f g[ XCOS (xz)—x3] dx=2 [ —; sin (xz)— 211 x4] Z ~0.40

36.

From the graph, we see that the curvesintersect at x=ax~-1.32 and x=b~0.54 , with 2—x2>ex on (a,b)
. S0 the area of the region bounded by the curvesis

A=f 2[ (2—X2) —ex] dx= [ 2%~ % x3—ex] :z 1.45

37. Asthefigureillustrates, the curves y=x and
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5 3 . . . 5 3
y=X —6X +4x enclose a four—part region symmetric about the origin (since x —6x +4x and x are odd

: : 5 3 : 4 2
functions of x ). The curves intersect at values of x where x -6x +4x=x ; that is, where x(x -6x +3)=0

. That happens at x=0 and where x'= 63@ =3+6 ; that is, at x:—\/ 3+/6 , —\/ 36 ,0,

The exact areals

3+JE

2 | | (x5—6x3+4x) —x| dx =2
0

w
¥
=1

| x5—6x3+3x| dx

o —>

5 .3 >
(x —6X +3x) dx+2 f

36
=126-9

=
=

11
N
O%‘T)

38. Theinequality x> 2y2 describes the region that lies on, or to the right of, the parabolax:2y2 . The
inequality x< 1-|y| describes the region

1yif y>0

1+yif y<0

So the given region is the shaded region that lies between the curves.

that lies on, or to the left of, the curve x=1-y| :{

The graphs of x=1-y and x:2y2 intersect when 1fy=2y2<:>
1
2y +y-1=0c (2y-1)(y+1)=0= y= 5 (fory>0).
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By symmetry,
12

) 2 31 2 12 1 1 1 7 7
A_z{)[(l—y)—Zy]dy=2[—3y—2y+y] 2[( 12—8’“2) 0]‘2<24>‘12'

1 1
39. 1 second = === hour, s0 10 s= —— h. With the given data, we can take n=5 to use the

3600 360
N /3600 1
l —
Midpoint Rule. ! t= 5 - 1800
_ _ 1/360 1/360 1/360
distance, , -distance , . = {) v, dt- {) v, dt= {) (VK_VC)dt

|v|5 Floo[( )(1)+( =y )(3)+( =y )(5)

Taog | (22-20)+(52-46) +(71-62) +(86-75)+(98-86) ]

1
1800 (2+6+9+11+12)=

1
1800 (40)= —m|Ie0r117 feet

40. If x= distance from left end of pool and w=w(x)= width at x , then the Midpoint Rule with n=4
16

X

41. We know that the area under curve A betweent=0 andt=x is fv A(t)dt:s A(x) , Wherev A(t) isthe
0

velocity of car Aand S isits displacement. Similarly, the area under curve B betweent=0 andt=x is

£VB(t) dt=s(x) .

(a) After one minute, the area under curve A is greater than the area under curve B . So car Ais ahead
after one minute.

(b) The area of the shaded region has numerical value s A(1)738(1) , which is the distance by which A

is ahead of B after 1 minute.
(c) After two minutes, car B istraveling faster than car A and has gained some ground, but the area

under curve Afromt=0 tot=2 isstill greater than the corresponding areafor curve B , so car Ais till
ahead.

(d) From the graph, it appears that the area between curves A and B for 0<t< 1 (when car Aisgoing
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faster), which corresponds to the distance by which car A is ahead, seems to be about 3 squares.
Therefore, the cars will be side by side at the time x where the area between the curves for 1<t<x
(when car B is going faster) isthe same asthe areafor 0<t< 1. From the graph, it appears that this
timeisxx2.2 . So the cars are side by side when t~ 2.2 minutes.

/ :
42. Theareaunder R (X) from x=50 to x=100 represents the change in revenue, and the area under

C /(x) from x=50 to x=100 represents the change in cost. The shaded region represents the difference
between these two values; that is, the increase in profit as the production level increases from 50 units
to 100 units. We use the

Midpoint Rulewithn=5and! x=10:

Ms= 1 x+[R (65)-C '(63)]+[R (78)-C '(75)]

+[R'(85)-C '(85)]+[R '(95) ¢ "(95))}
~ 10(2.40-0.85+2.20-0.90+2.00-1.00+1.80-1.10+1.70-1.20)
10(5.05)=50.5 thousand dollars

Using M . would give us 50(2-1)=50 thousand dollars.

43.

To graph this function, we must first expressit as a combination of explicit functions of y ; namely,

y=+ xwf x+3 . We can see from the graph that the loop extends from x=-3 to x=0, and that by

symmetry, the area we seek isjust twice the area under the top half of the curve on thisinterval, the
0

equation of the top half being y:—x\f x+3 . Sothe areais A=2 (fx X+3 ) dx . We substitute u=x+3 ,
-3

so du=dx and the limits change to 0 and 3 , and we get

3 3
A=-2f [(u—3)\lﬁ |du=—2] (u3/2—3uﬂ2) du
0 0

:2[ §u5/22u3/2] 222[ _E (32\5)2(3\/5)]:2_54\I§
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44,

L : : . /
We start by finding the equation of the tangent line to y:x2 at the point (1,1) : y =2x, so the slope of
the tangent is2(1)=2 , and its equation is y-1=2(x-1) , or y=2x-1 . We would need two integrals to
integrate with respect to x , but only one to integrate with respectto y .

1
121 2 321
A= g[é(y+1)ﬁ]dr[zy+§y3y ]O
_ 112 1
42 3712
45.

By the symmetry of the problem, we consider only the first quadrant, where y:x2:> x:ﬂ/ .Weare

b 4
looking for a number b such that f\ﬁ/ dy:f ﬂ/ dy= ?23 [y3/2] z: ?23 [ 3/2] b b3/2 43/2 b?’/2 2b3/2:8
0 b

b ae p=a 252

a 4
-177a [ 174 1 1 1
46. (a)Wewanttochooseasothatf 1 dx:f 1 dx= [ — ] :[ — ] S>-—tl==-+-=
2 2 X |1 X |a a 4 a
1 X a X
5.2 8
4 a 5"
2 .3 . .
(b) The areaunder the curve y=1/x from x=1 to x=4is - . Now the line y=b must intersect the

4

: 3
curve lel\ﬁ/ and not the line x=4 , since the area under the line y:1/42 from x=1 to x=4 isonly 16
, Which isless than half of
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3 : : :
2 We want to choose b so that the upper areain the diagram is half of the total area under the curve
y= 12 from x=1 to x=4 . Thisimplies that

(5 1) 5

5 16+ \[ 256-160 6 6
c2—2c+ é =0= 8c2—16c+5:0 . Thus, c= 16 =1+ g . But c:\[B<1§ c=1- g =

N =

3 1 3 3 .
-Z:[Zﬁ—y]b:é :>1—2\/T)+b:é—3 =b-2yb+3 =0 . Letting c={b , we get

3 Y6 1
b=c'=1+ . lg =3 (11-4{6)~0.1503.

47. Wefirst assume that ¢>0 , since ¢ can be replaced by —c in both equations without changing the
graphs, and if c=0 the curves do not enclose aregion. We see from the graph that the enclosed area A
lies between x=—c and x=c , and by symmetry, it is equal to four timesthe areain the first quadrant.
The enclosed areais

Cc
A=4f (cz—xz) dx=4 [sz_ ?1,) xg] ;
0

_ 313\ _,/23\_83
—4<c—3c>—4<30>—3c

8 : : .
S0 A=576< 3 03:576@ 03:216(:» c=3[216=6 . Note that c=_6 is another sol ution, since the graphs

are the same.

48.




Sewart Calculus ET 5e 0534393217;6. Application of Integration; 6.1 Areas between Curves

It appears from the diagram that the curves y=cos x and y=cos (x-C) intersect halfway between 0 and
¢, namely, when x=c/2 . We can verify that thisisindeed true by noting that

cos (c/2-c)=cos (—c/2)=cos (c/2) .

The point where cos (x-C) crosses the x- axisis x= 7 +c . So we require that

2
c/2

f [ cos x-cos (x-C)] dx=— f cos (x-c)dx (the negative sign on the RHS is needed since the second
0 [2+c
areais beneath the x- axis)

[snx-sin (x¢)]5 = [sn (x¢)] ,, =
[sin (c/2)-sin (-¢/2)]-[-sin (-c)]=-sin ( —c)+sin [ ( > +c> c] &2sin(c/2)-sinc=-sinc+1 .. So

1
2sin (c/2)=1<sin(c/2)= 5> cl2= 5 °C=3 -

49. The curve and the line will determine aregion when they intersect at two or more points. So we
. 2 2
solve the equation x/ (x +1) =MX=> x:x(mx +m) =
2 2
x(mx +m)—x:0:> x(mx +m1):0:>

2 2 m
x=0 or mx +m-1=0=x=0o0or X = F =

1 ) ) . .. .
x=0 or x=4 p -1 . Notethat if m=1 , this has only the solution x=0, and no region is determined.

But if /m-1>0< U/m>1<0<m<1 , then there are two solutions. [Another way of seeing thisisto

2 .
observe that the slope of the tangent to y=x/(x +1) at the originisy =1 and therefore we must have
O<mx1 .] Note that we cannot just integrate between the positive and negative roots, since the curve
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and the line cross at the origin. Since mx and x/(x2+1) are both odd functions, the total areaistwice
the area between the curves on the interval [O,\[ Um-1 ] . So thetotal areaenclosed is

2y [ xz_il mX} ix=2 [ 2in ()3 ”‘XZ] Y <[ (Wm 2+2) m(@m D] -(n 1-0)=

[In (Y/m)-1+m=m-In m-1
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o : L2 : 2
1. A cross-sectioniscircular with radius X, soitsareais A(X)=r (x )

1 1 1 1
V:f A(X) dx:fﬂ (xz) de:nfx4dx:ﬂ I: 1 X5] _Z
0 0 0 5 o 5

2
2. A cross-section isadisk with radius €, so its areais AX)=mr (ex) :

V:f;A(X) dx:fcl)n (ex) de:n f ;eZXdX= % T [e2x] 1: % (

3. A cross-sectionisadisk with radius 1/x , soitsareais A(x):7r(]Jx)2 :
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N
XNIH
o
%
=
1
|
X I
1
BN
1l
3
1
|
NI
|
iR
=
1
1
N R

2 2 1 2
V:flA(X)dX:fln<;(> dx=rr

4. A cross-sectioniscircular with radius i x-1 , soitsareais A(X)=r ( x—l) = (x-1) .

5 5 c
V=] A rx D [ : xzx] Zzﬂ < 55 +2> 5,

5. A cross-section isadisk with radius [y , soitsareais A(y)=r ({y) 2
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16. Let u=sin©® . Then du=cosd d¢ and

f cos6é cos S(Si no)do :f cos 5u du:f (cos 2u)zcos udu:f (1-sin 2u)zcos udu
:f (1-2sin 2u+si n 4u)cos u du=l

Now let x=sin u . Then dx=cosudu and

2 1 _ 2 . 1.
| :f(1—2x2+x4)dx:x——x3+—x5+C:sm uf—sn3u+—sm5u+C
3 5 3 5
L 2 .3 . 1 . .
:sm(sme)—:—gsm (sm8)+j,__)sm5(sm9)+C

17.

[ cos *xtan *xdlx fsn Xd fﬁl—uu—l [—+u] u

1 1
=In |u|+ Su +C: 5 Cos x—ln |cos x| +C

18.

4 2 \2
CoS 9 . Ccos 9 cos 6 (1—sin 9!
sin 0 do f d@zf.—cos@ do= *— cos6 dd
[and sind

Sﬂ@

2 4
=[ Kl‘_:'L du=| 1—2uT+u du=/ < ﬁ 2u+u3> du

fcot *0sin 0 do =f

2 1 4 . .2 1 4
=In |u|-u +Zu +C=In|sin@|-sin 9+Zsm 0+C
19.
| Lsnx dx =/ (sec x-tan x) dx=In |sec x+tan x| -In | sec x| +C [by (1) and the boxed
COS X formula above it

=In | (sec x+tan x)cos x| +C=In |1+sin x| +C

=In (1+sin x)+C since 1+sin x>0
Or:

fl—sinx dx < 1-sinx 1+sinx 'f (1—sin2x)dx f cos xdx
cosX 7 cosx 1+sinx  ° cosx(l+sinx) Y 1+sinx
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=[ dWW [ where w=1+sin x , dw=cos xdx ]

=In |w|+C=In |1+sin x| +C=In (1+sin x)+C

. : 1 1
20. fcos *xsin 2xdx:2f cos “xsin x dx:—2f udu=- > utc= 5 C0S x+C

1 1
21. Let u=tan x , du=sec *xdx . Then fsec *xtan xdx:f udu= > u+C= > tan “x+C .

1 1
Or: Let v=sec X, dv=sec xtan xdx . Then fsec *xtan xdx:fvdv: > VHC= > SEC ’x+C .

22.

12 1
[ sec W2y dt =[7""sec *x(2dx) [ x=t/2 , de= > dt1=2f “sec *x(1+an *)dx

1 2 1 371 1 8
—2f0(1+u2)du[U—tanx,dU—sec XdX ] —2[u+éu ]0_2<1+:—3 )-5

23. [tan 2xdx:f (sec 2x—l) dx=tan x-x+C

24, ftan 4xdx:ftan 2x(sec 2x—l) dx:ftan 2xsec Zxdx— f tan zxdx: % tan 3x—tan X+x+C

(Set u=tan x in the first integral and use Exercise 23 for the second.)

25.
6 2 2 2 2 2 2
['sec %t =] sect- sec tat=/ (tan t+1)°sec %dt=[ (u+1)°du
15 2 1 2
=[ (u™+2u’+1) du= : u+ 3 U HU+C= £ tan *t+ Stan *t+tan t+C

26

7ld 4 4 4 2 4 2 1.2 4
[ secotan 0 do =[ " (tan "0 +1)tan 0 sec 0 do =/ (u+1)u du

1718711 1_12
0 7 5 35

1,6 4
—fo(u +u)du-[ —7u+5u
27.

I3, 5 4 13,5 2 2
fg tan xsec xdx =fg tan x(tan x+1)sec xdx
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= f fus(uzﬂ) du

:ff(u7+u5)du:|:;8Lu8+E13u6j|\I§:8_1+2_7:81 9_ 8l 36_117

Alternate solution:

I3, 5 4 nl3,__ 4 3 73, 2 .2 3
Jo tan xsec xdx :fo tan Xxsec Xxsec xtan xdx:f0 (sec x-1) sec xsec xtan xdx
2 2,23
:fl(u -1) u du

= f 2(u4—2u2+1)u3du:f2(u7—2u5+u3)du

1816 1 42 64 1 1 1
_[SU 3”+4“]1‘<323+4><83+4

28,
[tan %2x) sec (2x)dx =] tan “(2x)sec (2%)- sec (2x)tan (2%) dx

=/ (uz—l)u4( L ) [ u=sec (2%), du=2sec (2x)tan (2X)dx |

1 7 1l 5 1 7 1
—Zf(u Y du= 14 1 U +C= 75 98¢ (20 g sec *(2x)+C
29.
3 2 2
ftan Xsec xdx :ftan XSec xtan xdx:f (sec x—1)sec xtan xdx
2
=[(u™-1)du
1 1
=3 U’ uC= 3 5&¢C *x-sec x+C

30.
fg/?’tan *xsec “xdx :fg/?’tan *xsec “xsec “xdx=| Z/Stan 5x( 1+tan 2x) “sec 2xdx
:f 3 u5( 1+u2) 2du [ u=tan x, du=sec 2xdx :f 13 u5(1+2u2+u4) du

f\r(u+2u+u)du—[_1 6 18 1 10]\/?3 27 81 243 981

R T ke 674710~ 20
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Alternate solution:

3 5 6 i3 4 5 /3 2 2 5
fo tan xsec xdx =f0 tan Xsec xsec xtan xdxzfo sec x-1) sec xsec xtan xdx

=[ 2(uzfl) 2u5du [ u=sec x , du=sec xtan xdx ]

—f (u -2u +1)u du= f (u 2u"+u )du
1 1018 16]2%2 /512 32 1 1 1)\_981
:[1—0“ Z“*é“]f( 5 O 3)(1‘01*6)22_0
31.
ftan 5XdX :f (sec 2x—l) 2tan xdx:fsec “xtan xdx 2 f Sec 2xtan xdx+ftan xdx
:fsec 3xs:e(: Xtan xdx—2f tan xsec 2xdx+ftan xdx

1 4 2 1 4 2
=3¢ x-tan x+In |sec x| +C [ or 72 SEC x-sec x+In [sec x| +C ]

32.

f tan 6aydy :ftan 4ay(sec 2ay—l) dy:ftan 4ayszec 2ayd)’—f tan 4aydy
= 5_1a tan 5ayf J tan 2ay(SJEC Za)’*l) dy
= S_la tan 5ay— [tan Zaysec 2aydy+f (sec Zayfl) dy

—itansa itang’a+}tana +C
= y 3a y a Y-y

5a
33.
tan 9
3 4 3 2 2
| do =[tan0sec 0 do=/tan 6 - (tan "0 +1)- sec ‘0. do
cos 0
3 2 2
=[u(u"+1)duu=tan 6 , du=sec “0.do ]
6 1 4 1 1
—f(u +u3)du—— u+-u+C=-tan 9+— tan 9+C
4 6 4
34.

[ tan *xsec xdx =[ (sec 2x—1) sec xdx=| sec “xdx | sec xdx
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(sec xtan x+In | sec x+tan x| )-In |sec x+tan x| +C [ by Example 8 and (1)]

NI NI

(sec xtan x-In | sec x+tan x| ) +C

35, f cot “xax=] ;6(CSC X- 1)dx—[ ~cot x- x] ( g) ( \[5,_ ):ﬁ_%

36.

w23 . xl2 ( 2 ) el 2 . (m/2 COSX
| cot “xax = ,cotx{csc x-1)dx=] " cot xesc “xax- <nx

1 2 . e 1 1 1 1 1
_[ cot xInIsan]ﬂM—(CHnl)[zln i|_2+ln —2(1—In2)

2 V2
37.
3 3 2 2 2 2
fcot « CC o do :fcot o CSC oc~csc:occotocdoc:f(csc a—1)csC o - csca cot o do
2 .\ 2
=[(U™-1)u" (-du) [ u=csca , du=—csca cot a da |
1 31c+5 1 3 1 5

—f(u u)du——u—éu C—écsc - ¢ CC a+C

38.
4 6 6 2 2
fcsc xcot xdx :fcot X(cot x+1)csc xdx

= u6(u2+1)- (-du) [ u=cot x , du=-csc “xdx ]

91 7 1 o 1 7
—f( u uﬁ)du: U 7u +C=--cot x- - cot x+C
7 9 7
2
CSC X(csc x—cot X —CSC XCOt X+CSC X
39. I:fcsc xdx:f ( ) dx= dx . Let u=csc x-cot Xx=
CSC X—Cot X CSC X—Cot X

2
du:(—csc Xcot X+Csc x) dx . Then I:fdu/u:In |ul=In | csc x-cot x| +C .
40.
4 6 6 2 2
fcsc xcot xdx :fcot X(cot x+1)csc xdx

:f u6(u2+1)- (—du) [ u=cot x , du=-csc 2xdx ]
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1 1 1 1
:f (—u8—u6) du=- 9 ug— 2 u7+C:— 9 cot 9x— - cot 7x+C

41. Use Equation 2(b):

1 1
[ sin 5xsin 2xdx =[ > [ cos (5x-2x)-cos (5x+2X)] dx= > | (cos 3x-cos 7x) dx

1. 1 .
—(—Ssm3x— 14sm7x+C

42. Use Equation 2(a):

1 1
| sin 3xcos xdx = | > [sin (3x+X)+sin (3x-X)] dx= > | (sin 4x+sin 2x) dx

1 1
= é COS 4x— Z cos 2x+C

43. Use Equation 2(c):

1 1
| cos 76 cos 50 do =[ > [ cos (70 -50 )+cos (70 +50 )] do = éf(cosze+cos 120 )do

1/1. 1 . 21 1 .
=5 ( 2sm29+123m129>+C—4$|n29+243|n129+c
44,
COS X+3in X 1 ; cosx+s9n X 1
f sin 2x dx—zf Sin xcos X dX_ZI(CSCX+SeCX)dX
1 .
=3 (In |csc x-cot x| +In |sec x+tan x| ) +C [ by Exercise 39 and (1)]
1—tan2x 2 2 1
45.f > dx:f(cos X-sin x) dx:f COS 2xdx= ésin 2x+C
eC X
46.
1 cos x+1 cos x+1 cos x+1
/ = cosx-1 cosx+1 &l 2 o] —o X
cos x-1 cos “x-1 ~sin “x

=/ (—cot XCSC X-CSC 2x) dx=csc x+cot x+C

47. Let u=tan ()= du=2tsec “(t))dt . Then
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[tsec® (tz)tan 4(t2) dt=/ u4< —; du) = 1—10 u+C= E) tan “(t)+C .

7 6 2
48. Let u=tan X, dv=sec xtan xdx=-du=7tan xsec xdx ,v=sec X . Then
8 7 7 6 2
ftan Xsec xdx = f tan X- sec xtan xdx=tan Xxsec x—f 7tan XSec Xsec xdx
7 6 2
=tan 'xsec x-7/tan x(tan x+1)sec Xdx

7 8 6
=tan Xsec x—7ftan XSEc xdx—?ftan XSec xdx .

8 7 6 4 8
Thus, 8ftan Xsec xdx=tan xsec x77ftan xsec xdx and fg tan Xsec X

1 7 nla4 7 7l 6 E
dx—8 [tan xs;ecx]o "3l tan xsec xdx= 5

49. Let u=cos x=du=-sin xdx . Then

[sin’xdx = | (1—cos 2x) “sn xdx= (1—u2) 2(—du)

| (—1+2u27u4) du=- —é u+ :—23 u>utC

1 5 2 3
= - c CoSs X+ 3 COS X-—Cos x+C

Notice that F isincreasing when f (x)>0 , so the graphs serve as a check on our work.

50.

7~ N\

1 4 1 1 2
fsin4xcos4xdx =/ > 8in 2x> dx—— fsm 2xdx= 72 [ 5 (1—cos4x)] dx

f(l—Zcos 4x+C0S 4x) dx

1. 1
(x 5 sin 4x> 128 (1+cos 8x) dx

Rl Rlr
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1 1. 1 1.
6_4 <x—§sm4x>+128 <x+85|n8x>+C

3 1 . 1 .
108 X— 108 sin 4x+ 1004 sin 8x+C

Notice that f(x)=0 whenever F has a horizontal tangent.

51.
1
[ sin 3xsin 6xdx = > [ cos (3x-6x)-cos (3x+6x)] dx

1

=5 f (cos 3x—cos 9x) dx

1. 1 .
—ésm3xf 18sm9x+C

Notice that f(x)=0 whenever F has a horizontal tangent.

52.
4 X 2 X 2 X
fsec 2dx-f(tan 2+1>sec: 2dx
:f(u2+1)2du [ u=tan 2 du:}seczz( dx ]
2 2 2
2 3 2, 3X X
=3u +2u+C—3tan 2+2tan 2+C

Noticethat F isincreasing and f is positive on the intervals on which they are defined. Also, F has
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no horizontal tangent and f is never zero.

53.

2
sin *xc0s xdx——f sin x(l sin x)cosxdx

° 'se|~ 's>|~

I”
[

( )du[whereu =sinx|]

. . 1 1
54. (a) Let u=cos x . Then du=-sin xdx=- fs N XCoS xdx:f u(—du)=- 3 u2+C:— = COS 2x+C x

2 2
. : 1 2 1.2
(b) Let u=sin x . Then du=cos xdx=- fsm XCOS xdx:fudu: Su +C= > 8in x+C, .

: 1. 1
(© fs N XCOS xdx:f 58n 2xdx=- 2 €08 2x+C,

(d) Let u=sin x , dv=cos xdx . Then du=cos xdx , v=sin X,

. .2 . , . 1.2
S0 fsm XCos xdx=sin x—fsm xcos xdx , by Equation .1.2, so fsm XCoS Xdx= >SN x+C, .

The answers differ from one another by constants. Since

cos 2x=1-2sin 2x:ZCos 2x—l , we find that — 211 COS 2X= —; sin 2x— %r = iZL cos 2x+ 211 i

) .3 . )
55. For 0<x<§ ,wehaveO<sin x<1 ,s0Sn x<sin Xx.Hencetheareais

ml2( . . 3 2, . 2 ml2 2 . .
/s (sm X-sin x)dx:f0 sin x(l—sm x)dx:f0 cos “xsin xdx . Now let u=cos x= du=-sin xdx .

1 11
Then area:fouz(du):féuzdu:[ = 3] ==

R
56. sin x>0 for O<x<§ , S0 the sign of 23|n2xsmx[whmhequalsZsmx(smxi ] isthe same
asthat of sin X3 .ThusZsmzx—smx IS positive on ( '3 ) and negative on (O% ) . The

desired areais
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JZIG(smx 2sin x)dx+f (Zsinzx—sin x)dx

/6
fg sin x-1+cos 2x)d x+f /6 (1-cos 2x-sin x) dx

/6 _ /2
—COS X—X+ = sm 2X +| X- = SN 2X+C0S X
0 2 76

N ERE z(zﬁﬁ)
=2 eta U3\ 17
= 1.0 3
e 2

It seems from the graph that fohcos 3xdx:0 , Since the area below the x —axis and above the graph
looks about equal to the area above the axis and below the graph. By Example 1, theintegral is

1 2
[sin X-—sn 3x] 0 =0 . Note that due to symmetry, the integral of any odd power of sin X or cos x

3
between limits which differ by 2nr ( n any integer) isO .

58.

2. : :
It seems from the graph that f el 27rxcos 5 xdx=0 , since each bulge above the x- axis seemsto
have a corresponding depression below the x— axis. To evaluate the integral, we use a trigonometric

identity:

1. 1,2 . :
fosm 271 XCc0S 5 xdx = 5 fo[sm (27 x-57X)+sin (277 x+57 X)] dx

1
=3 fs[sin (-3 X)+sin 7 x] dx
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1 1 2
[ cos (- 37rx)f =~ Cos 77rx]
7T 0

NI NI
00

[ 3, D)= (11)] =

2
59. V:f 7rsm xdx—nf %

N
+
o

~
1

1 . T s T
/22(1 COS 2X) dx=r1 [— x——sm2x] —7r< 2—(}

60.

14 2 4 2 2 4 2 2 4 2
Volume =[ 7 (tan x) dx=rr [ tan x(sec x—1)dx:7rf7or tan “xsec “xdx-7r[ | tan “xdx

—nfnm “du- J ﬂm(sec 2x—l) dx

= }ug " [tan x x]ﬂm— }tan Sx-tan x+x S 1+2 = (2
L3 fx0” I o "L 32T\ 3

wWIN

)

61.
Volume __ f [ 1+cos x) ,12] dx:nfglz ( 2C0S X+C0S 2x) dx
2

. 1 1. ml2 s T
—n[ZSmx+2x+4sm2x]o = <2+4>—27r+ 1

62.
Volume _ jglz[ - (1-cosx) 2] dx=r | 3/2 ( 2C0S X-C0S 2x) dx

2
. 1 1. 7T/2_ 3 T

= [29nx2x4sm2x]0 = [ <2 O) O] =21 2

63. s:f(t):f:)sin w ucos 2w udu . Let y=cosw u=-dy=-w sinwudu . Then

1 (coswt 2 1 [ 1 z]coswt 1 3
s:fwfl y dy=-— [Sy]l —3w(1005wt).

64. (a) We want to calculate the square root of the average value of
[E®)] 2—[ 155sin (1207rt)] ’~155'sin 2(1207rt) First, we calcul ate the average value itself, by

1
integrating [ E(t)] over one cycle (betweent=0 andt= — , since there are 60 cycles per second) and

60 '
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dividing by ( 610 o)
EO), = Teg oL

= 60- 1552< % ) [t 24%)” sm(2407rt)] 60155 ( ‘; ) [ ( 610 O>(&O) ] :%2

_ : : ., . 155
The RMSvaueisjust the square root of this quantity, whichis E ~110 V.

(b) 220:1/ [E(t)]z N

20 = [EQ)Z, = 1/60 . A’sin (1207t dt=60A7 | [1fcos(2407rt)] ot

_ 2 1 1/60 2 1 1 2
= 30A [ e sm(2407rt)] =30A [(60 o)-(cyo)]_2 A

Thus, 220°= 5 A'= A=220y2~311 V.

155%in %(1207t) | dt=60. 1557 . % [1-cos (24071)] dit

N

65. Just note that the integrand is odd .
Or: If m#n, calculate

Kﬂsin nxcos nxdx = fl % [sin (m-n)x+sin (m+n)x] dx

1 [_ cos (m-n)x  cos (M+n)x ] m =
2 m-n m+n o
If men |, then the first term in each set of bracketsis zero.

66. f sm mxsin nxdx—f [cos(rwn)x cos (m+n)x]dx . If m#n , thisisequal to

1 [ sm(rrkn)xism(m+n)x

2 m-n m+n
sin (m+n)x

- %[1—cos(m+n)x] dx:[ % x] 1—[ ) ] ”ﬂ:n_o:ﬂ _

] =0 . If m=n, we get
7T

67f cosmxcosnxdx—f = [cos(mn)x+cos(nr+n)x]dx If m£n , thisisequal to

1 [ sin (m-n)x N sin (rmn)x
2 m-n mHN

w1 1" sn(mn)x |7
an §[1+cos(m+n)x] dx—[ éx] +[ W ]ﬂ_ﬂ+o_n

] =0. If m=n, we get
7T
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a
1 : 1 m . . m ngmo .
68. - fﬁnf(x)sm mxdx= - fﬂ[ (anlansm nx)sm mx] dx=2 1 e Jlﬂsm mxsin nxdx . By
am
Exercise 66 , every termis zero except the m th one, and that termis — A
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3
1. Let x=3secO ,where0<0 <E orrt<@ <—7T . Thendx=3sec9 tan9 d¢ and

2 - 2
\/ x2—9

Vosec % 9=\ 0(sec % 1) =y otan
3|tand |=3tand for the relevant values of 9

2
1 1 1 1 . 1 \Yx-9
f— dx:f > 3sec o tand d@zéfcosé) dé):ésmé) +C:?9 +C

W xCg 9sec 0 - 3tan @ X

. . - 3
Note that —sec (0 +7)=sec6 , sothefigureissufficient for the case 7<6 <—§ .

2. Let x=39n0 ,where- =<0 < Then dx=3cosfd do and

N R
N IR

\/@xz = \/9~9sin %0 :\/9(1—sin %0 ) :\/ 9c0s 0
3|cosd |=3cos6 for the relevant values of \italic{\theta}\,\,.

f gx dx = f3sm 0 -3coso - 3coso dd 3fsm 0 cos 6) do

= 3fsin 9 cos’0 sin6 do :3f(1—cos 0 )cos € sno do
= [ (1-0%) WP du)[u=coso du=-sino do ]
35f(uf )du =3 <é ° é 3) +C=3 <}c0559—1c0339 >+C

5 3
( 2) 5/2 L ( 2) 312
_ 35|: ‘:'%x5 ] &xs :| +C
3 3

ol
w
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= —; (9-2)**3(9-0) 3/2+c:or——; (x%+6) (9% ¥%c

3. Let x=3tan 0 ,wheref% <0 <% . Then dx=3sec 29 do and

Ve =y otan% +9= 0 tan % +1) =\ gsec %0
3|seco |=3seco for the relevant values of 0 .

X 3 3

- r3tan 0

J 2. dx = f oo 3% %0 do =3[ tan 0 secO do =3”[tan *6 tan 0 seco do
X +9

(sec 0 1)tan9 seco dg —3j(u 1)du[u =sec6 ,du=sec6 tand do ]

3/2 2
( >+c 3 <%sec38 “secd >+c:33 % (X2+2) - “X,;g +C
% (x2+9) ¥-9v x2+9+C or é (% 18) x40 +c

3
4, Let x=4sin0 , where-7/2<0 <7/2 . Then dx=4cos6 d¢ and

\/ 1&x2 :\/ 16-16sin 20 :\/ 16cos 29 =4|cos @ | =4cos? . When x=0, 4sin 0 =0=-0=0, and when

3
x=2y3 , 4sin9=2{3=sing= > :s@z% . Thus, substitution gives
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2,3 73 3. 3 g3
4sn 0
; = 4co 9d94fsm 6 do
X 0 4coso
dx
/3
2 3 2 )
0 16-X =4 f (1—cos 9)sm9d8
0

Or: Let u:16—x2 , x2:16—u , du=-2xdx .

5. Lett=sec , o dt=secotand do ,t=2=0=7 ,andt=2=0=7 . Then
2
I3 1 ml3 /3
f . fg—secetanede f—de [ cos’0 do
34/+2 w4 Sec Otan o 14 S6c 0 ml4
2yt
I3 -
1 1 1. i3
= f = (1+cos20)do =+ [6+—sm29
2,2 2 2 i

NI

I\)II—\
N S
I
INE
+
®w
|
FNTIN

_ 1 [(LE 3 >_<z+} 1>_: <£+ 3
2L \3%2 72 4724 TR
6. Let x=2tan0 , so dx=2sec 0 do , x=0=6 =0 , and x=2— 0 =7 . Then
[ f)ﬁ/ﬂ dx = 2'ten 0 - 2560 - 25ec %0 do =27 tan 6 sec 0 secd tand do
=2°[""(sec 0 1)secd seco tano do
=25f‘r(u2—1)u2du [U=secO ,du=secd tand do |

—ZIJ_(U uz)du2 [-1u5—§ 3]1\15 [(— 427 2\/_> <!_13 é)]
:32( 2 @2 ):1—5 (y2+1)

g o
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Or: Let u:x2+4 , x2:u—4 , du=2xdx .

7. Let x=55n0 , sodx=5cosd do . Then

1
f—z > dx _ | > 1 5cos6 do
X \/ 25-X 525in 0 - 5cos0

_ 1 2 _ 1
= o csc 0 do —725cot9 +C
= 15X

- 25 X

3 2 2
8. Let x=asecO , where0<6 <% ormr<6 <—§ . Thendx=asecO tand d9 and \| x —a =atan@ |,
5]

2 2 atan 6
E . aseco tan 6 do
/ K dx 4 4

asec 0

.2
- izfsm 0 coso dd

a
2 2\3/2
. 3 —
- isn Q+C:£ﬁL+C
2 23
3a 3a X

9. Let x=4tan© , where- % <0 <% . Then dx=4sec 29 do and
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\/x2+16 :\/ 16tan ‘0 +16 :\/ 16(tan ‘0 +1)

/ 2
=\ 16sec 0 =4|secO |

=4sec O for therelevant valuesof 0 .

dx 2
| _4secOdo _
216 =/ yy— =[seco dg =In |secd +ano |+C,
]Zx2+1
=In 2 +C —In x+16+x In|4|+C

+ X
4
=In (\/ x2+16+x +C | hereC:C1—In4.

(Since \/ x2+16 +x>0 , we don’t need the absolute value.)

10. Lett=¢2tan o ,where—g<9 <% .Thendt:ﬁsecze do and

V(22 = 2ten % +2= 2(tan % +1) = 256 %
=2 |sec | ={2seco for therelevant valuesof 6 .

t
J dt = M [2sec’ do =43 [tan° seco do =4y2 (sec’ 1) ‘seco tano o

242 \/_Sec

:4\[§f(u —1) du [ u=secd ,du=sec tand do | :4\/§f(u4—2u2+1) du
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1 442
_4\[_ < cu 5— U+ u) +C= JE u(3u -10u +15)+C

15
2
4 t+2 t+2
_ \/_.V [ (Cr2) o t+2 +15}+c
2 2
2
1
=15 t +2 - [3(t +4t +4) 20(t +2)+60]
=1 t+2 (3t -8t +32)+C
: T T 1. 1
11. Let 2x=sin6 ,where—zgagz .Thenxzésme ,dxzécose do , and

\/l4x2 :\/ 1-(2x) 2:c056 .
1 1
[\ 1- A dx = [ coso <§cose )d@ :Zf(1+c0329 )do
1

1 1.
= 3 <@+§sn29>+c_ (@ +sin@ coso )+C

1 _
=7 [sin f@x+2x 1—4x2]+C

3
13. Let x=3secO , where0<o <% orr<6 <—§ . Thendx=3sec9 tan9 d0 and x2—9:3tan9 ,

_3tang 1
IE T 3eco tano d

27se06 3se09
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1 1 . 11
(1—c0529)d9—697125m28+C—6 f6sm90039+C

I
—
(92}
-]
D
o
jh)

I
wlE
—
NI

14. Let u:\/%sine ,sodu:\[_Scosa d9 . Then
J du

1
w5 I\[_Ssine-ﬁcose

1 .
= —5 In |csc@ —cot 0 |+C [byExercise2.39

1
y5cos0 do :chsce do
5

2
BTN I T
\1_5 u u
2
- 1 5-\5u
\[_Sm y +C

15. Let x=asind ,Whereggeg % . Then dx=acos6 d6 and
2 2. 2
xdx fasm 0 acosd do - 23 do
( > 2)3/2 = 3 =) tan
a X acos 0

[ (sec?-1) do=tano-0+c
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7T

> 3 .Thendngsecetane do and

16. Let 4x=3secd , where0<0 < > A

\/ 16x2—9 =3tand , so

§sec9tan9d9
J- dx _j 4

3\2 2
Z sec 0 3tand

orn<@g <

{ 2 , 2
4 4 . 4 1\ 16x -9 16x -9
:éfcose dd =— sind +C=¢ +C= +C

9 9 4x Ox

2 X 1,1 1 2
17. Let u=x -7, so du=2xdx . Then dx=7z| = du=z-2 u+C:\/ X -7+C .

X =7

18. Let ax=bsecd , so (ax) *~p’sec 0 = (ax) ? b*=b’sec 9 b=b’ (sec %0 —1) =btan 0 . So

\/ (axz)szzbtane ,dx:gsecetane do ,and
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pp— gsece tan? sec 6 cos0 1
[ (a0 6] = = d@z—f . de_—j do =—= [csco cotd do
btan 6 ab tan 0 ab sin 9 ab
PP N SRS S
ab ab (ax) 2*b2 b2 (ax) 2*b2

19. Let x=tand ,Where—% <0 <% . Then dx=sec 29 do and 1+x2:seca , SO

2
14X _( Secd 2 _[ Seco 2
J“SIX dx f—tangsecede f_tane (1+tan 0 )do

=[(cscO +seco tand )do
=In |csc @ —cot 0 |+secd +C [ by Exercise 8.2.39]

1+x2 1 1+x2 ][ 1+x2 -1 2
=In -— | + +C=In +\ 1+x +C
X X 1 X
. T 7T 2
20. Lett=5sn0 ,where- > <0< > . Thendt=5cos0 d¢ and\ 25-t =5cos6 , so

t
f > dt f5co g 5cos6 dg 5fsm9 do
25-t

3[ 25 1° 7
= 50050 +C=-5 - — +C=—\ 25t +C

Or: Let u:25t2 , SO du=-2tdt .
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1
21. Let u=4-9x = du="18xdx . Then x'= 9 (4-u) and

23 3 2 _ (01 wi 1 _ 1 el 12 32
o X 4-9x dx = f49(4fu)u ( 18)du- 162 0(4u — )du
_ L [§u3/22u5/2]4_i [6_46_4]_ 64
162 [ 3 5 0 162 3 5 | 1215
Or: Let 3x=2sin0 ,where—%g@g% .

22, Let x=tan 0 , where— g <9<% _Then dx=sec 0 do , || X'+1=sec and x=0=0=0, x=1—

7T
=

43
1, 2
fo X +1 dx

/4 2 /A 3
fg Secd sec Qd@:fg sec 6 do

1 m
> [secOtand+In |sec6?+tan9|]0/4 [by Example 8.2.8]

- _; [{2- 1+In (1+\[§)cr|n(1+o)]:—; [{2+n (1+ﬁ)]

23, B+ax X = (X —Ax+A)+9=—(x-2) +9 . Let x-2=3sin0 , /50 dx=3c0s6 dd . Then

[ \/ seax x> dx =\ 9-(x 2)° dx=[ | 9-9sin 0 3coso do
= f \/ 9cos 0 3cosO do :f 9cos 0 do
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1
= f(l+cosZ@)d9:—g <9 +5sin2Y >+c

NI©o NI

9 . 9 9 .
9+Zsm28 +C:§9 +Z(25m9 coso )+C

, 2
o1 < X-2 >+ 9_ x-2 7\ 5+4x-X i

S\ 73 )72 37 3

NI©Oo NI

- —2 1
sin 1( X? >+§(x—2) 5+4x—x2+C

24 1% 6t+13=(2-61+9) +4=(1-3)+2° . Let t-3=2tan0 , s dt=2sec 0 do . Then

dt 2
fz— J 1 2sec ’0 do =/ ZZS;CC: do
| -6t+13 \/ (2tan @) *+2°

fsec@d@zlnlse(:9+tan9|+c1 [by Formula8.2.1]
3 C

‘ V' 6t+13 t
In +—=
2 2 1
In | V£ 6413 +t3| +CwhereC=C_-In2

1
= du
dx
=/

\/ OX +6%_8 u>-9

25, 9x +6x-8=(3x+1)°-9 , s0 let u=3x+1 , du=3dx . Then | . Now let

u=3secd , where
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from the coefficients of x3 we get A+HC=0 . Now from the coefficients of x we get A+C+(B-D) ﬁ:O

1 1
<[(2-D)-D] \/E:O:» D= 5= B= > and finally, from the coefficients of X we get

V2 (C-A)+B+D=0=C-A= iz o= 2 i 3% .

4
So we rewrite the integrand, splitting the terms into forms which we know how to integrate:
1 E X+ 1 E X+ 1 —
- = 42 4 72 1 2x+2y2  2x-242
X +1 2 T = 2 )
X +y2 x+1 xfﬁxﬂ 4\/5 _x+\/§x+1 X —2x+1
E 2x+\/§ ZX—\/E ] N 1 1 N 1
= 8 2x+1 x 2x+1 | 4 X_,_i 2_,__1 x—i 2_,__1
\IE 2 \[E 2

2
Now we integrate: f— —£ In < X2+ 2xtl >+E [tanfl( 2 x+1)+tan 2x—1)]+C .

x+1 8 x—ﬁxﬂ 4

65. (a) In Maple, we define f(X) , and then use convert(f,parfrac,x) ; to obtain
24,110/4879 668/323 9438/80,155 (22 098x+48,935)/260, 015

=52 2@ 37 2ore

In Mathematica, we use the command Apart, and in Derive, we use Expand.

(b)

24110 1 668 9438 1
J109dx = Zg7g - 5 In 15x+21- 55 2In 12411 5o 155" 3N 13%71
1
22 008 <x+ = >+37,886
P 2 dx+C
260,015 ( 1 )2 19
xts )+
24110 1 668 1 0438 1
=879 5N 15X 2|*323 5 In (21 ga7ee - 310 3%
1 [4 1/ 1 1
+ 260,015 |:22 098- In (x +x+5)+37 886- 19 tan ( 9 <x+ 5 ) ) i| +C
4822, 334 3146 11,049
= ag7o N 15%+2| - 5oz In [2x+1] - gamee In [3%71+ 50 515 ! ( +X+5)

75,772

0015 ‘1[ \/1_ (2x+1)i|+C
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Using aCAS, we get

4822In (5x+2) 334In(2x+1) 3146In (3x-7)

4879 323 80,155
11,0490 (x+x+5) | 308810 NECTIE FCI
260,015 260,015 19 (&<+1)

The main difference in this answer is that the absolute value signs and the constant of integration have
been omitted. Also, the fractions have been reduced and the denominators rationalized.

66. () In Maple, we define f(Xx) , and then use convert(f,parfrac,x) ; to get
F(x)= 5828/1815 59,096/19,965 N 2(2843x+816)/3993 N (313x-251)/363

2 — 2 2
(5%-2) > 2+1 (241)
In Mathematica, we use the command Apart, and in Derive, we use Expand.
(b) Aswe saw in Exercise 65, computer algebra systems omit the absolute value signsin

f (Ly)dy=In |y| . So we use the CASto integrate the expression in part (a) and add the necessary
absolute value signs and constant of integration to get

[fydx= 5828  59,006In [5x-2 , 2843In (262+1)
9075(5x-2) 99,825 7986
503 1 1 1004x+626
s a7a V2@ (V2X)- 295 2 ©

(c) From the graph, we seethat f goes from negative to positive at x~—-0.78 , then back to negative at
X~ 0.8 , and finally back to positive at x=1 . Also, X_)04f(x)=oo . So we see (by the First Derivative

Test) that f f(X)dx has minimaat x~-0.78 and x=1 , and a maximum at x~0.80 , and that f f(x)dxis
unbounded as x— 0.4 . Note also that just to the right of x=0.4 , f has large values, so f f(x)dx

increases rapidly, but slows down as f dropstoward O . f f(X)dx decreases from about 0.8 to 1 , then
increases owly since f stays small and positive.

67. There are only finitely many values of x where Q(x)=0 (assuming that Q is not the zero
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polynomial). At all other values of x , F(X) |Q(X) =G(X) [Q(X) , so F(X)=G(X) . In other words, the
values of F and G agree at all except perhaps finitely many values of x . By continuity of F and G
the polynomials F and G must agree at those values of x too.

More explicitly: if aisavalue of x such that Q(a)=0 , then Q(x)# 0 for all x sufficiently closetoa .
Thus,

F(a)=lim F(x)[by continuity of F] _ lim G(x) [whenever Q(X)+ 0]

X—a X—a

= G(a)[by continuity of G]

68. Let f(x):ax2+bx+c . We calculate the partial fraction decomposition of % . Since f(0)=1,
X (x+1)

f) _ax+bx+1 A B C D E
= = r—+— 4 +

37 2, .3 2 2
Cor)® ) X 8 T e e
integral not to contain any logarithms (that is, in order for it to be arational function), we must have

we must havec=1, so . Now in order for the

3

2 3 2 2 _ . .
A=C=0, so ax +bx+1=B(x+1) +Dx (x+1)+Ex . Equating constant terms gives B=1, then equating

coefficients of x gives 3B=b=-b=3 . Thisisthe quantity we are looking for, since f /(O):b.
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Sin X+Sec X sin X, SeCX :
L[ =/ dx=| ( )dx:f(cos x+csc X) dx=sin x+In | csc x-cot x| +C

tan X tanx  tanx
2.
3 sino
[tan "0 do = [ (sec °0-1)tan 0.do = tan 0 sec 20 do f—d@
_ dv | u=tand, v=cos0,
_JIUdLH-J‘ \Y |: dU:SGCZQdQ dv=-singdd
1 1
§u+ln|v|+C—§tan 9+In|cos@|+C
3.
2
2 6
| =  dt IMdu f(— E>o|u [Zlnlul—]
u 2 u
0 t3) u

—(2In 1+6)—(2In 3+2)=4-2In3 or 4-In9

4. Letu=x . Then du=2xdx= f

arctany 4 Ad 4 4
5. Let u=arctany . Then du= —= = > dy= [ e du—[ ] e e
1+y 1 1+y -/4
6.
fx cscxcotxdx| S dv=csc x cot xdx, =X CSC x—f (—csc x)dx
du=dx v=-CsCcX

=-xcsc x+In | csc x—cot x| +C

3 u=Inr,  gy=r" 3

4 » dv=rodr 15 (3714, 243 1 573
Jriinrar dr 1 s :[ = Inr] | = :—In}(}[ ]
! = 5 I'5 5 25"

11
N
B>

=1

cro
7~ N\
N

43 1 243 242
b 1) 2 %

5 25 5 25
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x-1 x-1 A B L _ 21
8. > = X)) & + 1l x-1=A(x+1)+B(x-5) . Setting x=—1 gives—2=6B , s0 B= 3
X —4x-5
: . 2
. Setting x=5 gives 4=6A , s0 A= 3 - Now
; T/ 23 13 2 1 4
x-1 - 4o  AS £ o~ P
f 5 dx = f<x5+x+1>dx:[3In|x5|+3ln|x+1|]0
0 X -4x-5 0
2 1 2 1 1
= 3In1+3ln&3ln£'r3In1——3ln5
0.
x-1 x-2)+1 u 1
f > dx:fi—zde:f<2—+2—>du[u:x2,du:dx]
X —4x+5 (x-2)"+1 u+l u+l
1 - 1 -
=5 In (u2+1) +tan 1u+C:§ In (x2—4x+5) +tan l(x—2)+C
10.
1
- du
X 1 du
| T W= [u:xz,du:2XdX]=§f

X +x +1 u2+u+1 <u+ 1 ) 2_,_ 3
4

lEdv

[P
() 2

4

I
N

11.
.3 5 5 . 2 . 5 2 :
fsm 0 cos 0 dd :fcos 0 sin 0 sing dd :—fcos 0 (1-cos 0 )(-sin6 )do

5 = g,
=[] 55y |

:f (u7fu5) du= é usf —é u6+C: ;SL cos 88 - % cos 69 +C

Another solution:
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fsinse c0359 de :fsinge (c0329 )20059 deo :fsin38 (1—sin29 )2c039 do
.3 2 u=sing , 3 2 4
—fu (1—u2) du[ du=cosd do ] —fu (1-2u +u )du
1 4161

3.5 7 8 1. 4 1 6 1. 8
:f(u -2u +u)du:Zu—§u +§U +C:Zsm H—ésm 0 +ésm 0 +C

12. Let u=cos x . Then du=-sin xdx=- fsi N XCos (oS X) dx:—f cos udu=-sin u+C=-sin (cos x)+C .

13. Let x=sin@® ,where- % <0 < % . Then dx=cos¢@ d¢ and (1—x2)]J2:cose , SO
f dx3/2 f cosd do :fsecze "
(1—x2) (coso )
=tan§ +C= —=— +C
1—x2

14. Let u=In x . Then du=dx/x=-

1+u
)1(I+Ir)1(x dx = fE du= f - 2vdv [put v=y1+u, u—v -1,du=2vav]
= 2 (14— Yov=2wrin | L= ‘ sc=2{Trinx+n | anX 1 ) e
Vol - v+l - 1[1+Inx+1

15. Let u:1—x2:> du=-2xdx . Then

12

i_ __1} ﬂzdu_%[ 1/2]3/4 H_]3/4 £

0 1—x
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16.

212
/4 5 2

2 _ N )

f X {, coso 7 cos0 49 [ x=sin@ , }{dx}=cos0 do ]

0 1—x2
7/41 1 1 . /4 1 I 1 -
Jo (e [9_2%26]0 "2 [(4 2) (CFO)]_8 4

17.

. 2
2 u=x, dv=sin Xdx
| .2 1 1 1.
f Xsin xdx du=dx v= f sin xdx= f 5 (1-cos 2x) dx= = X- = SiN XCOS X

2 2

121 1 1.
=5 X éxsmxcosxf(EX—ésmxcosx>dx

121 121, 2 121 1. 2
=5 X~ éxsmxcosx—zlx+4sm x+C—Zx—§xsmxcosx+4sm x+C

1 .
> S+C [where s=sin x,ds=cos xdx] .

1 1 1
A dlightly different method isto write [ x sin “xdx= x- 5 (L-cos 2X)dx=3 [ xax- > | xcos 2xdx . If

we evaluate the second integral by parts, we arrive at the equivalent answer

121 . 1
fozxsn2x—8c052x+c.

Note: fsi N X CoS xdx:f sds=

18. Letu=e" , du=2¢"dt . Then

1 1
2 §(2e2t)dt Sdu
f tdt:f ~ :f 5 étan u+C:§tan (e )+C .
1+e 1+(e ) 1+u

X

19. Let u=e " . Then fex+e dx:f e ede:f e'du=e +C=e +C .

3
20. Let u:lo’\/; . Then x:u3:> fe\[[ ]de:f eu- 3u2du . Now use parts: let W:u2 , dv:eudu:> dw=2udu ,
v=e = 3f euuzdu:S (uzeufz f ueudu) . Now use parts again withW=u , dV =e du to get
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[ ¢"3u’du=e" (3u” 6u+6)+C= “3¢ ( —2-\/?<+2)

21. Integrate by parts three times, first with u=t’, dv=e “dt :
1 3 -2t 132 3 2 -2t

Jﬁtse*ztdt: + 3 f3t éte ate 3 f3t

_ 13 3.2 37_72t:_13§2§§
= [2 t] te 4fe dt=—e [2t+4t+4t+8]+C

e 2 (are6t+3) +C

- , 1
22. Integrate by parts. u=sin 1x , dv=xdx= du:(ll 1,)(2 )dx , V= 5 x2 , SO

.2
1 2. 1 1, xdx 1 2. 12 1,sin @ coso df :
> Xs8n x—éf =5 Xsn x—éf where x=sing for
2

-1 cosd
fx sin xdx = 1-x

<0 <

rvlﬂ
N IR

2. -1 1 12 -1 1 .
X sin x—zlf(l—cosza)dé):éxsm X-7 (0 —sin@ cosé )+C

11 - , 1 B
xzsin % 2 [sin % x 1—x2 ]+C: 2 [(szl)sin 1x+x\/ 1—x2 ]+C

23. Let u=1+yx . Then x=(u-1)° , dx=2(u-1) du=

oo 36 2 pme 6 ae] 202 34
1024 1024 l 2 4097

5 95945

NIR NI

1

24. Let u=In (xz—l) , dv=dx<du= %
X -1
2

fln (xz—l)dx =xIn ( 2 ) fx—l dx=x1n (x 1) I[Z+W2(x+l) ]dx

1 1
=x1In (xz—l)ff [2+ 1 1 ] ax

, V=X . Then
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=xIn (xz—l) -2%-In | x-1| +In |x+1| +C

32 6x+22

A B
25. = =3+ CA)(x+2) =3+ ~ 4+ " = 6x+22=A(x+2)+B(x-4) . Setting x=4 gives 46=6A , sO
X —2%-8
23 . . 5
A= 3 . Setting x=-2 gives 10=-6B , so B=— 3 Now
3x -2 23/3 5/3 23 5
f X f( +2>d 3x+—|n|x 4| - - In|x+2|+C

x2x8

3
26. f dx:f du u=x 72);78’ =In |ul+C=In |x3—2x—8| +C
x>2x 8 u du:(Sx —2) dx

: . 1 1 :
27. Let u=In (sin x) . Then du=cot xdx=> | cot xIn (sin x)dx=/ udu= > u+C= > [In(sinx)] %4C .

28.

2 2
[sinyatdt =[sinu- = -~ udu| u={at ,u’=at , 2udu=adt ] = - fusin udu

2 2 .
:— [-ucosu+sinu]+C [ integration by parts] = = \[Ecos at+g1 sinyat+C

/ t 2 .
=2 - CO0Syat+- sinyat+C
a a

5 5
3w-1 7
| dw = <\?r_ )dvv:[3vw7lnlw+2|]5
g W+2 0 w+2 0

29.

2
=15-7In 7+7In 2=15+7(In 2-In 7)=15+7In 2

30. X'—4x<0 on [0,4] , s0

0 2
f i |X2*4X| dx =f?2(x274x) dx+f§(4xx2) dx:[ % x32x2] + [ 2x2 ?13 xg]

o(33)(s3) o
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31. Asin Example 5,
f 1+X dx _ I \’ 1+x 1+X 1+X Xax

o o
=sin_1x\/ﬁ+c

Another method: Substitute u:\[(1+x)/(1—x) .

32.
d 4
de_fuu = U=y 2x-1 2x+3—u+4u =2x-1,udu=dx = 1-—— \du
2X+3 u +4
1, _1/1 -1
=u-4- 5 tan ( 5 >+C 2x-1-2tan ( )
2 2 2 . 7 T
33. 3-2x—X =(X +2x+1)+4=4—(x+1) .Let x+1=2sing , where- > <0 < 5 - Then dx=2cos@ do

and

f\f 3 2x X dx =/ \/ 4f(x+1)2 dx:f\/ 4-4sin’0 2cos0 do

2
:4f cos 0 do :Zf(1+c0329 )do
=20 +sin 20 +C=20 +2sin6d coso +C

2
.- x+1 +1 \f 3-2%x-X
=2sin 1<—>+2-X +C

2 2 2

- + +
—2gin * ( X?l >+X71 \/ 3-2% X +C

34.

"flz L+dcotx _nflz [ (1+4cosx/sinX) sin X ] ”flz sin x+4cos X
7T

, 4-cot X (4-cosx/sinx) ~sinx 4 4sin x-Cos X
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4
- } u=4sin x-Ccos X, ~[In |u|]4
u du=(4cosx+sinx)dx |~ 312

3/\['
=In4-In %—In T—In <§ﬁ>

35. Because f(x):xssi n X isthe product of an even function and an odd function, it is odd. Therefore,
J " Xsinxc=0 by (5.5.)(0)].

1
36. sin 4xcos 3x= > (sin x+sin 7x) by Formula .2.2(a), so

: 1, . : 1 1 1 1
fs N 4xcos 3xdx= > f(s N X+sin 7x) dx= > [cos X~ 5 COoS 7x] +C= 5 COSX- 77, C0S 7x+C .

37.

4 2 2 14 /a1 1 1. /4
fg cos ¢ tan 0 do —fﬂ sn’o do fﬂ 1c0329)d6):[—9——sm29]

2 4 0
(33) v

:fgm(tan % ) sec? -seco tano

u=sec o
du=seco tan6 do

1
4

ool =i
ool =i

38.

ml4 5 3
[""tan "0 sec™0 do
0 do = f lﬁ(uz—l)zuzdu

—f‘r(u —2u +u2)du
-(5v2 g+

<|I_II_I

2 1
_5+3>‘105\/_ 105 105(11\/_ )

39. Let u=1-x . Then du=—2xdx=
f xdx

vdv
- f = [v—\[ﬁ u=v" du=2vav]
1—x2+\/ 1—x2 U+\l_
- v =In [v+1]|+C=-In (\/ 1x +1) +C
v+1
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40. 4y2—4y—3:(2y—1)2—22 , SO let u=2y-1=du=2dy . Thus,
[ dy 1, du
2

S A R R
V' ay3 ey w2
= :—ZLIn |u+\/ u2—22 |
1
= Jin |2y—1+\/ a4y 3|+

41 Letu=0 , dv=tan0 do =(sec? ~1)do = du=do andv=tand -0 . So

2 1 2
[otan’0 do = 0 (tan0 -0 )-[(tan0 0 )do =0 tand -0 “In|seco |+50 +C
1
= Htaneéezlnlseca |+C
: -1 2 2 1 3
42. Integrate by partswith u=tan X, dv=x dx:>du:dx/(1+x) ,vzéx :
2 1 13 -1 X3dx 13 1 1 X
fxtan Xdx = éxtan )3 —2:§xtan x—éf X-—— |dX
1+x X +1
1 101 1
= 3 x3tan 1x— 6 x2+ 6 In (x2+1) +C

43. Let u:1+eX , SO that du:exdx . Then

1/2 2 312 2 32
J’ex 1+e" dx =[u “du= 3u +C= 3 (1+€)”+C .

Or: Let u:\/ 1+eX , SO that u2:1+ex and 2udu:exdx . Then

2, 23 2 3/2
fex 1+e" dx :fu- 2udu:f 2u du= 3 +C= 3 (1+e>3 +C .

2u
44. Let u:\/ 1+e . Then u2:1+ex : 2udu:exdx:(u2—1) dx , and dx= - du, so

u-1
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[ 1+exdx—f“ d j—du_j<2+—>du <2+ui %)du

u-1

=2u+in |u-1]-In [u+1]+C=27 1+€ +in (\/ 1+ex—1)—ln (\/ 1+ex+1)+c

3
_ 1. _ _ .
45, Let '[:x3 . Then dt:3x2dx:> I:f x5e * dx= 3 fte tdt . Now integrate by partswith u=t , dv=e tdt :

1 Loty 1 (3
1= St 2 fe dt=—3t t§)et+c e X(x+1)+c.

46. Let u:eX . Then x=Inu , dx=du/u=

1+€" (1+u)du ¢ (u+1)du 2 1
jle f(lu)u j(ul)u_j<u1 u)du

= In|ul-2In |u-1]+C=Ine“2In | 1| +c=x2In |“1| +C

47.
xta 1. 2xdx dx _1 2 2 1 _1/X
= 2dx_zf —— +a] - 2—2In(x+a)+a-atan <a>+C
X +a X +a X +a

=In \/ X +a’ +an (x/a)+C

48. Let u:x2 . Then du=2xdx=

1
= du 2 2 2
f >£<1dx4 =f 2 . _ 12| u-a ‘C= 12 In xzfa iC
X -a uz_(az) da u+a 4a X +a
1
49. Let u=+/4x+1 = u2:4x+1:> 2udu=4dx=- dx= > udu . So
= udu
1 2" du 1 -
dX = = = - e
fx\I4x+1 J 2 3 (2 )'” | ¢
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- udu
. : 3 dax 2 _ du
50. Asin Exercise 49, let u—\[4x+1 .Thenf > —f W > —8f > \2 Now
Xy 4x+1 [ 7 (u 1)] u (u —1)
1 1 A B C D
2 2 > T TR 2
(1)® (w1)* () (u+1) (u-1)
1 1
1= AU+ 1) (U-1) +B(U-1) +C (U-1)(u+1) +D(u+1)” . u=1= D= 4 u=-1=B=7 . Equating
1 1
coefficients of u3 gives A+C=0, and equating coefficients of 1 gives 1=A+B-C+D= 1=A+ 2 -C+ 2
}_A—C SoA:} dC= 1 Theref
5= : 7 andC=-7 . Therefore,
14 -1/4
[ d 8f|: 2, 1142+ L 1/42 }du
X y4x+1 (u+1) (u-1)

= [ uT21 F2(u+1) - ule +2(u—1)2] du

2 2
2In |u+1|—uTl—2In Iu—ll—ufl+C

2In ({ax+1+1)- W+1+1 2In |yax+1-1| - ﬁl_l +C

51. Let 2x=tan 0 :>X:%tan@ ,dx:%secza 40\ 4x+1l=secO .0

—15ec29 do
j dx :‘[ 2 :jseCH d@ZICSC@dQ

2 1 tan @
X\ 4x +1 Etan@ sec o
{ 2
4x +1 i

=In|cscO +cotg |+C
+C |:orln o o

3[ s+1 1
+ —

=n 2X 2X

3
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52. Let u:x2 . Then du=2xdx=

| (d:( ) =/ z(xix ):%fﬁ:%f[ﬁzi}du:%mwlim(uzﬂ)m

x{x+1 X +1 W1 2
4
= 30 () n ba)se=g Lin () an () lro=gn < xi(_+1 >+c
x3dx 4
Or: Writel=f m and let u=x .
:x2, dv=sinh (mx) dx

2 1 2 2
53. | x sinh (mx)dx= — x cosh (mx)—- — | xcosh (mx) dx 1
f () m (m3) mf () du=2xdx V=1, cosh (mx)

U=x, dV=cosh(mx)dx

1 2 1 . 1.
= = y’cosh (mx)- = ( = xsinh (MX)- = ['sinh (mx)dx) v=Lgm (M0
m mAm m du=dx ¥~ m
1 .
=5 xzcosh (mx)- % xsinh (mx)+ % cosh (mx)+C
m m
54.
1 1
f (x+sinx) de :f (x2+2xsi nx+sin 2x) dx= 3 x3+2(si N X—XCOS X)+ > (X-sin xcos x)+C
1 1 1
=3 x3+ > X+2sin x- > SiN XCOS X-2XCc0S X+C

55. Let u=yx+1 . Then x=u"—1—
dx —f 2udu :f[—1+i]du
x+a+a{x+1 7 (P43+4u utl u+3

3In |u+3|-In |u+1[+C=3In ({x+1+3)-In ({x+1+1)+C

56. Lett=\ X1 . Then dt:(x/\f X1 )dx,leztz,x:\/ t+1 , SO

1=| xinx dx= In | t°+1 dt= :—ZL JIn (t2+1) dt . Now use parts with u=In (t2+1) , dv=dt :

X -1
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2

| = %tln (t +1) f—dt %tln (t +1) f[ltil}dt

t+1

1 ] )
= Stin (2+1) t+tan tc=\ 58 1inx 1 +an P 14C

Another method: First integrate by parts with u=In x , dv:(x / \/ x2—1 )dx and then use substitution

(xzsec@ or u:\/ X1 )

3
57. Let u:3 x+Cc . Then x=u -c=

f x[x+c dx = f (u3—c) u- 3u2du:3f (ue—cus) du= —3 u7— —j cu4+C

3 13 3 43
= —7(x+c)7 fzc(x+c) +C

1
58. Integrate by parts with u=In (1+x) , dv:xzdx:s du=dx/(1+x) , v= 3 x3 :

2 1 3 Cax 1 1,/ 2 1
[XIn (1+x)dx = 3XIn(1+x)- f 3(1+ )~ 3% In(1+x) —f(x x-S )dx
= %xgln(1+x) —1x3+éx2 %x+1ln(1+x)+C

59. Let u:ex . Then x=Inu , dx=du/u=

[ pduu_p du :f[ﬂiﬁ}du

= 3 2 B
e3x—eX u-u (u-Du (u+l) u-1 u2 u+l
1 1 e-1
=57 E ‘ ‘ 1C=e += 5 In — | +C
e+l

60. Let uzg\F( Then x:u3 dx:3u2du:>
f dx I3U du_32udu_3
x+3x 20 2y 2

In (u2+1)+C:gIn (x2/3+1)+C :

61. Let u:x5 . Then du:5x4dx:>
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4

X dx 5 11 1(1 ) 1 1(1 5)
| =[ ==. > tan “u)+C== “x’)+C.
X10+16 u2+16 5 4 4 20 4

62. Let u=x+1 . Then du=dx=
3

| - dx = f(u ) du—f( 3u78+3u79—u710)du
(x+l) u
l1 63 73 81 9
~gY +—7u ~gu +§u +C

(x+1) ° [— %3 (x+1)+ :;’ (x+1)° g’ (x+1)+ é ] 0

63. Let y:\/; so that dy= ﬁ dx= dx:2\/?< dy=2ydy . Then
X

du=4ydy v=¢'

- _y
:2y2€y_ f 4yeydy U=4y, dV—;j: dy,
dU—4dy V=g
—2y e (4ye f4e dy) 2y e 4ye +4e'+C
=2(y° 2y+2)e’+C=2 (x-2yx+2)eV"+C

2
[yl ax =Jyeleydy)=] 2y2eydy|: u=2y’, dv=eydy}

64. Let u=tan x . Then

13 3
"Clin(tan X) _Pintanx) 2 By

| g Snxcosx = | ——= xdx= [ — du
l4 X /4 tan X 1 u

[ 30m] =5 (mye) 3 nor

65.

x = ES O P +1-+x ) dx
I v (i T ol (2 fR)e

2 32 3/2
= [ )sc
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ClpE

2
2 1
66. f u +1 du f|: LU +1 :|du:u+f|: -~ 1 i|du:u+2|n |u-1|-In |u| + = +C . Thus,
2 u-1 2 u
u>’ (u-)u u

3
3 3
u+l - et | = e 1Y !
f 2 2du [u+2|n(u 1) Inu+u]2—<3+2In2In3+3> <2+2In1|n2+2>
2

_ 1_5,8
= 1+3In2- In&6 6+In 3

67. Let u=yt . Thendu=dt/ (2t )=

'E

> arctanyt 1 o
f \ﬁ dt = f tan u(2du) 2 [utan u-3 In (1+u2)] [ Example 5 in Section 8.1]
1

o (fim 5 ) (om0
A[(B302) (3 20e) ] 2er 2o

68. Let u:eX . Then x=Inu , dx=du/u=

[ dx [ du/u | du _I[ 2/3 —E]du
1428 e Ll 2u2+u—1 2u-1utl

In|2u 1- 2 In|u+1|+C 3 in | (261) 1(e%1) | +c

69. Let u:eX . Then x=Inu , dx=du/u=

eZX 2 1
= u — -
/ 14 1+u u f Tru du=| <1_ 1+u )du

= u-n |1+u|+C:eX—In (1+ex) +C

70. Use parts with u=ln (x+1) , dv=dx/xX’ :
J~In(x2+1) o

X_]

|n(x+1)+f (+1)_ —In(x+1)+f[;1(
+2 )In(x+1)+ln |x|+C

= - ;1( In (x+1)+In |x|-In (x+1)+C:<
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X X Ax+B Cx+D
71. =

x4+4x2+3 (x2+3) (x2+1) x2+3 ' x2+1
x = (axrB) (x2+1) +(0xD) (x+3) =( AtBil A B) + (o DX+ acx+3D)
= (A+C) X #(B+D) X +( A+3C) x+(B+3D) =

=

A+C=0, B+D=0, A+3C=1, B+3D=0= A= 1 ,C= 1 , B=0, D=0.Thus,

2 2

X 1 X 1 X

[ —2— ax - f 2% 2
XA +3 > T2 dx

X+3 Xx+1

2
- o () 2in (Bea)sc or Lin <_3 >+c

72. Letu=3ft . Thent=u’ , dt=6u’du=
t dt 3 6u” 1
f % = f u-6u du :6f 4 du:6f u6—u4+u2—1+ —— |du
2 2 2
1""\ﬁ 1+u u+l u+l
=6 < —; u'”- —é u+ ?13 u’-u+tan _1u> +C

176 156 1 12 16 -116
=6l -t —=-t +-t -t +tan t +C

77 5 '3
73— =2 BEC 1o n(Pea) +(BraC) (x-2)=(A+B) X+(C-2B) x+(4A-2C) . So
X2 2
(x-2) (x +4) X +4
1 1 1
0=A+B=C-2B, 1=4A-2C . Setting x=2 gives A= 5 = B=—2 andC=-7 . So
1 i 1.1

| —F=— dx = 8 8 4 1,dx 1 ;2xdx 1, dx

) (@ A= S R BTN e ey

(x2) (x'+a) X2 2.4 8/ x2 16" 2., 4’ 2,

1 1 2 1.
= éln |x—2|—1—6ln (x +4)§tan (x/2)+C

74. Let u:ex . Then x=Inu , dx=du/u=

[ exdx_f u du_pdu 1
e’ &1 T YTt 2
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75.

1 1
| sin xsin 2xsin 3xdx =[sinx- > [ cos (2x-3x)-cos (2x+3x)] dx= > | (sin xcos x-sin xcos 5x) dx

= 211 [ sin2xdx- % | % [sin (x+5x)+sin (x-5x)] dx

1 1., . . _ 1 1 1
=g 00s 2%~ 2 f(sm 6X-sin 4x) dx=— g COS 2x+ >4 €0S 6X— 16 €0S Ax+C

76.
2 1
(x —bx) c0S 2+ 2 | (2x-b) cos 2xdx

NI

| (xz—bx)sin 2xdx =

NI

(xszx) COS 2x+ ;2L [ —; (2x-b)sin 2x-| sin 2xdx]

1 : 1
(xz—bx) COS 2x+ 2 (2x-b)sin 2x+ 2 008 2x+C

NI

2
77. Let u:x3/2 30 that u2:x3 and du= § xﬂzdx:> \/?( dx== du. Then

2 3
2
2. - 2. -1 3

fjﬁg)dx:fizduzétan 1u+C:§tan 1(x?’z)+C.
1+X 1+u
78.
fseCXCOSZX _fsecx0052x 2C0S X ‘f 2C0S 2X
Sinx+seCX ) SINX+SECX 2COSX  ° 2SN XCOS X+2

_p2cos2x 1 u=sin 2x+2,
=l sin 2x+2 =) u du[ du=2cos 2xdx]

=In |u| +C=In |sin 2x+2| +C=In (sin 2x+2)+C

. 1.
79. Let u=x, dv=sin 2xcos Xdx=-du=dx , v= 3 sin 3x . Then

1 3 1.3 1 .3 1 2 .
fxsinzxcosxdx=§XSIn x—fésn xdx:§xsm x—éf(l—cos X)sin xdx

1 .81 y=COS X,
= 3xsm X+ 3f(lyz)dy [ dy:sinxdx]
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1
3

= 'n3+—1 1 3+C——1 'n3+}co }co 3+C
== XS x3y9y —3XSI xgsxgsx
80.

f SN XCOS X

Sin XCOS X Sin XCOoS X
dx =/ dx=]

.4 4 . 2.2 2 2 . 2.2 . 2.2
sin x+cos X (sin x) +(cos Xx) (sin x) +(1-sin x)

_ = du u=sin X,
u2+ ( 1—u)2 2 du=2sin xcos x dx
1 1
= —1— du=| — du
4u —4u+2 (4u —4u+1)+1

1 =2u-1
[ —— du=3 f—d[y_ ]
Qu-)+1 2yl dy=2du

dx

H

1 1
=Ztan y+C—§tan (2u 1)+C—§tan (Zsm x 1)+C

I\)

Another solution:

: 2
f Sin XCos X v f (smxcosx)/cosx _ftanxsec X

dx

. 4 4 4 4
Sin x+cos X (sm x+cos x)/cos X tan x+1

_f ( E ) U=tan 2X,
2 _ 2
u +1 du=2tan x sec xdx

1. - 1. -
:étan u+C:§tan 1(tan 2x)+C

2

81. Thefunction y:2xeX does have an elementary antiderivative, so we'll use thisfact to help
evaluate the integral.

2 2 2 2 2
f(2x2+1)eX dx :f 2x2eX dx+f e dx:f x(2xeX )dx+f e dx

2
2 2 2 2

X
=xe' [ dx+[ x| WX dvEXe dx | Xy

du=dx v:ex
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1. We could make the substitution u :\/5 X to obtain theradical | 7-u 2 and then use Formula 33

. . : . / 7
with a:\ﬁ . Alternatively, we will factor /2 out of theradical and use a= > -

7
3[722 SZE_XZ 1 |7 2 1 X
—2X _ _ = 2 e
| > — dx = \ﬁf > dx—ﬁ “3\[ 37X Sn \/7 +C
X X
_ 1 / 2 .1 /g
=% 7-2X —ﬁsm < - x>+C

N~

3x ‘ \
2 =3 X=3| —— (-2x-2-3)43+(-2
fm dx = ,—3 TC2)x . 2) ( X— )\/ (-2)x

1
=5 (-2x-6) \I 3-2x+C=(x+3) 1 3-2x+C

3.Letu=nrx=du=rdx, so
3 1 3 .1 /1 1
['sec (rxydx = ;fsec udu-7—T <§secutanu+éln|secu+tanu|>+c

1 1
= o secthannx+§ In | sec wx+tan x| +C

29

2 3
4. fe sin30 do = (23|n39 -3c0s 39 )+C=— ezgsm30 — ezg cos 3 +C
22 3 13 13

1
1 2 2
-1 2x -1 -1 X\ 1x 1 1 71
5. £2xcos Xdx=2 |: 7 C0S X —— :| 0_2 [ < 4.&o> < 13 o) ]
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S & 1 1
> X\ 4x -7 = 152 ( > du) [u=2x, du=2dx]
( -u\u —7)
4 2
6
6 2
2| 2 u-7
_2£ Y VT2 7u :| 4
29 29
L( 128 3\ _{® 3
42 28 21 4
7. By Formula99 with a=—3 and b=4 ,
3 -3X e73X
[ e “cos axdx= (-3cos 4x+4sin 4x)+C=—= (-3cos4x+4sin 4x)+C .

(34 *

8. Let u=x/2 , so dx=2du , and we use Formula 72:

fcsc 3(></2)dx = 2fcsc 3u du=-cscucotu+In |cscu—cot u |+C
= —csc (X/2)cot (X/2)+In | csc (x/2)-cot (x/2)| +C

9. Let u=2x and a=3 . Then du=2dx and

2 2 2
\’4X+ ." 152 ua+u au

10. Letu=y2y and a=y/3 . Then du=y2 dy and
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2y273 ][ u a du _ \I_ f )Z du

/ 7 dy ~ 5
:ﬁ< an u+\/:|>
=ﬁ< 23 +m|ﬁ+ﬁl>
£+\I_In|\l_y+\/?|+c
11.

1 2419 2 70
0 2 tdt—|: —]_tzet]l——lf dt e+2f te dt e+2|: % (—t—l)et:|

—er2[ e+0]=e 2

12. Letu=3x. Then du=3dx , so

1
fxzcos?,xdx: fu cosu du=—; >7 (u 2sinu—zfusinudu)
1 2
=3 XZSI n 3x— (si n 3x-3xcos 3x)+C
1
= > [ (9x 2) Sin 3x+6xcos 3x] +C
1 2 : T 1
Thus, f x’c0os 3xdx= = > [ (9x fz)sm 3x+6Xcos 3x] 0~ 7 [ (0+67(-1))-(0+0) ] =
13.
3
t 1/ u=1/z, 1
J%Z)dz 2 :—ftan3udu:——tan2u—ln|cosu|+C
Z du=-dz/z 2

+C

1 2/ 1 1
= = tan (—)—In‘cos(—)
2 z z

14. Letu=yx . Thenu “—x and 2u du=dx , SO

NI
oY
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1 u\1lwu
sin u+ 5 +C

[sin~ \[} X =2|usin udu—2

2x1 71\1— ][x(lx

15. Letu=e . Then du—exdx so
fesech( )dx-fsechu du - "tan |smhu|+C tan 1I:sinh (ex)]+C

16. Let u —x2 s0 that du=2xdx . Then

. 2 ! 1 cos(1-3)u 1 cos(1+3)u
fxsm( )cos(3x)dx— fsmucos:%udu—2 213 2 2(1+3) +C

1 1 1
= é COS 2U — ——= cos4u +C= < cos (2XZ)

16 5 cos (4x )+C

16

17. Let z=6+4y- 4y =6-(4y - Ay+1)+1=7-(2y-1)° ,u=2y-1, and a={7 . Then z=a u "~ , du=2dly , and

1 2 21
[y\Bray ay ay =IYV2=] 3 u” 5 du
= 211 fu\/ az—u ? du+ %r f az—u 2 du

:%f a